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Preface 


This book provides an introduction to electrical circuits that will serve as a 
foundation for courses in electronics, communications and power systems 
at first degree level. The first three chapters will be found particularly 
suitable as prerequisite reading for the companion volume in this series; 
Analogue and digital electronics for engineers by H. Ahmed and P.J. 
Spreadbury. Engineering and science students not intending to specialise in 
electrical subjects will find in this book most of the circuit theory required 
for a first degree. 

The level of presentation presupposes that students will have encoun¬ 
tered the basic ideas of electromagnetism and electrical circuits, including 
the laws of Faraday, Ohm and Kirchhoff. These ideas are reviewed in 
chapter 1. Mathematical skills are assumed to extend to the solution of first- 
order differential equations, and to the elements of complex algebra. 
Courses in mathematics taken concurrently with those in electrical subjects 
during the earlier part of a degree course would be expected to fill in 
progressively the additional mathematical background required; the 
subject matter has been arranged with this in mind. Sections which may 
give rise to mathematical difficulties on a first reading, or which may be too 
specialised for the general student’s requirements, are indicated by an 
obelus (f). 

A traditional approach to the development of electrical circuit theory is 
adopted: the concept of linearity, and the circuit theorems and analytical 
techniques which stem from this concept, are all presented in chapter 2 
within the context of d.c. circuits. The methods and techniques of linear 
circuit analysis thus established are then extended to a.c. circuits in chapter 
3. Familiarity with the basic material contained in chapters 1-2, together 
with sections 3.1-3.8 and 4.1-4.7 of chapters 3 and 4, will allow the 
remainder of the book to be read on a selective basis appropriate for the 
particular courses being followed by the student. 




XVI 


Preface 


Chapters 4 and 5 deal mainly with various aspects of power transmission 
in electrical circuits; in chapter 6 methods for the general transient and 
steady-state analysis of circuits are described, with emphasis on Laplace 
transform techniques, and chapter 7 deals with the analysis of circuits 
incorporating non-linear elements. Chapter 8 covers the theory of two-port 
networks, including the modelling of non-linear devices such as the 
transistor; later sections of this chapter will be of interest primarily to 
electrical engineering students. 

A suite of simple computer programs, written in BASIC, is included as an 
appendix, which is designed to assist the student in working through the 
numerous illustrative examples and problems contained in the text. 

We are indebted to Professor K.F. Sander for major contributions to 
chapter 8; to Mr J. Barron for supplying the basis for the formal proofs of 
the linear network theorems contained in Appendix B; and to Dr D.E. 
Roberts, Dr D.M. Holburn and Mr K.L. Chau for advice on programming, 
and for checking and testing the programs listed in Appendix C. We wish 
also to acknowledge the skill and patience of Mrs Pat Silk in the 
preparation and typing of the greater part of the manuscript. Questions 
from the examination papers of several universities have been included; 
their permission is gratefully acknowledged. 
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Basic concepts, units, and 
laws of circuit theory 


1.1 Properties of the electrical circuit 

An electrical circuit comprises an arrangement of elements for the 
conversion, transmission and storage of energy. Energy enters a circuit via 
one or more sources and leaves via one or more sinks. In the sources energy 
is converted from mechanical, thermal, chemical or electromagnetic form 
into electrical form; in the sinks the reverse process takes place. Sources and 
sinks are linked by elements capable of transmitting and storing electrical 
energy. The familiar battery-operated flashlamp serves as a reminder of the 
energy flow processes in a circuit. In this device, energy is converted from 
chemical to electrical form in the battery and transmitted along wires to the 
lamp where most of the energy is converted into heat. A small but useful 
portion is emitted in the form of electromagnetic radiation in the visible 
part of the spectrum. 

In an electrical circuit energy is conveyed through the agency of electrical 
charge and through the medium of electric and magnetic fields. An essential 
feature of any circuit, therefore, is the provision of conducting paths for the 
conveyance of charge. As indicated in fig. 1.1, sources and sinks are 
operative only when charge flows through them. The rate at which charge 
flows is referred to as the current ; the greater the current the greater the 
energy transmitted between sources and sinks. 

Charge is set in motion by the action of the electric field established 
throughout the circuit by the sources. This field provides the electromotive 
force (e.m.f.) which drives charge round the conducting paths in the circuit. 
Accompanying this flow of charge is the establishment of a magnetic field. 
Transmission of electrical energy is, therefore, manifest in a circuit by the 
presence of both electric and magnetic fields in addition to the movement of 
charge. The establishment of a field in a circuit is accompanied by an 
expenditure of energy, and this energy is stored within the region of space 
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occupied by the field. On subsequent decay of the field, energy is released to 
the circuit and is eventually absorbed by the sinks. Thus energy can be both 
stored and conveyed through the medium of a field. However, for the latter 
process to occur the field must vary with time. Referring again to fig. 1.1, if 
the sources produce a constant e.m.f., the resulting currents and fields will all 
be constant and, in this case, there must be a continuous conducting path 
between sources and sinks along which charge can flow (indicated by the 
dashed lines in the figure). If, on the other hand, the sources produce a time- 
varying e.m.f., currents and fields will be time-varying and the conducting 
path need not be continuous. 

This distinction leads to two of the major classes of circuits dealt with in 
this book: (1) direct current (d.c.) circuits in which fields are static and 
currents are constant and unidirectional: (2) alternating current (a.c.) 
circuits in which the directions of currents and fields alternate in a regular, 
periodic fashion. 

It will be apparent from the above discussion that the electrical 
behaviour of a circuit is characterized by the strength and distribution of 
the currents and fields which arise when it is connected to an electrical 
energy source. The electrical characteristics of a circuit may, therefore, be 
described generally by means of three elemental properties: resistance , 
capacitance and inductance (including mutual inductance). Resistance is a 
property associated with the current-carrying paths in a circuit. Capacit¬ 
ance and inductance are properties associated respectively with the parts of 
a circuit in which electric and magnetic fields arise. Capacitive and 
inductive elements are often referred to as storage elements because of the 
energy storage properties of a field. A knowledge of the three elemental 
properties, for a particular circuit, allows us to specify, at least in principle, 


Fig. 1.1. Elements of the electrical circuit. 
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the magnitudes and directions of the currents which will flow as a result of 
the application of a given distribution of e.m.f. 

Circuits containing only the three basic elements, resistance, capacitance 
and inductance, are termed passive circuits. ( Active circuits contain also 
devices such as transistors which, unlike passive elements, are capable of 
energy amplification.) 

If the elemental properties of a passive circuit depend only on its 
geometry and the materials of which it is made, the circuit is described as 
being linear. If, however, these properties depend additionally on the 
current or e.m.f. existing in the circuit at any instant, the circuit is described 
as being non-linear. Special techniques are required for the analysis of non¬ 
linear circuits; these are dealt with in chapter 7. 

Finally, it should be noted that as an inevitable consequence of the 
movement of charge along a conductor, electrical energy is converted into 
heat (we are here excluding the superconducting type of circuit), thus the 
circuit itself acts inherently as an energy sink. 

1.2 The lumped circuit model 

Practical circuits consist of interconnected assemblies of com¬ 
ponents : resistors, capacitors and inductors, each designed to exhibit one 
elemental property to the exclusion of the others. * It is, however, impossible 
to manufacture a component exhibiting a single property in pure form. 
Furthermore, all of the interconnections between components will themsel¬ 
ves possess each of the three elemental properties to some degree. 
Consequently, the way in which the elemental properties are distributed in 
a circuit is often ill defined and, in order to render the circuit amenable to 
analysis, it is usually necessary to make certain simplifying assumptions 
and approximations. The most basic of these consists in treating the circuit 
as if it were composed of pure, discrete elements connected together by 
conductors possessing no significant properties in themselves. This ap¬ 
proach results in the so-called lumped circuit model. 

Consider again the flashlamp the component parts of which are depicted 
in fig. 1.2(a). Each part, comprising battery, connecting wires, and lamp, 
possesses resistance which is distributed in some fashion round the closed 
path forming the circuit. The circuit also contains distributed capacitance 
and inductance, but only a cursory knowledge of the principles upon which 
this device operates tells us that these properties can be safely neglected. 
The circuit model, therefore, need include only resistance as shown in fig. 
1.2(h). In this model the battery is represented by an energy source together 

* Note that the circuit component is distinguished from the circuit property by 
the terminators -or and -ance respectively. 
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with a concentrated or lumped resistance which accounts for all distributed 
resistance within the battery. The distributed resistance of the connecting 
wires and the resistance of the lamp are similarly represented by separate 
lumped resistances. These lumped elements are joined by conductors which 
are assumed to be perfect, that is, by conductors having zero resistance. 

The flashlamp exemplifies the simplest possible type of modelling in 
which there is a close correspondence between the component parts of the 
real circuit and the lumped elements of the model. Most of the circuits in 
this book fall into this category. It should be mentioned, however, that the 
process of devising suitable models for the type of circuit encountered in, for 
example, telecommunications systems which operate at high frequencies, is 


Fig. 1.2. Circuit modelling. 
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often extremely difficult. Each component and interconnection may have to 
be represented by a combination of elemental properties and the designer 
may eventually have to select for analysis one among perhaps several 
possible lumped models, testing each against past experience or by means of 
actual circuit measurement. 

The lumped circuit modelling technique is directly applicable only when 
the dimensions of the circuit under consideration are small compared with 
the wavelength corresponding to the frequency of the source excitation. 
Circuits not falling into this category, such as high-frequency transmission 
lines (characterized also by a continuous distribution of elemental pro¬ 
perties), require special methods of analysis. The lumped modelling 
technique provides only a starting point for the development of the theory 
applicable to such circuits. 


1.3 Charge and current 

We have stated previously that current in a conductor is equal to 
the rate of flow of charge. If / is the instantaneous current, and a small 
quantity of charge d q flows in time dr, then 



( 1 . 1 ) 


The instantaneous current will in general vary with time (fig. 1.3(a)). We 
can calculate the total amount of charge q which flows during a time 
interval 1 1 <t<t 2 by integrating (1.1). 



Fig. 1.3. Relationship between charge and current. 
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The graphical interpretation of this integral is also shown in the figure. 
If the time interval commences at the origin, f t =0 and t 2 = t, and the 
above integral becomes 



For a direct current of magnitude / (fig. 1.3(h)), the charge Q which flows 
in a time interval t { <t <t 2 is 


Q=l 


dr = /(t 2 -f,) = /t e 


(1-3) 


where t e = t 2 —U is the elapsed time. 

The units of charge and current are respectively the coulomb and the 
ampere*. 

Although the concept of charge is basic to our understanding of the way 
in which energy flows in an electrical circuit, the ampere is chosen as the 
fundamental electrical unit in the SI system rather than the coulomb. The 
reason for this is that it is easier to detect and measure charge in motion 
than at rest. The former gives rise to a magnetic field which in turn can be 
detected by utilizing forces resulting from interaction with other magnetic 
fields. (See definition of the ampere, appendix A.) This is discussed more 
fully in reference 6. 

So far we have not considered the physical nature and origin of electrical 
charge and indeed for the purposes of the theory contained in this book it is 
unnecessary to do so. The established physical picture (according to the 
Rutherford-Bohr model of the atom) conceives of charge as being carried 
by atomic particles each bearing a discrete amount of charge. But, even in 
the smallest currents encountered in practice, the number of charge carriers 
involved in the transport process is very great and the discrete nature of the 
flow is not normally detectable. A concept of current as consisting of a 
smooth fluid-like flow is, therefore, adequate for nearly all practical 
purposes. 

Detailed experimental observation reveals that charge carriers can 
possess two kinds of charge: positive and negative. Under the action of the 
same electric field, charges of different kind move in opposite directions. A 
given amount of positive charge moving along a conductor in one direction 
is indistinguishable, so far as any observable external effect is concerned. 


Appendix A contains information on the International System of Units (SI), 
and an explanation of the symbols, abbreviations and nomenclature used 
throughout the text. 
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from the same quantity of negative charge moving in the opposite direction. 
By an internationally accepted convention, the direction of current flow is 
chosen to be that of the direction of motion of positive charge. 

In metallic conductors the carriers are electrons which possess negative 
charge and move in a direction opposite to that of the defined direction of 
positive current. In semiconductors and electrolytes charge of both kinds 
exist (carried by electrons and positively charged holes, or ions) and the 
current is the net result of the movement of positive and negative charge in 
opposite directions. It must be emphasized, however, that in circuit analysis 
we are not normally concerned with the nature of charge flow from this 
microscopic point of view, and we, therefore, talk freely about positive 
charge moving in metallic conductors even though the charge is in reality 
carried by electrons. 

The reference direction of positive charge flow or current in part of a 
circuit is indicated diagrammatically by means of an arrow placed on or 
alongside the conducting path in question. The direction of current between 
two points A and B in a circuit may also be indicated without ambiguity by 
means of a double subscript notation. Thus we may write I AB , which is 
understood to mean a current of magnitude 1 amperes flowing in a 
conventional positive sense from A to B. A positive current flowing from B 
to A would be written I BA ; it follows therefore that 1 ba —-Iab ■ This 
notation will be valuable in our development of techniques for circuit 
analysis. 

1.4 Potential difference, energy and power 

Consider a current of constant magnitude flowing through a 
section of a metallic conductor AB as shown in fig. 1.4. It is observed 
experimentally that the passage of current through a conductor is 
accompanied by the release of energy in the form of heat. It follows that the 
potential energy of the charge entering the conductor at A must be greater 
than that of the charge leaving at B since the evolution of heat implies that 
work is done by the charge during its passage from A to B. A potential 
energy difference therefore exists between the points A and B. The SI unit of 
potential energy difference (or simply potential difference (p.d.)) is the volt, 
and we say that a voltage exists between A and B. The end of the conductor 
at the higher potential is indicated conventionally by a (+) sign and that at 
the lower potential by a (—) sign. A double subscript notation may also be 
used with advantage to express the magnitude and direction (or polarity) of 
a voltage existing between two points A and B in a circuit. We may write 
V AB which is understood to mean a p.d. of constant magnitude V volts, A 
being positive with respect to B. 
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Referring again to fig. 1.4, if a potential difference of one volt exists 
between A and B, then one coulomb of charge passing between A and B will 
produce one joule of heat energy. Generalizing this statement; if between 
two points on a metallic conductor there exists a constant potential 
difference of V volts, and a total of Q coulombs of charge passes between 
them, the heat output J, in joules, is given by 

J=VQ (1.4) 

In terms of current this becomes, using (1.3), 

J=VIt e (1.5) 

where / is a current of constant magnitude and t e is the elapsed time. 

From (1.5) the power P (watts) is given by the energy dissipated in the 
conductor per unit time, that is, 

P=—= VI (1.6) 

t e 

For the general case where both voltage and current vary with time, the 
energy is, at any instant of time t, 

J = j* ui dr (1.7) 

and the instantaneous power is 

p=vi (1.8) 


Fig. 1.4. Potential difference. The potential energy lost by the charge 
as it flows from A to B is recovered as it flows from C to D. 
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It follows from the principle of conservation of energy that if heat is to be 
dissipated continuously in the section AB, the potential energy lost by the 
charge in passing from A to B must be made up by a corresponding gain in 
potential energy elsewhere. In the system shown in fig. 1.4 this occurs as the 
charge passes through a section CD of a source. The magnitude of the 
potential difference across CD is, of course, identical to that across AB. For 
obvious reasons, the latter is often referred to as a voltage drop (or fall), and 
the former as a voltage rise. 

Although the relationships shown in (1.7) and (1.8) have been established 
by considering the particular case of a metallic conductor, they apply 
generally to any sink in which electrical energy is converted to some other 
form. Consider the circuit shown in fig. 1.5. Source and sink are joined by 
perfect conductors so that the p.d. across both is the same and equal to v. 
The polarity of this voltage is, according to our convention, indicated by the 
(+) and (—) signs. Unit positive charge, on passing through the sink from 
the positive terminal to the negative terminal, loses a total potential energy 
of v volts, and on passing through the source from the negative terminal to 
the positive terminal this potential energy is completely regained. The 
instantaneous power flow from source to sink is given by the product vi. 

For circuits containing a multiplicity of elements the magnitude and 
direction of power flow at any particular element or in any part of the circuit 
may be ascertained by considering the associated directions of the voltage 
and current at the terminals concerned. In fig. 1.6, P is any element or part 
of a circuit at which the instantaneous values of voltage and current are 
defined. If the product vi is positive, power is being delivered to P while if the 
product is negative, P is supplying power to the external circuit. In terms of 
our double subscript notation, power is delivered to P if the product v AB i A B 
is positive. (Note carefully the order of the subscripts in this product.) 

Fig. 1.5. Energy flow between source and sink. Instantaneous power 
p = vi watts. 

Current i amperes 



Potential 
difference 
v volts 














10 


Basic concepts, units, and laws of circuit theory 


If we apply this convention to fig. 1.5, we see that the direction of power 
flow is in accordance with the meaning which has so far been attached to the 
terms source and sink. That this is not always the case may be seen by 
comparing the two circuits shown in fig. 1.7. 

In these circuits we assume that the voltage of source P is greater than 
that of Q and that, as a consequence, there will be a net e.m.f. acting in such a 
direction as to cause current to flow clockwise round the circuit as shown. 
Examination of the direction of this current in relation to the polarities of 
the two sources connected as in fig. 1.7(a), confirms that both sources are 
delivering power to the sink. However, if the polarity of Q is reversed, as in 
fig. 1.7(6), current enters its positive terminal, the product vi is positive, and 
we conclude that energy is being delivered to Q. In other words, what has 
hitherto been called a source is now effectively acting as a sink. 

Many practical sources exhibit this property of reversibility. One 
common example is the battery which can be recharged by connecting it to 


Fig. 1.6. Power in a circuit element: P receives power if product vi is 
positive; P delivers power if product vi is negative. 


i 



Fig. 1.7. (a) Sources P and Q deliver energy to sink. (6) Polarity of Q 
reversed: Q receives energy from P. 
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a supply capable of forcing current through it in a reverse direction. 
Electrical energy is thereby converted and stored in chemical form. In a 
resistive conductor the energy conversion is, of course, irreversible. 

1.5 Ideal voltage and current sources 

The function of a source is to deliver energy to the circuit to which 
it is connected. It does this, as we have seen, by imparting potential energy 
to the charges which pass through it, the energy gained by each unit of 
charge being equal to the p.d. across its terminals. Many practical 
engineering applications require a source capable of maintaining a 
substantially constant p.d. across its terminals irrespective of the current 
which flows through it. No source can be made which does this perfectly 
and usually, with a source such as a battery for example, the terminal 
voltage falls as the load current increases. This leads us to the concept of the 
ideal voltage source (also referred to as an ideal voltage generator) defined 
as one for which the terminal p.d. is independent of the load current. The 
utility of this concept lies in the fact that the electrical behaviour of a great 
many practical sources can be described by means of an ideal source in 
combination with one or more passive circuit elements. This will be 
discussed more fully in later chapters. 

The relationship between terminal voltage and load current (called 
variously the voltage-current, volt-ampere, or load characteristic) for an 
ideal voltage source is shown in fig. 1.8(a). This is simply a straight line 
parallel to the current axis. If we are dealing with a source whose terminal 
voltage varies with time, then the voltage axis on this graph must be 
interpreted as indicating instantaneous values. Fig. 1.8(h) shows the 
conventional graphical symbol for the ideal voltage source. 

Fig. 1.8. The ideal voltage source. 
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(a) Voltage-current characteristic 
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Another type of source, of theoretical and practical importance, par¬ 
ticularly in electronic circuits, is the current source (or current generator). 
An ideal current source may be defined as a source which delivers a specific 
current to a circuit irrespective of the voltage across its terminals. The 
voltage-current characteristic for such a source is shown in fig. 1.9. As with 
the ideal voltage source, the ideal current source can be used in combi¬ 
nation with other circuit elements to describe the electrical characteristics 
of practical current sources. 

While there is a universally accepted symbol for the ideal voltage source, 
there is no such corresponding symbol for an ideal current source. A 
selection of some of the more commonly used symbols is presented in fig. 
1.10; in this book we shall adopt that shown in fig. 1.10(d). In all cases the 
direction of conventional positive current is specified by an arrow. 

We should mention, finally, that the ideal sources which we have 
considered here are termed independent sources because the voltage or 
current, as the case may be, is maintained at its specified value in- 


Fig. 1.9. The ideal current source: voltage-current characteristic. 
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Fig. 1.10. Graphical symbols for the ideal current source. 
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dependently of any constraints imposed by the external circuit. Later 
(section 2.13) we shall discuss another type of ideal source the output of 
which is controlled by a voltage or current parameter elsewhere in the 
circuit. This type of source is termed a dependent or controlled source. 

1.6 Kirchhoff's laws 

Kirchhoff’s current and voltage laws are particular expressions of 
two of Maxwell’s general electromagnetic equations; they apply only to 
circuits which can be represented by a lumped model. (Their derivation 
from Maxwell’s equations can be found in many books on electromagnet¬ 
ism (see for example reference 7). Within the constraints and limitations 
mentioned in section 1.2 concerning the lumped circuit model, these two 
laws provide the basis for all circuit analysis. 

Kirchhoff’s laws are basically conservation laws: the current law 
expresses the conservation of charge (or more explicitly the continuity of 
current), and the voltage law expresses the conservation of energy. 
Although the principles underlying Kirchhoff’s laws present little con¬ 
ceptual difficulty, the application of the laws in circuit analysis requires a 
thorough appreciation of the sign conventions and rules which govern the 
algebraic combination of currents and voltages. In the two following 
sections, attention is given to these related aspects of Kirchhoff’s laws as 
well as to the laws themselves. 

1.6.1 The current law 

The current law in its simplest form may be derived by considering 
the flow of current between two lumped elements connected together by a 
perfect conductor (fig. 1.11(a)). A junction such as this, between two or 
more elements, is called a node. (Kirchhoff’s current law is also known as 
the node law because it relates to the currents at a node.) 

Two currents are shown in fig. 1.11(a), both flowing in the conductor 
from left to right. Since there is no reservoir at the node in which charge can 
accumulate, it is obvious that the currents must be continuous through the 
node and we can write 

ii=<* (19) 

This states simply that the currents flowing into and out of the node are 
equal. This relationship may, however, be expressed in another way. By 
transposing (1.9) we obtain 

h + (~ i 2 )=0 (1.10) 

Diagrammatically this is equivalent to changing the reference direction of i 2 
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as shown in fig. 1.11 ( b ). The law now states that the sum of the two currents 
flowing into the node, taking into account their algebraic signs, is zero. 

Finally, a third expression of the law is obtained by reversing the 
direction of to give 

i *2 + ( —* i )=0 ( 1 - 11 ) 

The reference directions corresponding to this equation are shown in fig. 
1.11(c), and we see that the sum of the currents flowing out of the node is 
zero. 

The above arguments, based essentially on the principle of continuity of 
current, can be extended to include any number of elements connected 
together at a node, and in its general form Kirchhoff’s current law can be 
summarized by the following relationships: 


y.U 

(1.12) 

M 

if 

o 

(U3) 


where the sums are taken over all i. 

Equation (1.12) expresses the continuity relationship in its most direct 
form. Equation (1.13) states that the algebraic sum of the currents flowing 
into (or out of) a node is zero. These equations express precisely the same 
relationship between the currents at a node, but they each lead to a slightly 
different formulation of the complete circuit equations and it is a matter of 
convenience which of them one chooses. We consider this further in chapter 
2 . 


Fig. 1.11. Alternative expressions of Kirchhoff’s current law at a node. 
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Returning for a moment to the circuit of fig. 1.11 (a), and to the directions 
assigned to the currents i t and i 2 , it will be clear from the intervening 
discussion that these directions were chosen quite arbitrarily, we could 
equally well have shown them flowing from right to left, both flowing into 
or both flowing out of the node. In general, it does not matter how the 
currents at a node are assigned since their purpose is simply to provide a 
frame of reference on which to base an explicit expression of the current law. 
The following example will help to make this clear. 

1.6.2 Worked example on the current law 

Fig. 1.12(a) shows part of a circuit containing six elements. The 
magnitudes and directions of the currents (referred to conventional positive 
current) through five of the elements are indicated. Find the two currents in 
the conductors at A and B. 

To apply Kirchhoff’s current law one must first identify the nodes that 
are relevant to the problem. It may appear at first sight that we have to 
apply the law at each of the nodes a, b, c, and d separately, but if we recall 
that the connections between elements of our lumped circuit are perfect, 
and that there is no potential difference between any two points on a perfect 
conductor, we see immediately that the connections in the central region of 
this circuit can be rearranged as shown in fig. 1.12(b). There are now two 
clearly identifiable nodes, P and Q. 

Let the two required currents be ij and i 2 and assign their reference 
directions outward from the circuit as indicated. For this problem it is 
immaterial which of the forms of the current law is used, so choosing (1.13), 


Fig. 1.12. (a) Circuit for worked example on the current law. (b) 
Rearrangement to identify node at P. 


(a) 





















































16 


Basic concepts, units, and laws of circuit theory 


and equating the algebraic sum of the currents flowing out of the node to 
zero, we obtain: 

At node P —4-6 + 8 + 3 +1+ i, =0 
whence i, = — 2 A 

At node Q - 3 — 1 + i 2 = 0 

whence i 2 = 4A 

We see that the current i { is negative. This simply means that our original 
choice of reference direction for the current was (as it transpires) opposite to 
the direction of conventional positive current. 

This example may be used to illustrate a further consequence of the 
current law. If we calculate the algebraic sum of all the currents entering (or 
leaving) the complete circuit inside the boundary indicated by the dashed 
line, we find that this sum also is zero. Thus currents flowing inwards across 
the boundary are: 

4+6 —8 —( — 2)—4=0 

As may be readily ascertained, a similar result is obtained for any part of 
the circuit defined by a closed boundary cutting through two or more of its 
conducting paths. Kirchhoff’s current law, therefore, applies in its most 
general form to any region of a circuit defined by a closed boundary. This 
follows immediately from the fact that, within such a boundary, charge can 
neither be created nor destroyed, neither can it be stored. (A more complete 
discussion of this aspect of KirchhofFs current law will be found in reference 
4.) 

1.6.3 The voltage law 

The potential difference across an element has been defined in 
section (1.4) as the energy gained or lost by unit charge as it passes through 
the element. It was also shown with reference to fig. 1.5 that the potential 
energy gained by the charge passing through the source was equal to the 
potential energy lost in passing through the sink. These ideas may be 
expressed formally by writing = v 2 where is the potential rise and v 2 is 
the potential fall. 

Following the same line of argument as used in our approach to the 
current law, the above equation can be rearranged to give either 
t>j + (— u 2 )=0 or u 2 + (— 1 > i)=0, and we can interpret these as equivalent to 
stating that the algebraic sum of the potential differences in the circuit is 
zero. The two alternative forms arise because we can choose to define 
positive potential difference acting in either a clockwise sense or a 
counterclockwise sense round the circuit. 
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The same arguments can be applied to circuits containing any number of 
elements and conducting paths if we take the voltage v 1 to mean the sum of 
all contributions to the potential rise and v 2 the sum of all contributions to 
the potential fall as any closed path in the circuit is traversed. Thus 
Kirchhoff’s voltage law may be stated in either of two forms: 


^^rise Thrall 

(1.14) 

2 >=o 

(1.15) 


where the sums are taken over all v and, in the latter equation, the algebraic 
sum is intended. The interpretation of these equations is made clear in the 
example given below. 

1.6.4 Worked example on the voltage law 

In the circuit of fig. 1.13(a), find the magnitudes and directions of 
the voltages across the elements P and Q. 

Since there are two unknown voltages in this problem, the application of 
Kirchhoff’s voltage law consists in choosing two paths or loops in the 
circuit from which two equations can be set up; these can then be solved for 
the two unknowns. Three possible loops are indicated in fig. 1.1 3(b) any two 
of which are sufficient to set up the required equations. For this problem we 
choose loops (1) and (3). 

Let the magnitudes of the required voltages be V P and V Q , and assign 


Fig. 1.13. Circuit for worked example on the voltage law. 
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their directions (arbitrarily) as indicated by the (+) and ( —) signs in fig. 
1.13(h). 

Method (1): using equation (1.14) 

Starting at point A, and traversing loop (1) in a clockwise direction, we 
obtain a voltage rise in the 3 volt source, a fall in P, and a fall in the 6 volt 
source. Hence 

3 = Vp+6 
Vp= — 3V 

Similarly for loop (3) we obtain a rise in the 3 volt source, a fall in P, a fall in 
Q, and a rise in the 9 volt source. Hence, 

3+9 = V P +V Q 

but 


V P = —3V 

therefore 

F Q = 15V 

Method (2): using equation (1.15). 

Taking voltages acting in a clockwise sense we obtain: 
for loop (1) 

3 + (— Vp)+(—6)=0 

hence, 

V P = —3V 
and for loop (3) 

3 + (— F P ) + (— V q ) + 9=0 

hence. 


Vq= 15V 

The application of Kirchhoff’s Laws in practical circuit analysis is 
considered in greater detail in chapter 2. 

1.7 Resistance 

1.7.1 Ohm’s Law 

The relationship between p.d. across a conductor and the current 
flowing through it depends on the shape of the conductor and the materials 
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of which it is made. For some materials, for instance semi-conducting 
compounds, this relationship may be of the general non-linear form shown 
in fig. 1.14(a). For metals, carbon, and many other materials the vol¬ 
tage-current relationship is linear, as shown in fig. 1.14(b). The ratio of 
voltage to current is constant, and the relationship takes the simple form 
known as Ohm’s Law viz: 



(1.16) 


where R is the resistance in ohms. 

It is often convenient for the purpose of circuit analysis to express Ohm’s 
law in the alternative form: 



(1.17) 


where G is the conductance in siemens. 

A conducting element for which Ohm’s law is obeyed is called a linear 
resistance. Two commonly used graphical symbols for a linear resistance 
are shown in fig. 1.15. In this book the symbol of fig. 1.15(a) is preferred.* 

Also indicated in this figure are the associated directions of voltage and 
current according to the sign conventions described previously. With 
conventional positive current flowing in the direction shown, and with v a 
positive number, the polarity of the voltage is as indicated by the (+) and 
(-) signs. 

Materials which obey Ohm’s law are called ohmic materials. The 
resistance of a bar of such material, if it is homogeneous and has a uniform 


Fig. 1.14. Voltage-current relationships for resistance. 
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The British and European standard symbol for resistance is that shown in fig. 
1.15(b); in this book it is used, for pedagogical reasons, to denote immitance. 
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cross section, is found to be proportional to the length of the bar / and 
inversely proportional to its cross-sectional area A. Thus we may write 

R=p-Jr (U8) 

A 

where p is a constant of the material known as the resistivity. The unit of 
resistivity is the ohm metre. The relationship (1.18) may also be written in 
terms of the conductance: 

G = <rj (1.19) 

where o = 1/p is a constant known as the conductivity of the material; this is 
expressed in siemens per metre 

1.7.2 Power dissipation in resistance 

We have mentioned previously that current flowing through a 
resistance results in the irreversible conversion of electrical energy into 
heat. The power dissipated is given, according to (1.8), by the product vi , 
and this is always positive. This expression for the power dissipation is true 
whether the resistance is linear or non-linear. For the linear case, however, 
alternative and often more convenient expressions may be obtained by 
eliminating either v or i from (1.8) using Ohm’s law. Thus, using v = iR gives: 


power = vi = i 2 R 

(1.20) 

and using i = v/R gives: 


V 2 

(1.21) 

power =vi =— 


Fig. 1.15. Graphical symbols used for resistance. 
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The energy converted into heat in a conductor as a result of the passage of a 
current through it is often referred to as the ‘i 2 R' loss or, when the conductor 
is of copper, the copper loss. 


1.7.3 Resistances in combination 

(a) Series connection. With reference to fig. 1.16(a), if the single 
linear resistance R s is to be equivalent to the series combination of the two 
linear resistances Ri and R 2 , a voltage v AB applied to either circuit must 
cause the same current to flow. Let this current be i then, by Ohm’s law, the 
voltage across R t is v t =iR^ and the voltage across R 2 is v 2 =iR 2 . 
Therefore, by Kirchhoff’s voltage law, 

Vab=Vi +v 2 = i(Ri + R 2 ) 

But v AB =iR s , hence 

iRs = i(Ri + ^ 2 ) 


The equivalent resistance of two resistances connected in series is, therefore, 
given by 

R s = R l + R 2 (1.22) 

Now consider the series combination of any number of resistances 
Ri,R 2 . . . R„. The equivalent resistance R can be found by repeated 
application of (1.22), taking resistances two at a time, to give 

R — Ri + R 2 +.. . + R n (1-23) 


In terms of conductances G = l/R, G t = 1/Rj etc., (1.23) becomes 


1-_L _L _L 

G ~G7 + G^ + ‘ ' ‘ + G^ 


(1.24) 


Fig. 1.16. Equivalent resistance for series and parallel combinations of 
resistances. 
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(b) Parallel connection. As for the series connection, the criterion for 
equivalence between the two circuits shown in fig. 1.16(h) is that, under the 
action of the same applied voltage, the resulting currents must be identical. 
Thus: 


Current through =i t 


Current through R 2 



Therefore the total current i is, by Kirchhoff’s current law, 
i=h + i 2 =i 
But 


i—v AB /Rp 


hence 


Vab 

R, 


— V A b 



or 


_L_JL _L 

^“*7 + r~2 


(1.25) 


The parallel combination of two resistances is encountered very frequently 
in circuit analysis and it is often denoted symbolically by R l //R 2 . 
Equation (1.25) is then often more conveniently expressed as 


RJ/R 2 = R P = 


R1R2 

Rx+R 2 


(1.26) 


We refer to this expression as the ‘product over sum rule’. Note that this rule 
is not applicable to combinations of more than two resistances in parallel. 

By repeated application of (1.25) we obtain the equivalent resistance of 
any number of resistances connected in parallel viz.: 


i__L — — 

r~r^ + r; + -- + r'„ 


(1.27) 


In terms of conductances G = l/R, = 1 /R u etc., (1.27) becomes: 

G = G 1 + G 2 + . . . + G„ (1.28) 
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This formula is useful for calculating the resistance of many paths in 
parallel. 

1.8 Capacitance 

Capacitance is that property of the circuit which defines the 
distribution of the electric field within the circuit when it is energized. In the 
following sections we establish the voltage-current relationships for a 
linear capacitance and from this an expression for the energy stored in 
terms of the voltage across the plates of the capacitance. Relationships are 
also derived which allow us to represent any arrangement of interconnected 
lumped capacitances as a single lumped capacitance. 

1.8.1 The voltage-current relationship for capacitance 

When a source of voltage is applied to two conductors forming the 
plates of a capacitance, positive charge is transferred from the conductor 
connected to the negative terminal of the source to the conductor connected 
to the positive terminal. The quantity of charge transferred is found to 
depend on the size and shape of the conductors and on the dielectric 
medium between them. For vacuum, air and many other dielectric 
materials the charge transferred is proportional to the applied voltage. 
Thus we may write 

q = Cv (1.29) 

where q is the instantaneous value of the charge, and C is a constant of 
proportionality known as the capacitance. The unit of capacitance is the 
farad, and the graphical symbol for a linear capacitance used in this book is 
shown in fig. 1.17(a). 

The relationship (1.29) defines a linear capacitance, and it is true only if 
the applied voltage is not so high as to cause breakdown (electrical 
conduction) or other changes in the dielectric. 

Fig. 1.17. Graphical symbols used for capacitance. 
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The current i which flows as a result of the application of a voltage is 
found by differentiating (1.29): 


d q d 


Provided we are dealing with a conductor-dielectric system of fixed 
geometry, this relationship becomes: 


i = C — 
dt 


(1.30) 


By integrating (1.30) we obtain an explicit expression for the voltage in 
terms of current. Thus, 




i dr + d 0 

in which v 0 is the voltage across the capacitance at t=0. 


(1.31) 


1.8.2 Energy storage in capacitance 

Consider a capacitance through which a current i flows as a result 
of an applied voltage v. The instantaneous power flow to the capacitance is 
given by the product vi which becomes, using (1.30), vCdv/dt. During the 
interval dt the flow of energy to the capacitance is, therefore, 

u(c^jdt = Cudr 

and the total energy delivered to the capacitance when its voltage is v is 
given by: 

Energy = cJ vdv=iCv 2 (1.32) 

This stored energy is released by the capacitance when the voltage is 
reduced to zero. (During the release of energy the product vi will be negative 
according to the sign convention established in section 1.4.) Because the 
energy of any closed system cannot change instantaneously (instantaneous 
change of energy implying infinite power), it follows that the voltage across 
a capacitance cannot change instantaneously. 


1.8.3 Capacitances in combination 

(a) Series connection. Referring to fig. 1.18(a), the two circuits 
between A and B are equivalent if, when the same voltage is applied to each, 
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the resulting currents are equal. Let the current be i and the voltage be v AB . If 
we assume zero initial voltage, then the voltage v 2 across Ci will be, from 
(1.31), 


1 

Vi= r 


idf 


and the voltage across C 2 will be 


v 2 


.±r,* 

C 2 Jo 


Therefore, using Kirchhoff’s voltage law, we have 

(*t 

idt 


v„-v, + P] .{±+± 


but 


hence 


° A ‘~kL l 


d t 


C,"C 1 + C 2 


(1.33) 


An expression for the equivalent capacitance of any number of capacit¬ 
ances in series may be found by repeated application of (1.33), viz.: 


i__L J_ _L 

c~c 7 + q + , -- + q 


(1.34) 


Fig. 1.18. Equivalent capacitance for series and parallel combinations 
of capacitances. 



(a) Series 


(b) Parallel 
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( b ) Parallel connection. For the parallel circuit of fig. 1.18(h), the current 
through Ci is, from (1.30), 


h —Ci 


dv A 


d t 


and the current through C 2 is 
d v A b 


h — C 2 


d t 


The total current is given by 


i — ii+i 2 — (Ci+C 2 )~ 




d t 


But, for the equivalent capacitance C p , 
d Dab 


i — C„ 


d t 


hence 


C p = Ct + C 2 (1.35) 

By repeated application of (1.35), we may extend this result to include 
any number of capacitances connected in parallel, thus, 

C = C 1 + C 2 + ... + C„ (1.36) 

1.9 Inductance 

Inductance is that elemental property of a circuit which defines the 
magnetic field distribution when the circuit is energized. In the following 
sections we derive voltage-current and other relationships for inductance 
corresponding to those derived for capacitance. 

1.9.1 The voltage-current relationship for inductance 

Fig. 1.19(a) shows part of a current carrying circuit. The magnetic 
flux created by the current links with the circuit itself, the amount of flux 
linkage being a function of the circuit geometry. By forming the circuit into 
a coil, as represented schematically in fig. 1.19(h) the flux linkage is 
enhanced. Provided there is no iron or other magnetic material present, the 
flux, and therefore the flux linkage, is found to be proportional to the 
current. If we denote the flux linkage by (f >, then 


4> = Li 


(1.37) 
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where L is a constant of proportionality, dependent upon the circuit 
geometry, which is called the self-inductance (or simply inductance). The 
unit of inductance is the henry, and the graphical symbol preferred in this 
book is shown in fig. 1.20(u). 

The relationship between voltage and current is derived using Faraday’s 
law of induced e.m.f. This states that the e.m.f. induced in a circuit is equal to 
the rate of change of flux linkage, that is, 



(1.38) 


In this equation the negative sign indicates that the induced e.m.f. acts in 
a direction such as to oppose the cause of the change of flux linkage (Lenz’s 
law). 


Fig. 1.19. Flux linkage. 
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Fig. 1.20. Graphical symbols used for inductance. 
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Combining (1.37) and (1.38) we have 


which becomes, for a conductor system of fixed geometry, 

„ di 

e.m.f. = — L— (1.39) 

Now consider the situation shown in fig. 1.21 in which a time varying 
voltage v is applied to part of a circuit which has no properties other than 
pure inductance. This will cause a current i to flow whose rate of change is 
such that the induced e.m.f. will exactly counterbalance the applied voltage, 
hence we may write 


The current i which flows as a result of applying v is found explicitly by 
integrating (1.40), thus, 


1 P 

i=j v 
LJ 0 


dr + io 


where i 0 is the current flowing through the inductance at r=0. 


1.9.2 Energy storage in inductance 

Referring to fig. 1.21, the instantaneous power flow to the 
inductance is vi and the energy in the time interval dr is given by 

di 

iL—dt=Lidi 

dr 


Fig. 1.21. Voltage-current relationship for inductance. 
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hence, the total energy storage at any current i is: 


Energy = L idi=$Li 2 


I 


(142) 


Remarks similar to those made in connection with the storage and release 
of energy in a capacitance (section 1.8.2) apply also in the case of 
inductance. During the acquisition of energy the product vi is positive. 
During the release of energy the current diminishes, the polarity of the 
voltage reverses and the product vi becomes negative. The energy, and 
therefore the current, cannot change instantaneously. 

1.9.3 Inductances in combination 

(a) Series connection. The circuits shown in fig. 1.22(a) are 
equivalent if, upon application of identical voltages, the resulting currents 
are equal. From (1.40) the voltage across will be v t = L 1 di/dt, and that 
across L 2 will be v 2 = L 2 di/dt. The total voltage will, therefore, be (i^ + v 2 ), 
and this must be equal to v AB . Hence, 



or 


(1.43) 


L s — L i +L 2 


Extending this to any number of elements by repeated application we 
have 


T — Z,j + L 2 + ... + /,„ 


(1.44) 


Fig. 1.22. Equivalent inductance for series and parallel combinations 
of inductances. 
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(b) Parallel connection. Adopting the same criterion for equivalence for the 
circuits of fig. 1.22(h), we have for the sum of the currents i t and i 2 flowing 
in Li and L 2 respectively (assuming zero initial currents), 

i = ii + i 2 =— v AB d t + -M v AB d t 
i-i Jo l 2 Jo 


But this sum must be equal to the current through L p , hence. 




+ t 

Jo 


v AR dt =- 




v AB dt + 


if 

L2 Jo 


v AB dt 


or 


4 



(1.45) 


Again, by repeated application we may extend this result to include any 
number of elements: 


i__L _L 
L _ z; + z; + -" + z: 


(1.46) 


1.10 Inductively coupled circuits 

When two circuits are brought into close proximity, the flux 
produced by current flowing in one circuit can link with the other circuit as 
shown schematically in fig. 1.23. Faraday’s law applies regardless of the 
source of flux linkage so that if the current varies so will the flux linkage, and 
an e.m.f. will be induced in the second circuit. We say that the two circuits 
are inductively coupled. 

The inductive coupling effect can be enhanced by shaping the two circuits 
in the form of coils wound closely together (fig. 1.24), as in the transformer. 
Sometimes the inductive coupling effect is the cause of unwanted inter¬ 
ference between adjacent circuits, and steps have to be taken to reduce the 
coupling by the provision of magnetic screens. 


Fig. 1.23. Inductive coupling between two circuits. 
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In this section the concept of mutual inductance is introduced, and from 
this the voltage-current relationships are established for inductively 
coupled circuits. 

1.10.1 Mutual inductance 

The amount of flux linked with the second circuit in fig. 1.23 (or fig. 
1.24) depends on the geometry of the two circuits and, in the absence of any 
non-linear magnetic materials, it will be proportional to the current in the 
first circuit. Let us designate the flux linkage by 4 > 2 1 (read as flux linkage in 
circuit (2) resulting from a current in circuit (1)), and let the current be i v 
We may then write 

</>2i = M 21 ii (1.47) 

where JW 21 is a constant known as the mutual inductance of the two 
circuits. As for self-inductance, this is expressed in units of the henry. The 
mutual inductance is conventionally taken as being always positive. 

By the same arguments we can derive a similar equation for the situation 
where circuit 2 carries a current i 2 , that is, 

<f> l2 = M l2 i 2 (1.48) 

Applying Faraday’s law to (1.47) and (1.48) we obtain for the voltage 
induced in (2), M 2l di l /dt; and for the voltage induced in (1), M 12 di 2 /dt. (It 
is assumed here that the two circuits are fixed geometrically.) 

It may be shown that for iron-free circuits, M 2l = M 12 (see for example 
reference 6). Therefore, in what follows the mutual inductance will be 
designated simply as M. 

We can now establish the complete voltage-current relationships for 
mutual inductance with reference to fig. 1.25, which shows the circuit model 
for the inductively coupled coil arrangement of fig. 1.24. The coils possess 
pure self-inductances and L 2 , and the mutual inductance between them 


Fig. 1.24. Inductive coupling between two coils: fluxes reinforce with 
currents and winding directions shown. 
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is M; resistance is assumed to be negligible. Both coils are wound in the 
same direction so that, with the currents i l and i 2 assigned as shown (both 
flowing clockwise when viewed from above in fig. 1.24), the fluxes produced 
are in the same direction through the two coils. The self-induced voltage in 
coil (1) will be, from (1.40), Lidii/dt and to this we must add the voltage 
induced in coil (1) due to current in coil (2), namely, Mdi 2 /dt. Hence, the 
total voltage across AB is 

di, di-, 

^dT^d? (L49) 

The two voltages are in the same sense and therefore add because the fluxes 
are in the same direction. 

Similarly, for the second coil, the voltage across CD is 

(l5o) 

If the direction of either current were reversed, the signs of the second terms 
in these equations would be negative. 

It is sometimes important in circuit diagrams (and on the coils 
themselves) to indicate the relative directions of the windings. This is done 
by polarity markings. The conventional scheme is as follows: place a dot on 
one terminal of coil (1) and imagine the current i t to enter the dotted 
terminal. Now determine the direction of current i 2 in coil (2) that will give 
flux in the same direction as that produced by i'i. Place a dot on the terminal 
of coil (2) that i 2 enters. (If there are more than two coils, then any one of 
them is used as reference and the dots are placed on all others with respect 
to the reference coil.) According to this convention, the top terminal of each 
coil of fig. 1.24, and each inductance in fig. 1.25, should have a dot. 
(Alternatively, of course, the bottom terminal of each coil may be marked.) 
The ends of the coils so marked are called corresponding ends. 

Fig. 1.25. Circuit model of the inductively coupled coil arrangement 
shown in fig. 1.24. Dots indicate ‘corresponding ends’. 
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Note that with assigned currents both entering (or both leaving) 
corresponding ends, the terms containing M in the circuit equations (1.49) 
and (1.50) are positive. If currents are assigned such that one current enters 
and the other leaves a corresponding end, the terms containing M are 
negative. If no information is provided concerning corresponding ends in a 
particular circuit containing inductively coupled coils, the mutual induct¬ 
ance terms must be written: ±Mdi/dt. 

The scheme described above implies that the corresponding ends of coils 
will all move in potential together when a voltage is applied to one of them. 
This provides a simple method of identifying, by means of a voltage 
measurement, the corresponding ends of a system of inductively coupled 
coils. 

Sometimes, a circuit model, by separating out effects that cannot actually 
be separated physically, provides help in understanding how the circuit 
works. Fig. 1.26 is an alternative circuit model for the inductively coupled 
coil arrangement shown in fig. 1.24 in which the induced voltages due to 
mutual inductance have been represented by ideal sources. These sources 
cannot be isolated from L x and L 2 , and so this model is not physically 
realizable, however, the circuit equations are the same as those for fig. 1.25 
and as far as external connections are concerned, the circuits of figs. 1.25 
and 1.26 exhibit identical behaviour. It will be noted that the two sources in 
fig. 1.26 are examples of dependent sources, that is, their values depend on 
currents flowing in the circuit itself. 

1.10.2 The coefficient of coupling 

Consider the circuit of fig. 1.26 with its terminals AB connected to a 
voltage source and terminals CD short circuited. The circuit for this 
situation is shown in fig. 1.27. Applying Kirchhoff’s voltage law to the 
circuits (1) and (2) we obtain 


Fig. 1.26. Alternative circuit model of Fig. 1.24. L, and L 2 are 
separate inductances with no mutual inductance between them. 
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t>! =L t ^-+ M 
at 


d i 2 
df 


and 


0 = 


di, 

M — -h L 2 

at 


di 2 

dr 


since v 2 =0. 

Upon rearrangement and elimination of di 2 /dt, these equations yield 

dii Vi L 2 
lit = LiL 2 -M 2 

The equivalent input inductance (that is, the effective inductance between 
the terminals AB ) is 

LjL 2 -M 2 
AB dijdt L 2 

We can now calculate the energy stored in the system using (1.42), thus, 
„ ,, , 2 ,(LiL 2 -M 2 )ii 

Energy = \L ab i\ = ^ —- - - (1.51) 

The stored energy must be positive, otherwise, the inductance could act as a 
source of energy indefinitely, and this is not possible for a passive circuit 
element. Therefore, (LiL 2 — A/ 2 ) must be greater than or equal to zero and 
so 

M 2 ^LiL 2 
We usually write 

M = k(LiL 2 f (0 < fc < 1) (1.52) 

where k is the coefficient of coupling. When k has a value near unity, the 


Fig. 1.27. Circuit for deriving the relationship: M =k{L i L 2 ) i . 
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coupling is said to be close, or tight. For k = 1, all the flux produced by a 
current in one coil links all the turns of the other coil. 


1.10.3 The effective inductance of two series-connected coupled coils 

In the circuit of fig. 1.28 the two coils each have self-inductances L, 
and L 2 and mutual inductance M. Since there are two possible ways of 
arranging the series connection we have two possible circuit models 
(derived from fig. 1.26) as shown in fig. 1.29. In both arrangements the same 
current exists in both coils, however, in fig. 1.29(a) the coils are connected in 
series aiding while in fig. 1.29(h) they are connected in series opposing. The 
effective inductance in each case may be found by applying Kirchhoff’s 
voltage law. For fig. 1.29(a) we have 


di . di _ di ., di 
v = L l — + M —+ L 2 — +M— 
dr dr dr dr 


or 


v = (L!+L 2 + 2M)~ 

and so the effective inductance for circuit (a) is 
L 3 = Lj *f L>2 + 2M 


Fig. 1.28. Series connected coupled coils. 
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Fig. 1.29. Circuit models for series connected coupled coils. 
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When the same procedure is applied to circuit ( b ) the result is 

L 4 = L l + L 2 -2M ( 1 . 54 ) 

1.11 Passive circuit components 

Passive circuits are made up of components - resistors, capacitors, 
inductors and mutual inductors - each designed, ideally, to exhibit one of 
the elemental properties to the exclusion of the others. These components 
are usually, although not always, required to be time-invariant and linear, 
that is, their properties should not be affected by changes in operating 
conditions, nor should their values depend in any way on the applied 
currents and voltages. 

Real components fall short of these ideal requirements in several respects. 
Generally, all three elemental properties will be associated with any given 
component so that it will exhibit its named property over a limited range of 
frequencies only. A resistor, for example, is often constructed from a length 
of high-resistivity wire wound upon a suitable former to form a compact 
coil. Such a coil will possess inductance; there will also be capacitance 
between the turns of the coil.* It is sometimes necessary, therefore, to devise 
circuit models like those shown in fig. 1.30, which will represent the 
characteristic behaviour of the component over a particular range of 
operating frequencies. 

The ‘purity’ of a component refers to the extent to which it is free from 
extraneous (or stray or parasitic) elements. Most modern components 
possess a high degree of purity, and it is usually permissible - for example, in 
the case of a resistor - to neglect stray inductance and capacitance and to 
represent it simply by a resistance in the circuit model, but the designer 
must always take care to ensure that the model accurately reflects the 
properties of the circuit. 

The properties of real components also vary, to some extent, with time 


Fig. 1.30. Models for passive circuit components. 
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By folding back the length of wire on itself before winding it into a coil, the self 
flux linkage and therefore the inductance may be greatly reduced - a technique 
known as bifilar winding. 
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and temperature, the latter effect being dependent both on the ambient 
temperature and on the power dissipated in the component itself, that is, 
upon applied voltages and currents. Components also suffer from long¬ 
term changes in the values of their properties - an effect known as ‘ageing’. 

1.12 Summary of basic circuit relations 

Table 1.1 contains a summary of the basic equations and laws of 
circuit theory. In this table v and i denote, respectively, the voltage and 
current across and through the circuit element concerned at a particular 
instant of time. 

The reader will observe that there exists a striking symmetry in these 
circuit relations. Kirchhoff’s two laws, for instance, are of identical 
mathematical form with v in one replacing i in the other: the same applies to 
Ohm’s law expressed in its resistive and conductive forms. We see also that 
the formula for the series combinations of resistances is of the same form as 
the parallel combination of conductances. The complete sets of equations 
applying to capacitance and inductance evince this underlying symmetry 
also, i interchanging with v and C interchanging with L. The equations 
relating to combinations of L and combinations of C reveal a reciprocal 
relationship of the same type as that existing between R and G. 

These symmetries are a manifestation of a general principle of circuit 
theory which we call duality. Expressed in general terms this principle states 
that, for any linear circuit whose behaviour is described by a certain set of 
equations, a dual circuit can be found for which the circuit equations are of 
the same mathematical form. However, in the equations for the dual circuit, 
current and voltage are interchanged and each element is replaced by its 
dual element: R for G, L for C, etc. For example, a circuit comprising two 
resistances connected in series to an ideal voltage source would have as its 
dual two conductances connected in parallel to an ideal current source. 
This principle sometimes provides alternative and illuminating ways of 
approaching circuit analysis and synthesis; we refer to it at several points 
throughout this text. (There are certain restrictions to this general 
principle: for instance, it cannot be applied directly to circuits containing 
mutual inductance. See for example references 1 and 4.) 

1.13 Problems 

1. A circuit element is shown in fig. 1.31 for which the reference 
directions of voltage and current are defined. 

(a) If v = — 3 V and i = — 2 A (both constant), is the element acting as a 
source or as a sink? What is the power delivered or received by the element? 

(b) If u = 3V (constant) and t = (2t+l)A, what is the total amount of 
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Table 1.1. Summary of basic equations and laws of circuit theory 


Description 

Law or relationship 

Unit 

Equation 

Charge and current 

i- dq 
‘ d t 


ampere 

1.1 




coulomb 

1.2 

Energy 

J — vidt 

J 0 


joule 

1.7 

Power 

p = vi 


watt 

1.8 

Kirchhoff s laws 

Current 

I<out 



1.12 


M 

? 

o 



1.13 

Voltage 

^^rise ^^fall 



1.14 


M 

II 

o 



1.15 

Resistance ( linear ) 
Ohm’s law 

R=- 

i 


ohm 

1.16 


or 





Ci 

II 

<3 1 — 


siemen 

1.17 

Power 

J v 2 

i 2 R or — 


watt 

1.20, 1.21 

Series combination 

R = R l -\~R2~\~-- 

+ R„ 

ohm 

1.23 

Parallel combination 

1 1 ! 

G G x G 2 

1 1 1 
R~lf + R~ 2 + " 

1 

. H- 

G„ 

1 

. H- 

K 

ohm 

siemen 

1.24 

1.27 


G~G l +G 2 - 1-. • ■ 

+ G„ 

siemen 

1.28 

Capacitance ( linear ) 
Charge and voltage 

q = Cv 
• r dv 

C dt 


coulomb 

1.29 

Current and voltage 


ampere 

1.30 


1 Ca 

v=— iat + v 0 
C Jo 


volt 

1.31 

Stored energy 

\Cv 2 

1 1 1 
C _ c7 + Q + 

1 

■ + ^ 

joule 

1.32 

Series combination 

farad" 1 

1.34 
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Table 1.1. (cont.) 


Description 

Law or relationship 

Unit 

Equation 

Parallel combination 

C = C 1 +C 2 + ... + C„ 

farad 

1.36 

Inductance ( linear ) 

Flux linkage and current 

4> = Li 
d i 

v = L — 
df 

weber 

1.37 

Voltage and current 

volt 

1.40 


i=-J- | rdr + io 
^ Jo 

ampere 

1.41 

Stored energy 

{Li 1 

joule 

1.42 

Series combination 

L = L ! 4- L 2 4-... + L n 

henry 

1.44 


iii i 



Parallel combination 

-=—+—+...+— 

L L, L 2 L n 

henry -1 

1.46 

Mutual inductance ( linear ) 
Flux linkage and current 

<f>2i = Mi, 

weber 

1.47 


di. di. 



Voltage and current 

v,=L.— +M~ 

1 1 dr ~ dt 

volt 

1.49 

Coefficient of coupling 

k= M 
(LtL 2 )* 


1.52 


charge that flows during the interval 0< t < 10 seconds? Calculate the total 
energy delivered or received by the element during this interval. 

2. State which of the elements A, B, C, D and E in the circuit of fig. 1.32 are 
sources and which are sinks. Find the total power transfer from sources to 
sinks. 

3. What is the resistance looking into the terminals AB of the circuit shown 
in fig. 1.33? If the terminals AB are connected together, what is the 
conductance between points C and £>? 

4. In the circuit of fig. 1.34, find the voltages V AE , V BE and V CE , and the 
currents I AB and I CB - 


Fig. 1.31. Circuit for problem 1. 
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5. A 1 MQ resistor and a 2juF capacitor are connected in series across an 
ideal current source which delivers a current i = 5e~ 2 ‘ mA. The capacitor is 
uncharged at f=0. Determine the energy stored in the capacitor and the 
voltage across the current source at the instant t=0.5s. 

6. Find the change in the capacitance measured at AB in fig. 1.35 when 
terminals CD are connected together (capacitance in /rF). 

7. The mutual inductor in the circuit of fig. 1.36 has a coupling coefficient of 
0.5; what is its mutual inductance? Determine the current i, the voltage v, 
and the total energy stored in the circuit at an instant 4 seconds after closure 
of the switch. 


Fig. 1.36. Circuit for problem 7. 
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Theorems and techniques of 
linear circuit analysis 


2.1 Introduction 

By making the assumption that all of the elements in a circuit are 
linear, the analysis is greatly simplified. Although all real circuits are non¬ 
linear to some degree, in most cases a linear treatment gives sufficiently 
accurate results, and even for circuits containing highly non-linear 
elements, methods can often be devised for dealing with them on a linear 
basis. It is for these reasons that the study of linear circuit theory is of 
paramount importance in electrical engineering science. 

The theorems and techniques of linear circuit analysis presented in this 
chapter, while being of general usefulness and validity, are developed in the 
context of d.c. circuits. The advantages of this approach are twofold: firstly, 
the theory can be developed on the simplest possible basis and in terms 
which will be familiar to most students. Secondly, the study of d.c. circuit 
theory is of great practical importance in its own right since it arises in many 
branches of power and electronic systems analysis. 

D.C. linear circuits comprise assemblies of linear lumped resistances 
together with ideal direct voltage and current sources. The theory 
appertaining to such idealized circuits is concerned with real situations 
since many types of source found in practice, a battery for example, can be 
represented to a good approximation by an ideal source in combination 
with a lumped resistance. 

A typical voltage-current characteristic, or load characteristic, for a 
practical voltage source is shown in fig. 2.1(h). The terminal voltage V falls 
with increasing load current /, but over a certain part of the working range, 
between points AB, the characteristic can be represented by a straight line. 
Over this region the voltage-current relationship is of the form 

V = V 0 — IR 0 (2.1) 

where R 0 is the negative of the slope of the straight line. 
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The circuit model which gives precisely this relationship is shown in fig. 
2.1(c). On open circuit (/=0) there is no voltage drop across R 0 , and the 
terminal voltage is V 0 . When a load current is drawn, the internal voltage 
drop is IR 0 , and the terminal voltage falls by this amount. R 0 is called the 
internal resistance, or output resistance, of the practical voltage source. It 
must be stressed that the model of fig. 2.1(c), sometimes referred to as a 
linear voltage source, is applicable only to practical sources that exhibit a 
straight-line load characteristic. 

Before proceeding it is necessary to define some of the terms used in 
connection with the analysis described in this and subsequent chapters. A 
number of these have already been introduced in chapter 1 but are included 
here for the sake of completeness. The definitions given below are 
illustrated with reference to fig. 2.2. 

Node: An equipotential junction, formed by perfect conductors, 
between two or more elements. A junction between three or 
more elements, for example node B, is termed a principal node. 

Branch: A path containing one or more series-connected elements 

The linear lumped model is 


* c 

Vo 

I 

(a ) Battery (b ) Load characteristic (c ) Lumped model 



Fig. 2.1. Practical voltage source (battery), 
valid for region AB of the load characterist 

Load Current / 
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Fig. 2.2. Illustrating network terminology. 
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joining two principal nodes; for example, path BCDE. Path BE 
is an interior branch. 

Loop: Any connected, closed path in a circuit. The closed path 
ABCDEA forms a loop. 

Mesh: A loop which cannot be subdivided into smaller loops by 
interior branches. The distinction between a mesh and a loop is a 
rather fine one. Simply by redrawing a circuit it is possible for a 
mesh to become a loop and vice versa. The loop shown in the 
figure is divided into two meshes by interior branch BE. This 
branch and branch BCDE may be interchanged, in which case 
what was formerly mesh 1 becomes a loop. 

Port: A pair of terminals, or nodes, in a network, through which 
connections are made to external sources or other networks. 

Network or circuit: Used in this text interchangeably. In more 
advanced analysis, a distinction is sometimes made (see for 
example reference 2). 

2.2 Voltage and current dividers 

Voltage and current dividers form two of the most common 
building blocks of electrical circuits. The basic voltage divider (also called a 
potential divider) is shown in fig. 2.3(a). With voltage V across terminals 
PQ, voltages V„ and V b are established across resistances R a and R b . These 
voltages may be related to V by the methods discussed in section 1.7. 

The combined resistance of R a and R b in series is R a + R b , therefore, the 
current is V/(R a + R b ) and the voltage across R a is given by 


Fig. 2.3. Divider circuits. 
+ QP 
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V a = 


R a 




Likewise, 


b R a + R b V 


( 2 . 2 ) 


(2.3) 


We see that in each of these expressions the voltage V is divided in the 
ratio of the particular resistance concerned to the total resistance. 

The current divider is shown in fig. 2.3(h). To establish the relationships 
between the main current / and the branch currents I a and I b , we observe 
that the voltage across PQ is the product I(R a //R b ) = IR a R b /(R a + R b ) (see 
section 1.7.3 for ‘product-over-sum’ rule). Therefore, the current through R a 
is given by 

I a = - R -° Rb ■« — = - ■ *» / (2.4) 

R a + R b R a R a -(- R b 

Likewise the current through R b is 

j IRgRb i _ Rg j 

R a + R b R b R fl + R b 

In this case each branch current is found by taking the fraction of the total 
current equal to the resistance in the opposite branch divided by the sum of 
the branch resistances. 

The divider circuits shown in fig. 2.3, one a series circuit the other a 
parallel circuit, are duals (see section 1.12). This will be readily apparent if 
(2.4) is expressed in terms of the conductances G a = l/R a and G b = l/R b : 


L = 


1 /G b 


/ = - 


1/G a + 1/G„ G a + G, 


-I 


(2.5) 


Comparing (2.2) and (2.5) we see that these expressions are of similar form 
with voltage and current interchanged and resistance and conductance 
interchanged. 

Voltage dividers are used extensively in electronic and power circuits. 
One common application, illustrated in fig. 2.4, is to provide a fixed or 
variable degree of voltage control (or attenuation). An input voltage V x is 
applied at the terminals AB (the input port) and a proportion of this voltage 
V 2 is extracted at terminals CD (the output port). We might use the circuit 
of fig. 2.4(a) for example, to measure a very high voltage utilizing a 
voltmeter capable of measuring only a relatively low voltage. 
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According to (2.3) the voltages at the input and output ports (fig. 2.4(a)) 
are related by 


L 2 = 


Ri 

Rl + R 2 


Vi 


( 2 . 6 ) 


R t and R 2 may be adjusted to provide the requisite division or attenuation. 

In practical circuits the resistances R t and R 2 forming the two ‘arms’ of 
the divider may each consist of combinations of separate series or parallel 
elements, in which case, before applying (2.6) the appropriate reduction 
formulae (section 1.7.3) must be used to find the two equivalent resistances. 
In cases where the two arms of the divider contain elements connected 
simply in parallel (see problem 3 at the end of this chapter) it is convenient 
to express the divider relationship (2.6) in terms of conductances rather 
than resistances. Let /? 1 = 1/G 1 and R 2 = l/G 2 , where G i and G 2 are the 
total conductances in the two arms of the divider, then substituting in (2.6) 
gives 


1 /G 2 G t 

1/Gi + 1/G 2 1 G 2 + G! 


V, 


(2.7) 


Note that G v now replaces R 2 in the numerator of the divider ratio. 

It must be emphasized that (2.6) and (2.7) are true only if the terminals 


Fig. 2.4. Two-port voltage divider circuits. 



(c) Continuously variable (potentiometer) 
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CD are open circuit. Generally, the output port will be connected to some 
other circuit which will draw current, and this must be taken into account 
when calculating the attenuation. If R is the effective resistance presented by 
the external circuit to the output port, then (2.7) becomes 


Ri + (R i//R) 


v l 


( 2 . 8 ) 


The circuits shown in fig. 2.4 fall into the general category known as two- 
port networks; these are discussed in chapter 8. 


2.3 Mesh analysis 

The general objective in circuit analysis is the establishment of a set 
of equations relating the circuit variables, voltages and currents, in terms of 
the circuit elements. This is achieved using KirchholT’s two laws. The 
solution of these equations yields specific expressions for each of the circuit 
variables. In mesh analysis source voltages are specified and are treated in 
the equations as the independent variables; solutions are found for the 
currents in every branch, these being treated as the dependent variables. 

The principles involved in mesh analysis may be illustrated with 
reference to the single-mesh circuit shown in fig. 2.5 in which source 
voltages Vi and V 2 and elements and R 2 are specified. 

First, the current / is assigned (fig. 2.5(h)) and then Kirchhoff’s voltage 
law (KVL) is used in either of the forms (1.14) or (1.15) to write down the 
circuit equation. Choosing the latter, and traversing the circuit in a 
clockwise direction starting at point A, we have: 

lt>=0 (1.15) 


Fig. 2.5. (a) Single-mesh circuit, (b) Circuit with assigned current and 
resulting voltage drops. 






(a ) (ft) 
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that is 


+ V l -IR l -V 2 -IR 2 = 0 


In this equation a rise in potential is indicated by a positive sign, a fall by a 
negative sign. (Strict adherence to the conventions discussed in section 1.3 
and 1.4 is necessary when setting up circuit equations of the above form.) 
On rearrangement of this equation we obtain: 


/ = 


V 1 -V 2 
Ri + R 2 


(2.9) 


If, in (2.9) V 2 is numerically greater than V u the current is negative; this 
simply means that the direction of the conventional positive current in the 
circuit will be in the opposite sense to that assigned. 

The above procedure for the analysis of a single-mesh circuit may be 
readily extended to circuits containing two or more meshes. Fig. 2.6 shows 
an example of a two-mesh circuit in which R 3 is common, or mutual , to 
meshes (1) and (2). 

Two possible ways of assigning currents are shown in figs. 2.6(b) and 
2.6(c). In the first and perhaps most obvious, a current is assigned to every 
branch in the circuit; in the second currents are assigned to meshes. 

Considering first fig. 2.6(b) and applying KVL in the form (1.15), we have 
for mesh (1), traversing the path A BCD, 

Vi — IpRi —I r R 3 =0 (2.10) 

and for mesh (2), traversing DCEF, we have 

I r R 3 -I q R 2 -V 2 =0 (2.11) 

In the above equations there are three current variables but these are not 
independent since, by application of Kirchhoff’s current law (KCL) at node 
C, we can see that I p = I q +I r or 

Ir=I p ~I q ( 2 . 12 ) 


Substituting (2.12) in (2.10) and (2.11) we obtain 

I p R 1 + (I p -I q )R 3 = V l (2.13) 

l q R 2 -(l p -l q )R 3 =-V 2 (2.14) 

Thus, in reality, there are only two independent variables and these may 
be evaluated from (2.13) and (2.14). Having found I p and I q , we may 
determine the current in the mutual resistance R 3 using (2.12). 

The two paths we have chosen here, to set up the two independent 
equations necessary to achieve a solution, are not the only possible ones; for 
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example, we might have chosen instead of the mesh DCEF, the loop ABEF. 
(It is important to note that the paths chosen must be such that every circuit 
element is traversed at least once.) The method we are discussing here is, 
therefore, more generally termed loop analysis, but for circuits that can be 
drawn on a flat surface to form a series of‘windows’ (as in this example) a 
more convenient and systematic solution is achieved by choosing meshes 
rather than loops. 

It will be evident from the foregoing argument that it is unnecessary to 
specify every branch current when setting up the mesh equations; it is 
sufficient to assign a current to each mesh as in fig. 2.6(c). The mesh currents 
h and 1 2 are identical with the branch currents I p and I q in fig. 2.6(h), but in 
the mutual element R 3 the actual current flowing from C to D, correspond¬ 
ing to / r , is (/i — / 2 )- The relationship (2.12) is automatically satisfied and 
the mesh equations may be written down directly in terms of the mesh 
currents. This approach to mesh analysis was originally due to James Clerk 
Maxwell and is sometimes referred to as Maxwell’s cyclic current method. 

We now repeat the analysis using this method. In applying KVL in the 
form (1.15) to any particular mesh we traverse the mesh in the direction of 
the assigned current; where mesh currents meet in a mutual resistance such 
as R 3 , the appropriate current difference is taken to calculate the voltage 
drop. 


Fig. 2.6. (a) Two-mesh circuit; ( b ) with branch currents assigned; (c) 
with mesh current assigned. 


* I L r-L R 



{a) 




(c) 
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Traversing mesh (1), path ABCD, 

V l -l i R 1 -{I l -I 2 )R 3 =0 (2.15) 

and traversing mesh (2), path DCEF, 

-(I 2 -I l )R 3 -I 2 R 2 -V 2 =0 (2.16) 

Note carefully the polarity of the voltage drops in fig. 2.6(c), and the order 
in which the mesh currents appear in the difference terms. In (2.15), relating 
to mesh (1), the first member of the term representing the difference current 
in R 3 is Ii ; in (2.16), relating to mesh (2), the first member is / 2 . It may be 
remarked also that, according to (2.16), there is no rise of potential in mesh 
(2); this, however, is simply a consequence of the particular choices made 
concerning direction of assigned current and direction of traverse. 

The above procedures demonstrate the principles underlying mesh 
analysis using either branch currents or mesh currents. In practical circuit 
analysis it is useful to be able to write down the mesh equations in a 
consistent fashion, and in a form requiring a minimum of algebraic 
manipulation to reach a solution. This can be accomplished, using 
Maxwell’s cyclic current method, by adopting two working rules: 

Rule 1. Place all resistive voltage drops (products of current and 
resistance) on one side of the mesh equation. These terms are 
always positive. 

Rule 2. Place all source voltages on the other side of the equation 
attaching the appropriate (±) sign as follows: source voltages 
acting in the same sense as the direction of the assigned mesh 
current take a (+) sign otherwise they take a (-) sign. 

Using these working rules (2.15) and (2.16) are written down directly as: 

IlRl+(Il -/ 2 )«3=v, 

(I 2 -I l )R 3 + I 2 R 2 = -V 2 

Equations of this form, in which voltage drops appear on one side and 
source voltages on the other, are sometimes referred to as balance 
equations. 

2.4 Worked example 

Two batteries of nominal voltage 12 V are connected to a charger 
as shown in fig. 2.7(a). The charger has an open-circuit voltage of 14 V and 
an internal resistance of 1.2 Q. Before being placed on charge one battery 
(A) has an e.m.f. (open circuit voltage) of 12.1 V and an internal resistance of 
0.1 Q; the other battery ( B ) has an e.m.f. of 11.9 V and an internal resistance 
of0.15Q. At the end of the charging period the e.m.f. of battery (A) rises to 
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12.6 V, and the e.m.f. of battery (B) rises to 12.5 V. Assuming that the 
internal resistances of the batteries do not change during charging, and that 
batteries and charger can be represented by linear voltage sources, 
determine: (a) the initial charging currents; (b) the final charging currents; 
(c) the circulating current through the batteries when the charger is 
disconnected. 

Solution : The linear circuit model of the practical circuit is shown in fig. 
2.7(6). Mesh currents Ii and I 2 are assigned in a clockwise direction as 
shown. Using the working rules presented above the mesh equations may 
be written immediately as: 

1.2/i + 0.1(/ 1 —/ 2 )= 14— F.4 
and 


0.1(I 2 -I i )+0.15I 2 = V A -V B 

Rearranging we obtain 

(1.20+0.1)/!-0.1/ 2 = 14- V A 
—0.1/, + (0.1 +0.1S)I 2 = V A -V B 

(a) Initial charging currents. Substituting the initial values of V A and V B 
gives 


1.3/, —0.1/ 2 = 1.9 
—0.1/i +0.25/ 2 =0.2 


Charger 


Fig. 2.7. Circuits for worked example. For battery (A): V A 
(initial) = 12.1V; V A (final)= 12.6V. For battery (B): V B 
(initial) = 11.9 V; V B (final) = 12.5 V. 
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Solving these for /, and I 2 (for example by Gaussian elimination and back 
substitution) we obtain: /, = 1.57A and I 2 = 1.43 A. 

Therefore, the initial charging current in battery (A) is (/, —/ 2 )=0.14 A, 
and initial charging current in battery (B) is / 2 = 1.43 A. 

(b) Final charging currents. Substituting the final values of V A and V B we 
obtain 

1.3/, —0.1/ 2 = 1.4 
—0.1/, +0.25/ 2 =0.1 

giving: /, = 1.14A, and I 2 =0.86 A. 

Therefore, the final charging current in (A) is (/, — J 2 )=0.28 A, and final 
charging current in ( B ) is 1 2 =0.86 A. 

(c) Circulating current. With the charger disconnected, the circuit reduces to 
that shown in fig. 2.7(c) for which the mesh equation is 

(0.1+0.15)/= 12.6-12.5=0.1 

giving: /=0.4 A. 

Note that this last result implies that energy is being transferred from 
battery (A) to battery ( B ). 

2.5 The general mesh equations 

When analysing a network containing a large number of meshes, it 
is advantageous to adopt a systematic approach to the formulation and 
solution of the mesh equations. These formal procedures will now be 
considered with reference to the three-mesh network shown in fig. 2.8. 

With mesh currents assigned as shown and using the working rules 
enunciated previously we obtain: 

for mesh (1) 

hRi+di ~h)Ry+(h - h)Ri = V l — V 2 

for mesh (2) 

12 + (12 - 11 )Rl + (l2 - h)R 5 = - Vy + V 2 
for mesh (3) 

(/ 3 -/ 2 )R 5 + (/ 3 -/,)R 3 =-F 4 

Upon rearrangement these equations become: 

(R, + R 2 + R 3 )/, — R 2 l 2 — R 3 I 3 = U, — V 2 
— R 2 /, + (R 2 + R 4 + R 5 )/ 2 — R 5/3 = V 2 — V 2 
-R 3 /,-R 5 / 2 + (R 3 + R 5 )/3=-K 4 
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These mesh equations conform to a standard pattern and it is often 
convenient to use a formal notation for their description and manipulation. 
Let 

Rn = Ri + R 2 + R3 

R 12 = —R 2 

R i3 = - R 3 and so forth. 

Then we obtain: 


/?l 1 /l+/? 12 /2+f^l3/3 = f / 1 — l / 2 =l / 11 

R 2 il i + R 22 I 2 + R23l3 = V 2 — V 3 = V 22 (2.17) 

f^3lf 1 + ^ 3212 +^- 33 ^ 3 = ~ F 4 = F 33 

The coefficients R u , R 22 , R 33 , lying along the leading diagonal of the 
array formed by the terms on the left-hand side of the equations, are called 
the self resistances ; each is the sum of the separate resistances contained in 
the mesh indicated by the relevant subscripts. The coefficients /? 12 ( = /? 2 i), 
R 1 3 ! = R 3 1 ) etc., are symmetrically disposed about the leading diagonal and 
are called the mutual resistances since each is the resistance in the branch 
shared by the meshes indicated by the relevant subscripts. The mutual 
resistance terms are all negative if all cyclic currents are assigned in the same 
direction. Finally, notice that F u , V 22 , and V 33 , are the net e.m.f.s acting 
round each of the meshes indicated by the attached subscripts. The 
extension of this formal notation to networks containing meshes of higher 
number than three will be obvious. 

Various techniques are available for solving linear simultaneous equ¬ 
ations of the form represented by (2.17). For only a small number of 


Fig. 2.8. Example of a three-mesh network. 
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equations, a numerical solution would generally be obtained by means of 
Gaussian elimination and back substitution. A large number of numerical 
equations would be solved by standard routines available on most digital 
computers.* For the present purposes the method of determinants will be 
used. This will enable us to deduce the solution of (2.17) in symbolic form, 
and at the same time will allow us to introduce the notation and methods 
required to develop several important circuit theorems. 

The solution for /, may be written as the ratio of two determinants, thus, 


V11 

*12 

*13 

V22 

R22 

R23 

V33 

R32 

R33 

*n 

R12 

*13 

R21 

R22 

*23 

*31 

R32 

*33 


Putting the determinant in the denominator equal to A and expanding 
using Cramer’s rule we obtain 


*22 *23 

<N I 

M 

l 

*12 *13 


*12 *13 

*32 *33 

A 

*32 *33 

+ A 

*22 *23 





(2.19) 


where An = 


*22 *23 
*32 *33 


is the minor of A, that is, the determinant remaining 


when the first row and first column are deleted from A. Similar meanings 
may be attached to A 21 and A 31 . 

Now if the determinants in (2.19) are expanded, it will be seen that A has 
the dimensions of (resistance ) 3 whereas A u , etc., have dimensions of 
(resistance) 2 . Thus, we may write (2.19) as 


F„ 

_F 22 


Gi 

f*21 

+ r 3l 


( 2 . 20 ) 


where r n , r 2 i, Gi are coefficients having dimensions of resistance. 

Solutions for currents 1 2 and / 3 are found in a similar fashion. The 
general equations and solutions for a network containing any number of 
meshes are presented in Appendix B. 


A program, written in BASIC, for solving simultaneous equations is listed in 
Appendix C. 
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2.6 The superposition and reciprocity theorems 

2.6.1 Superposition 

Returning again to the single mesh circuit of fig. 2.5 and its solution 
(2.9) we see that the current may be written 


R i + R 2 R 1 + R 2 


The term f / 1 /(R 1 + R 2 ) represents a current due to V, acting alone and 
which flows in a clockwise direction, while the term V 2 /(Ri + R 2 ) represents 
a current due to V 2 acting alone and flowing in a counter-clockwise 
direction (indicated by the negative sign). The actual current / is formed by 
the superposition of these individual currents. 

The same superposition principle is evident in the solution (2.20) for the 
current / t in the three-mesh network. This may be written in full as 




We see that Ii is composed of four individual currents, each due to one of 
the voltage sources acting in the circuit alone. Each of the individual 
currents depends only on the value of the relevant voltage source, and is 
independent of the values of the other voltage sources acting in the circuit. 
The general proposition demonstrated by these two examples is embodied 
in the superposition theorem which may be stated as follows: 

The total current flowing in any branch of a network containing ideal 
voltage sources is equal to the algebraic sum of the currents which would flow 
in that branch if each of the ideal voltage sources in turn acted alone, the other 
sources being reduced to zero. (A formal proof of this theorem is contained in 
Appendix B.) 

It follows from this theorem and Ohm’s Law that the voltage between 
any two nodes in a network is equal to the algebraic sum of the voltages 
arising between those nodes due to each of the voltage sources in the 
network acting alone. 

The superposition theorem is of considerable importance in the theory of 
linear network analysis since it provides a starting point for the develop¬ 
ment of several other useful theorems and techniques. It is also sometimes 




56 


Theorems and techniques of circuit analysis 


used as a practical alternative to the method of mesh analysis for finding the 
current in a specified branch of a network. To illustrate this we consider 
again the circuit of fig. 2.6 {repeated in fig. 2.9(a)). To find the current in, say, 
the branch CD containing R 3 we determine the current in this branch due to 
each of the sources V { and V 2 acting alone. Let /, be the current due to Vi 
with V 2 reduced to zero as in fig. 2.9(h). (Note that V 2 is reduced to zero by 
replacing it with a short circuit not by open circuiting the branch EF.) In 
this modified circuit we see that R 2 and R 3 form a parallel combination 
whose resistance is given by R 2 R 3 /(R 2 + R 3 ). The total resistance across V l 
is therefore Ri + R 2 R 3 /(R 2 + R 3 ) and the current delivered by the source Vi 
is given by 

Vi 

Rl +R2^3/(^2+^3) 

Now R 2 and R 3 together form a current divider hence, by (2.4), the current 
1 1 is given by the fraction of the total current equal to R 2 /(R 2 + R 3 ), that is 

j Vi _ Ri 

R l + R 2 R 3 /(R 2 + R 3 ) R 2 +R 3 
or 

r * 2^1 

1 R^ + RJ + R^, 


Fig. 2.9. Illustrating the superposition theorem. 
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Similarly, with V 2 acting alone as shown in fig. 2.9(c), the current I 2 is given 
by 


R 2 (Ri+ R 2 ) + R 1 R 3 

The total current when both sources act together is, according to the 
superposition theorem, (Ii+I 2 )directed from C to D. The same result may, 
of course, be obtained by solving (2.15) and (2.16) for the two mesh currents 
and taking the appropriate difference. Generally speaking, the use of the 
superposition principle in practical problems is of advantage only when it is 
desired to find one particular branch current in a network involving not 
more than two or three meshes. 

The superposition principle is a direct consequence of the properties of a 
linear network. Consider the situation depicted in fig. 2.10 in which and 
/ 2 are the contributions to the total current / which flow in one branch of a 
network as a result of sources V, and V 2 acting together in that network. In 
the linear case (fig. 2.10(a)) we see that each individual contribution is 
unaffected by the value of the source voltage producing the other. In other 


Fig. 2.10. Voltage-current characteristics of linear and non-linear 
circuits, (a) Linear: voltages V t and V 2 produce currents I t and I 2 . ( b ) 
V, reduced to zero, V 2 still produces / 2 . (c) Non-linear: response I 2 to 
V 2 depends on value of F,. 

Current Current 




Current 
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words, Vi could take any value including zero (fig. 2.10(b)) without 
affecting the contribution I 2 due to V 2 . In the non-linear case, however, (fig. 
2.10(c)) it is clear that the contribution I 2 to the total current is dependent 
not only on V 2 but also on the particular value ofl-V The current due to 
each source acting alone cannot, therefore, be superposed to find the total 
current when both act together. 

2.6.2 Reciprocity 

The reciprocity theorem states that: 

The current produced in any one branch of a network by an e.m.f. acting in a 
second branch, is equal to the current which would be produced in the second 
branch if the e.m.f were transferred to the first branch. 

Alternatively, we may state: the voltage produced at any one node of a 
network by a current source acting at another node, is equal to the voltage at 
the first node if the current source were transferred to the second node. A proof 
of this theorem is presented in Appendix B. 

Like the superposition theorem the reciprocity theorem can occasionally 
save work in practical problems but it is mainly of value for the theoretical 
insights which it can provide. An example of this will be encountered in the 
theory of bridge circuits contained in section 3.10. 

2.7 Thevenin's theorem 

According to Thevenin’s theorem any network consisting of linear 
resistances and ideal sources, having two terminals AB (fig. 2.11) may be 
replaced by an equivalent network consisting of a single resistance R T in 
series with a single ideal voltage source V T ; in other words the network may 
be replaced by a practical voltage source of the form shown in fig. 2.11(h). 

The theorem asserts that: so far as any external network connected across 
AB is concerned, the given network and its equivalent are indistinguishable if 
Vj is made equal to the e.m.f. that would appear across A Bon open circuit, and 


Fig. 2.11. Thevenin’s theorem. 



(a ) General linear network 


(b ) Thevenin equivalent network 
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if R t is made equal to the resistance that would exist between AB when all 
sources internal to the given network are rendered inoperative. By ‘inoperat¬ 
ive’ we mean that voltage sources must be replaced by short circuits and 
current sources must be replaced by open circuits. 

If the detailed configuration of a circuit is known, the Thevenin 
equivalent may be found theoretically. For example, the circuit shown in 
fig. 2.12(a) contains one current source and two resistances, the values of 
which are given. We may deduce by inspection that the voltage across AB 
on open circuit is 4 V, the terminal A being positive with respect to B. (No 
current flows through the 2Q resistance when AB are open circuit so that 
under these conditions the open circuit voltage must be identical to that 
across the current source.) The resistance across AB when the current 
source is made inoperative is, by inspection, 3Q. The Thevenin equivalent 
network is, therefore, as shown in fig. 2.12 (b). 

Frequently the internal details of a practical two-terminal circuit may not 
be known with exactitude because of limitations of the lumped modelling 
technique, variations associated with manufacturing tolerances of com¬ 
ponents, etc. In such cases the circuit in question can be completely 
characterized by its Thevenin equivalent, the elements of which can be 
determined by measurements made external to the circuit. 

One method of finding the Thevenin equivalent of a network is illustrated 
in fig. 2.13(a). A variable resistor R L is connected to the terminals AB, and 
the current drawn by this resistor is measured by means of an ammeter. The 
terminal voltage is measured by a voltmeter the resistance of which must be 
sufficiently high that the current flowing through it does not affect the 
measurement of the current through R L . 

A series of measurements of voltage and current are made for various 
settings of the resistor, and the results plotted in the form of a graph of 
voltage versus current. Provided the network under test is linear, the graph 
will be of straight-line form similar to that shown in fig. 2.13(h). The slope of 
the line gives Rj and the intercept on the voltage axis gives V T . 


Fig. 2.12. Application of Thevenin’s theorem. 



(a ) Actual circuit ( b ) Thevenin equivalent 
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To prove Thevenin’s theorem we consider the arrangement shown in fig. 
2.14. P represents the given linear network with terminals AB, and Q is an 
external linear network to be connected to P. Let V T be the open circuit 
e.m.f. across AB, and let Rj be the resistance between AB when all sources 
inside P are made inoperative. We may assume, without loss of generality, 
that Q does not contain any sources since, by the superposition theorem, 
the effects of these would be independent of any currents caused by the 
sources in P. Let the resistance across CD be R Q . We wish to show that when 
Q is connected to P, the resulting current that flows between the two 
networks is precisely the same as that which would flow if P were replaced 
by the series combination of V T and R T . 

We now consider the situation when an ideal voltage source V is 
connected between A and C, as indicated by the dashed lines in fig. 2.14, the 
circuit being completed by joining B to D. The resulting current that flows 


Fig. 2.13. Determination of the Thevenin equivalent circuit by 
measurement. 



(a) 


-o A 


- oB 

( c) 


Fig. 2.14. Circuit for proof of Thevenin’s theorem. 
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round the path ACDB can, according to the superposition theorem, be 
regarded as being made up of two components: (1) a current due to the 
combined action of all the sources in P; (2) a current due to the additional 
source V. Now let V be adjusted so that it is equal to V T ; with the polarities 
shown the current must fall to zero since there is then no net e.m.f. acting 
round the path ACDB. Thus, since the total resistance round this path is 
(Rt+Rq), the current (2) must be V T /(R T +R Q ) flowing counterclockwise, 
and this must be equal to the current (1) flowing in the opposite direction. 
But F T /(R T + Rq) is precisely the current that would flow between P and Q if 
P were replaced by an ideal voltage source V T in series with a resistance R T . 
This proves the theorem. A formal, mathematical proof of this theorem is 
presented in Appendix B. 


2.8 Worked example 

A temperature sensitive resistor (thermistor) is used in a Wheat¬ 
stone Bridge circuit for the measurement of the temperature of a water bath 
as shown in fig. 2.15(a). The temperature is indicated on the meter M, which 
has a sensitivity of 50 p A at full-scale deflection and a resistance of 300 £2. A 
4 V battery, of negligible internal resistance, is used to energize the bridge. 
The thermistor has a resistance of 1000 Q at a water temperature of 50 °C 
and its resistance decreases by 5% for each degree increase in temperature. 

(a) Find the value of the resistance to which R 4 must be set to give zero 
reading on the meter when the temperature of the bath is 50 °C. 

(b) With R 4 set as in (a) above, find the temperature of the bath 
corresponding to full-scale deflection on the meter. 

Solution, (a) We first label the nodes of the circuit ABCD as shown. The 
required condition of zero current through the meter is obtained when the 
potential of node A is the same as that of B, that is, (referring potentials to 
the node D) when V AD = V BD . These two voltages are most easily found by 
recognizing that the bridge, under the given zero current condition, 
constitutes two separate voltage divider circuits as shown in fig. 2.15(h). To 
emphasize this the circuit has been split into two parts with a separate 
source for each part; it will be appreciated that this makes no essential 
difference to the operation of the circuit. 

The required expressions for V AD and V BD may be found using (2.3). 
Thus, for zero meter current: 


R 2 


y ad —y bd 
r 4 


■v*=- 


R 3 + R 4 


R 1 + R2 




62 


Theorems and techniques of circuit analysis 


which upon rearrangement becomes 

R l R 4 = R 2 R 3 (2.21) 

This relationship expresses the so-called balance condition for the Wheat¬ 
stone bridge. Note that (2.21) is independent of the source voltage V s . 

At a temperature of 50 °C the thermistor has a resistance of R 3 = 1000Q 
hence, substituting into (2.21) the given resistance values for and R 2 we 
obtain 


R 4 = 


^ 2^3 

R l 


750x1000 
1000 


= 7500 


(b) We are required to find a relationship between the current flowing 
through the meter and the resistance R 3 of the thermistor from which the 
temperature for full-scale deflection may be deduced. Thevenin’s theorem 
may be used to find such a relationship. 

The general approach in applying Thevenin’s theorem to a problem of 
this kind consists in removing from the circuit in question the branch 
through which it is desired to find the current. The Thevenin equivalent is 
then found of the remaining network that exists across the two terminals 


Fig. 2.15. Circuits for worked example. 
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exposed as a result of removing the branch. Finally, the branch is 
reconnected to the equivalent circuit, thus forming a single mesh circuit 
from which the current is easily found. 

In this example the branch of interest is that containing the meter; on its 
removal, terminals AB are exposed and we see that the circuit remaining is 
essentially that of fig. 2.15(c). 

Since the Thevenin equivalent voltage V T is, by definition, that voltage 
which exists across AB under open circuit conditions, we may again (as in 
part (a) of this example) use the voltage divider principle to determine the 
voltage across AB. Thus, V T is given by 


Vt=Vad-V bd = 


r 2 


Ra 


Ri +1^2 B .2 + R 4 


V , 


Substituting actual values gives: 

750 x 4 750 x 4 

T— 1000 x 750 ~ R 3 + 750 

To find the Thevenin equivalent resistance R T across AB we render the 
internal source V s inoperative by replacing it by a short circuit. The circuit 
of fig. 2.15(c) then reduces to that shown in fig. 2.15(d). It is seen that Ri and 
R 2 now form a parallel combination; likewise R 3 and R 4 form a parallel 
combination. R T is therefore given by (using the ‘product-over-sum’ rule): 

R 1 R 2 R 3 R 4 

R t =—-=-+— 

R1T R2 R3 + R4 

substituting actual values: 


1000 x 750 R 3 x 750 
1000 + 750 + R 3 +750 


The simplified circuit with the meter branch reconnected is shown in fig. 
2.15(c). Since the current for full-scale deflection is 50 pA we obtain the 
following relationship for the circuit: 


50 x10 ~ 6 = 


Ft 

Rt + 300 


Substituting the expressions for V T and R T into this equation and 
performing some algebraic manipulation we find that R 3 = 1062 Q. 

Now the relationship between the temperature T and the resistance of the 
thermistor is R 3 =0.95 <r_ 501 x 10 3 , hence the temperature corresponding 
to a resistance of R 3 = 1062 Q is given by 
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log 


T = 


1062 

1000 


log 0.95 


+ 50=48.8 °C 


An alternative approach to this problem would be to use mesh analysis, 
but this involves setting up and solving three mesh equations - a somewhat 
tedious procedure. The power of the Thevenin approach lies in the fact that 
removal of one branch from a circuit often renders the remaining part of the 
circuit amenable to a simple form of analysis from which the equivalent 
circuit can be found. In this example, removing the branch containing the 
meter reduces the number of meshes from three to two; furthermore, by 
employing the artifice of the voltage divider, mesh analysis is avoided 
altogether. 


2.9 Network transformations 

If two networks have the same Thevenin equivalent circuit at 
corresponding pairs of terminals or ports, then, so far as any external 
connections are concerned, the two networks are indistinguishable. This 
corollary of Thevenin’s theorem allows us to establish the conditions for 
which two or more networks are electrically equivalent. We are thus able to 
replace a network or part of a network with a different but electrically 
equivalent network, and this is of considerable practical significance in the 
analysis of circuits. Such a procedure is known as network transformation. 
Two important examples of network transformation will now be 
considered. 


2.9.1 The Thevenin-Norton transformation 

The circuit shown in fig. 2.16(a) is a practical voltage source of the 
type introduced in section 2.1. Another type of source, called a practical 
current source, is shown in fig. 2.16(h). This consists of an ideal current 
source in parallel with a linear resistance. According to Thevenin’s theorem 
the two circuits are electrically equivalent if they both present the same 
open circuit voltage at their terminals, and if they both present the same 
terminal resistance when their sources are made inoperative; in other 
words, if they both possess the same Thevenin equivalent circuit. The circuit 
of fig. 2.16(a) is, of course, its own Thevenin equivalent. 

The open circuit voltage of the practical current source is IR 2 , and its 
resistance when the ideal current source is replaced by an open circuit is R 2 . 
Therefore, the two circuits are equivalent if 


IR 2 = V and R 2 =R i 


( 2 . 22 ) 
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They are, of course, equivalent only so far as external connections are 
concerned; internally the two circuits are fundamentally dissimilar since 
the practical current source dissipates power continually in its own 
resistance even when its terminals are open circuit. Note that the 
equivalence holds only if the direction of I in fig. 2.16(h) is such that the 
same voltage polarity is produced at the terminals of the two circuits. 

We conclude, therefore, that an ideal voltage source of magnitude V in 
series with a resistance R is equivalent to an ideal current source of 
magnitude V/R in parallel with a resistance R (or a conductance G= \/R). 
The two circuits are duals of one another. Thevenin’s theorem may 
therefore be restated in the following form: 

Any network with two accessible terminals AB may, so far as external 
circuits are concerned, be replaced by an ideal current source I in parallel with 
a conductance G, where I is the current that would flow if the terminals AB 
were short-circuited, and G is the conductance across ABif the current source 
were open-circuited. 

The theorem in this form was first stated by E.L. Norton, and it is 
consequently known as Norton’s theorem, although it should be realized 
that it is not fundamentally different from Thevenin’s theorem. The 
procedure of replacing the circuits of fig. 2.16, one by the other, using the 
relationships (2.22), is known as the Thevenin-Norton transformation. 

Many practical voltage sources exhibit near ideal characteristics over 
part of their working range, and it is permissible to represent them by an 
ideal voltage source without series resistance. In this case the Thevenin- 
Norton transformation cannot be applied since the parameters of the 
Norton circuit are indeterminate. 


Fig. 2.16. The Thevenin-Norton transformation. By Thevenin’s 
theorem the circuits are equivalent at AB if I = V/R 2 and R 2 =R j. 



v Q + 



(i a ) Practical voltage source 
(Thevenin circuit) 


(,b ) Practical current source 
(Norton circuit) 
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2.9.2 The star-delta transformation 

The use of Thevenin's theorem for establishing the relationships 
expressing equivalence between networks is not confined to those posses¬ 
sing a single accessible pair of terminals. The same principle may be applied 
to multi-terminal, or multi-port networks, by considering each correspond¬ 
ing pair of ports in turn, all other ports being open-circuited. This procedure 
may be illustrated with reference to the two circuits shown in fig. 2.17; one a 
star-connected arrangement of three resistances, the other a delta- 
connected arrangement. Since there are no current or voltage sources 
included in these circuits, we need consider only the resistances presented at 
each of the corresponding ports. 

Considering first port(l) (terminals AC), with terminal B open-circuit, 
the resistance at this port is (R a + R c ). At the corresponding port(l') 
(terminals A'C), with the terminal B' open-circuit, the resistance is 
/?i//(JR 2 -4- f? 3 ). The condition for equivalence is, therefore, 


R a + R c - 


Ri(Ri + Rj) 

R 1 +R 2 + R 3 


Similarly, by comparing the resistances at the two remaining ports, we 
obtain 


R c + R h = 


R 3 (Ri + R 2 ) 

R 3 + R l + R 2 


and 



(a ) Star 


(b ) Delta 
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Rb + R a - 


^2(^3 + ^1) 

R 2 + R 3 + R-i 


After algebraic manipulation the following sets of relations are 
established: 


R-i R a + R c + , 

K b 

R a = 

R 2 R b + R a + , 

K c 

R„ = 

R3~ R c + Rb+ n . 

Rc= 


R 1 + R 2 + R 3 
R2R3 

Ri +R 2 + R 3 
R ] + R 2 + R 3 


(2.23) 


The procedure of conversion between the two circuits shown in fig. 2.17, 
using the relations (2.23), has come to be variously known as the star-delta, 
Y- A, Y-mesh transformation, and it finds application particularly in the 
analysis of power systems. The same transformation occurs in the theory of 
two-port networks and is there known as the Tee-Pi(T-7t) transformation, 
so-called because in this context the circuits of fig. 2.17 are drawn rather 
differently and they resemble the shapes from which the name derives (see 
section 8.8). 

The star-delta transformation is a particular case of a more general 
theory relating to multi-port networks, which has become established as 
Rosen's theorem (see ref. 1). 

2.10 Nodal analysis 

It will be recalled that in mesh analysis, currents are assigned to 
each of the meshes in the circuit under consideration, and the mesh 
equations are formulated by applying Kirchhoff’s voltage law to each mesh 
in turn. In nodal analysis the ‘dual’ of this procedure is adopted: voltages 
are assigned to each node and the nodal equations are formulated by 
applying Kirchhoff’s current law. 

Node voltages are specified by choosing one node in the circuit as the 
reference with respect to which voltages at all other nodes are defined. Thus, 
in fig. 2.18, node 0 is chosen as the reference and V A signifies the voltage of 
node A with respect to that of node 0; similarly V B is the voltage of node B 
with respect to node 0. (It is not usual to employ a double-subscript 
notation (such as V AO , V BO ) for this purpose since the second subscript 
would merely be repeated.) Any node may, in principle, be chosen as the 
reference but the nodal equations take their simplest form if the node to 
which the greatest number of elements is attached is selected. In many 
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practical circuits this node will be the common (ground) terminal and will 
constitute an obvious choice. 

In the circuit of fig. 2.18, the voltage at node C is specified and has the 
value V; V A and V B are the two unknown voltages that have to be 
determined by setting up and solving two independent nodal equations. We 
say that such a circuit contains two independent nodes. 

In applying Kirchhoff’s current law at a node it is convenient to use the 
form (1.13) (section 1.6.1) 

Zi=0 (1.13) 

where is interpreted as the algebraic sum of the currents flowing away 
from the node. Thus, at the node A in fig. 2.18, we have 

I ao+ I ab + I ac = 0 

Now the current I A0 flowing through R ^ is clearly V A /R i; the current I AB is 
VabI^ = {Va~ and the current I ac =Vac/Ra = (Va- v )/R*- 

Hence, the nodal equation at A is 



Notice that the first member of each of the terms in this equation is the 
assigned voltage of node A itself. This is a consequence of choosing the 
positive direction of current as that flowing away from a node. 

At node B we have a current source feeding current into the node; this 
may be treated as a current (— I) flowing away from the node. As before, the 
current through each resistance attached to node B is found by taking the 


Fig. 2.18. Nodal analysis: assignment of node voltages. 



Node O (reference) 
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difference voltage divided by the value of the resistance. Thus, at B the nodal 
equation is 


Rearranging the above equations we obtain 


(2.25) 



1 



(2.26) 

(2.27) 


Solving these two equations will yield specific expressions for V A and V B . 
If the currents in the various branches are required, these may be found by 
substitution in the appropriate difference terms in the nodal equations; for 
example, the current I BA through R 3 is given by (V B — V a )/Ri. 

In the above nodal equations we observe that the coefficient of V A in 
(2.26) is simply the sum of the conductances attached to node A; this is 
termed the self-conductance at A. Likewise the self-conductance at node B 
appears as the coefficient of V B in (2.27). The coefficient of V B in (2.26) and 
of V A in (2.27), namely (1/R 3 ), is the mutual-conductance between nodes A 
and B. The mutual-conductance terms in the nodal equations are always 
negative. 

On the right-hand side of each nodal equation we have a term 
representing the current injected into the node concerned from the source 
attached to that particular node. In the case of node A (equation 2.26) the 
ideal voltage source V together with R 4 constitute the effective current 
source, as will be readily apparent if a Thevenin-Norton transformation is 
carried out according to the principles discussed in section 2.9.1. When this 
is done, we may redraw the circuit of fig. 2.18 as shown in fig. 2.19, replacing 
the practical voltage source by an equivalent practical current source. It is 
now immediately obvious that the current injected into node A has a 
magnitude V/R 4 . 

The equations obtained in nodal analysis possess a formal similarity to 
those obtained in mesh analysis (equations 2.17), and a similar subscript 
notation is employed when it is required to express them in a general form. 
Thus, for a circuit such as that in fig. 2.18 in which there are two 
independent nodes we may write 

G ll V l + G 12 V 2 = I ll ) 

G 21 V 1 + G 22 L 2 = f 22 i 


(2.28) 
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where G lu G 2 2 are the self-conductances at the first and second in¬ 
dependent nodes; G 12 = G 2l is the mutual-conductance between them; and 
Ii 1 and 1 22 are the net currents injected into the first and second nodes from 
the ideal current sources attached to them. 

It will be appreciated that by carrying out the transformation shown in 
fig. 2.19, (which may be done mentally), and by using the concept of self- 
and mutual-conductances, the nodal equations for the circuit of fig. 2.18 
could have been written directly in the form (2.26)/(2.27). The reader 
unfamiliar with network analysis is, however, advised to set up the 
equations initially in the form (2.24)/(2.25) as in this way there is less 
likelihood of error. 

In general a circuit containing N independent nodes will give rise to N 
independent nodal equations, the equation at the kth node being of the 
form 

£ G kn V n = I kk (2.29) 

n = I 

This is a balance equation which expresses the continuity of current at a 
node and which corresponds to Kirchhoff’s current law in the form (1.12). 

As a final point of general interest in connection with the nodal 
equations, we may observe that each nodal equation is an expression of the 
superposition principle. Consider, for example, the first equation in (2.28). 
The first term represents the current flowing away from node (1) through all 
the conductances attached to that node, and with the second node voltage 
set to zero. The second term represents the current flowing from node (2) to 
node (1) with the first node voltage set to zero. The superposition of these 
two currents gives the net current flowing away from node (1), and this 
equals the current injected into this node from the attached current sources. 


Fig. 2.19. The Thevenin-Norton transformation applied to the circuit 
of fig. 2.18. 
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2.11 Comparison of mesh and nodal analysis 

For circuits containing current sources, mesh analysis using the 
cyclic current method is generally less straightforward than nodal analysis. 
The voltage across a current source is constrained by the circuit in which it 
resides; it is necessary, therefore, to assign voltage drops to all current 
sources within the circuit before KVL can be applied to the loops in which 
they are contained. These unknown voltage drops must then be eliminated 
by combining the appropriate number of equations. Such complication can 
sometimes be avoided by assigning branch currents, rather than mesh 
currents, and by making a judicious choice of loops so as to avoid branches 
containing current sources. An alternative approach is to first transform 
practical current sources to practical voltage sources using the inverse 
Thevenin-Norton transformation, but rarely does this result in a more 
concise and labour saving solution than can be attained by other means. 

Nodal analysis, on the other hand, suffers from no such constraints. It 
may be used freely for circuits containing both voltage and current sources, 
as we have seen in the case of the circuit of fig. 2.18, and it more often than 
not affords a method of solution involving fewer simultaneous equations 
than mesh analysis. Exceptions to this general rule include the symmetrical 
ladder type of circuit discussed in section 2.15.3. 

We have seen that a network containing M independent meshes, that is, 
one in which there are essentially M unknown mesh currents to be found, 
requires the solution of M simultaneous equations. A network possessing N 
independent nodes leads to N nodal equations. By determining M and N 
for a particular circuit we are often able to make a rational choice as to 
which of the two methods of analysis to use. Unless we are dealing with a 
very large and complex circuit, it is an easy matter to determine N : count 
the total number of nodes iV T and the number of voltage sources N\, then N 
is given by 

N = Nt~N\— 1 (2.30) 

The reason why one must subtract iV v nodes from the total N r in this 
expression stems from the fact that each voltage source is connected to the 
circuit at two nodes; the voltage of one of these is, therefore, defined with 
respect to the other and only one can be counted as an independent node. 
The total N T also contains the reference node and this must be subtracted as 
well. 

The determination of M often presents considerably greater difficulties, 
particularly if the circuit is drawn with branches crossing one another. Two 
ways of drawing the Wheatstone bridge circuit are illustrated in fig. 2.20. 
We have no difficulty in distinguishing three independent meshes in fig. 
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2.20(a) but these are not nearly as apparent in fig. 2.20(h). Some circuit 
configurations are not mappable onto a plane surface without the necessity 
for crossing branches, so that it is not possible to get round this difficulty (as 
in this case) simply be redrawing the circuit. 

For such circuits it is often easier to determine M indirectly by first 
counting the total number of nodes iV T , and then applying the following 
relation (derived from a theorem of mathematical topology): 

M = £-JV t +1 (2.31) 

where £ is the number of elements in the circuit including sources. 

Thus, considering fig. 2.20(h), we see that iV T =5, £ = 7 whence from 
(2.31), M — 3. Also applying (2.30) with N v = 1, we deduce that N = 3. For 
this circuit, the number of simultaneous equations required is the same; 
however, the reader may care to check that if the source internal resistance 
£ s is negligibly small, then nodal analysis confers an immediate advantage. 


Fig. 2.20. The Wheatstone Bridge circuit drawn in alternative ways. 


C 



(h) Lattice 
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The worked example of section 2.4 is also slightly easier using nodal rather 
than mesh analysis because the circuit possesses essentially a single 
independent node. 

Judicious choice of the reference node can sometimes lead to a simpler 
and more direct solution using nodal analysis even when N and M are the 
same. For example in fig. 2.20, if we were interested only in finding the 
voltage across the detector, we could choose B as the reference node and 
solve for the voltage V A to give the detector voltage directly. Using mesh 
analysis on the other hand two cyclic currents would have to be found, their 
differences calculated and finally Ohm’s law applied. 

2.12 Worked example 

In the circuit of Fig. 2.21 find the magnitude and direction of the 
current through the 2 V source, and the magnitude and polarity of the 
voltage across the 6 A current source. 

Solution: 

The circuit contains a total of five nodes; these are identified and labelled in 
the figure. Since there are nine elements the number of independent meshes 
is, from (2.31), M=9 —5+1 = 5. Note, however, that one mesh contains a 
current source so that a solution by cyclic current mesh analysis would have 
to be preceded by an inverse Thevenin-Norton transformation. Alternat¬ 
ively, branch currents could be assigned. In either case the minimum 
number of simultaneous equations would be four. 

There are two voltage sources in the circuit so that the number of 


Fig. 2.21. Circuit for worked example on nodal analysis; A and B are 
the two independent nodes. 


4 
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independent nodes is, from (2.30), N = 5-2— 1=2. Thus nodal analysis 
involves only two simultaneous equations. 

Node O is chosen as the reference because, (a) it has the greatest number 
of elements attached, (b) by solving for the node voltage V B , the voltage 
across the current source can be found directly. Of the remaining nodes, D is 
specified (- 2 V), and C is specified with respect to B (+4 V). Hence, nodes 
A and B are identified as the two independent nodes. 

At A the nodal equation is 


Iab + Iao + Iad=0 


V^Vs^ VA-i- 2 ) 
6 5 3 


At B the nodal equation is 

IBA + IBC + I BO~ 6=0 


To find the current I B c we note that this is equal to the current flowing 
away from node C through the 4 Q and 7 Q resistances. The voltage of C 
with respect to 0 is (V B +4), hence, 


f , , V B +4 

I BC = ‘CO + IcD = -=-H 


(Vb+4)-(-2) 

4 


The complete nodal equation at B is then 

^+(F s +4)(Hl)+Hy-6=0 


After algebraic manipulation the two nodal equations become: 

(i+i+i)v A -iv B =-§ 

~ 6^ / A + (6 + 7 + i + g)y B = 6 — 1 —J 


Solving we obtain F^=0.47V and V B = 5.97 V. 

The voltage across the current source is therefore 5.97 V, B positive with 
respect to O. 

The current through the 2 V source I DO is given by 


, , , , (Vb+4) —( — 2) , V a — ( — 2) 

1 DO — 1CD+ 1 AD— I- X 


Substituting the values for V A and V B found above we obtain /do = 3.82 A, 
this is, the current flows through the source from D to 0 and has a 
magnitude of 3.82 A. 
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2.13 Analysis of networks containing dependent 
sources 

The theory presented in this chapter so far has been concerned with 
networks containing only independent ideal current and voltage sources. If 
dependent sources are present (see section 1.5) then the general mesh and 
nodal equations take a slightly different form, but the techniques of analysis 
remain essentially the same. The four possible types of dependent or 
controlled source are depicted in fig. 2.22. In each case the value of the source, 
voltage or current, is proportional to the value of a current or voltage in some 
other part of the network. 

As an example of the analysis of such a circuit we consider the 
configuration shown in fig. 2.23. This type of circuit arises in the theory of 
bipolar transistors and is there termed the hybrid-7t model (ref. 5). In this 
circuit the current source is controlled by the voltage established across the 
resistance R v V t is the voltage applied to the input port, and V 2 the voltage 
at the output port. Apart from the presence of the dependent current source, 
this circuit is similar in all respects to that shown in fig. 2.18, and the nodal 
analysis proceeds in a similar fashion. Voltages V and V 2 , measured with 
respect to the reference node 0, are assigned to the two independent nodes 
A and B. 

The nodal equations are: 



Fig. 2.22. Dependent (controlled) sources; a, /?, y, S are control 
constants. 
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-r, v+ (h + l > h~ sV ,2 33) 

These equations will be seen to be of similar form to (2.26) and (2.27), 
appertaining to the circuit of fig. 2.18. However, in this case we may 
transpose (2.33) to obtain 

(nbM£ + £h-° ,2J4 ’ 

We now observe that the coefficients in (2.32) and (2.34) taken together no 
longer possess the symmetry about the leading diagonal, which is a 
characteristic of the equations for networks containing only independent 
sources. Solutions for V and V 2 are easily found since, from (2.34) 



Hence, substitution in (2.32) gives an explicit expression for V 2 . 

It is frequently of interest to determine the Thevenin equivalent of a 
circuit containing a dependent source; in such a case however, the 
techniques that have been described so far in relation to circuits containing 
only independent sources are inadequate. In particular, the Thevenin 
equivalent resistance cannot be found simply by rendering all sources 
within the circuit inoperative and then determining the resistance of the 
network remaining. This is because for a circuit containing a dependent 
source the value of the Thevenin resistance, as well as the e.m.f. depends 
critically on the dependent source and its controlling parameters. 

Two methods are commonly used for finding, analytically, the Thevenin 
equivalents of circuits containing dependent sources. These methods are 
applicable also to circuits containing only independent sources, but would 
not normally be used in such cases since they are rather more cumbersome 
than the techniques already described. However, the underlying principles 

Fig. 2.23. Circuit containing a voltage-controlled current source with 
control constant g. 
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of the methods may be understood by reference to the circuits and 
techniques previously considered. 

The first method to be described is conceptually similar to the practical 
method of finding the Thevenin equivalent of a circuit illustrated in fig. 2.13. 
If in this test circuit we make the load R L infinite, the current will be zero 
and the voltmeter then registers the open-circuit voltage, which is identical 
to the Thevenin e.m.f. Let this voltage be V oc If next the load is made zero, 
the ammeter will register the short-circuit current; let this be I s c . Now 
since the short-circuit current is that which results from the application of 
the full Thevenin e.m.f. across the Thevenin resistance, we have the 
following relations: 

F t =F oc (open-circuit voltage) (2.35) 

D Vox. (open-circuit voltage) 

K t — - 7 ~, -:-;-r (Z.joj 

/ s c . (short-circuit current) 

Note that placing a short circuit across the terminals of a circuit may, from a 
practical standpoint, result in damage. It must be stressed that the relation 
(2.36) provides the basis for an analytical approach to the determination of 
the Thevenin resistance, it does not represent a practical means of 
measuring this parameter. 

The principles underlying the second method of finding the Thevenin 
equivalent of a circuit containing a dependent source may also be 
understood with reference to fig. 2.13. Suppose the load R L is replaced by a 
voltage source of magnitude V a , and suppose all internal sources in the 
circuit with the exception of dependent sources are made inoperative, then 
the ammeter will register a current I a the magnitude of which will be 
determined by the effective Thevenin resistance according to 



that is 


Vg (applied voltage) 

I a (resulting current) 

The Thevenin e.m.f. is found by determining the open-circuit voltage, but 
this is not, as was the case for the first method, a prerequisite for finding R T . 
The relation (2.37) is sometimes used as a basis for the practical 
determination of R T ; here we are concerned only with its utility as a method 
of analysis. 

Both of the methods described are illustrated in the following example. 
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2.14 Worked example 

The characteristics of an operational amplifier may be modelled by 
the circuit shown in fig. 2.24(a). Resistances R, and R 0 are, respectively, the 
input and output resistances of the amplifier, and A V is a dependent source 
with control constant A.* 

Figure 2.24(b) shows the circuit of a common type of electronic d.c. 
amplifier incorporating an operational amplifier modelled in accordance 
with fig. 2.24(a). The input signal to the amplifier is provided by the source 
Vi at terminals AB, the output signal appears at terminals CD. 

Find expressions for the Thevenin equivalent e.m.f. and the Thevenin 
equivalent resistance at the output terminals of the amplifier. Explain how 
these are related to the overall gain V 2 /Vi and the output resistance of the 
amplifier. 

Solution: method 1 

First we establish by means of a nodal analysis an expression for 
the open-circuit voltage V 2 which, according to (2.35), represents the 
Thevenin e.m.f. Note that for the purposes of this analysis the signal source 
V t must be regarded as an internal independent source. 

Let V be the voltage at the node X, then, at node X 


V-Vi 

Ri 


+ 


V-V 2 

r 2 



and at node C 


Vz-V Vi-l-AV) 
Rz R 0 


(2.38) 


(2.39) 


Eliminating V from these equations we find 


F 2 = 


R n — ARi 


\_ARi + R 0 Ri/Ri R i R2/R t + R 0 + /?i +/?2_ 


Vi 


The resistance R, is, in practice, large in relation to the other resistances in 
the circuit in which case the above expression reduces to the simpler form: 


R 0 — AR 2 y 
_R„ + (l +A)Ri +R 2 J 1 


(2.40) 


* In the context of the theory of operational amplifiers the constant A is 
normally referred to as the gain. A full treatment of operational amplifiers and 
their application will be found in reference 5. The derivation of the model of 
fig. 2.24(a) is considered in section 8.3. 
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This expression gives the Thevenin equivalent circuit e.m.f. V T . The 
quantity in square brackets gives the overall gain V 2 jV y of the amplifier. If 
A is very large, the gain becomes, to a good approximation, — R 2 /R l . 

To determine the Thevenin resistance we first find the current at the 
output port when terminals CD are short circuited. This current will be the 
sum of the currents flowing in R 2 and R 0 , that is, 


V (-AV) 

S7 + ^T 


R 0 — AR 2 
_ ^ 2^0 _ 


V 


(2.41) 


But from (2.38) with V 2 =0, and again assuming that R, is very large, V is 
given by 


V= 


Ri 


1 


R~ l + R~i 


VjR 2 

Ri+R 2 


Substituting for V in (2.41) we then obtain 


sc ' (R l + R 2 ) 


( R 0 -AR 2 ) J r 0 - 

r 2 r 0 Uo(r. 


-ar 2 


+Ri). 


v 2 


(2.42) 


Now by (2.36) the Thevenin resistance is given by the ratio of open-circuit 
voltage to short-circuit current, therefore, combining (2.40) and (2.42) gives 
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_ Vo.c. _ (Rq-AR 2 )V 1 *„(*i+K 2 ) 

T he R 0 + (l + A)R l +R 2 ' (R 0 -AR 2 )V l 


or 


Rq(Ri+R2 ) 

R 0 + (l + ^4)Ri + i?2 


(2.43) 


The Thevenin resistance, in the context of amplifier theory, is termed the 
output resistance of the overall amplifier. 

Method 2 

The Thevenin e.m.f. is found as in method 1. In order to determine 
R t by means of the relation (2.37), terminals AB are short-circuited, thus 
removing the signal source, and a voltage source V a is connected to the 
terminals CD. Note, however, that the dependent source is still active since 
the controlling voltage V is now derived from the applied voltage V a via 
resistances R i and R 2 . Let the polarity of V a be such that the terminal C is 
positive with respect to D, and let the reference direction of the resulting 
current I a be into the terminal C. For the reasons given above the effect of R, 
will be ignored. The nodal equation at C is then 


Ri+R 2 


+ K z <-AV 1 _ h _ 0 


(2.44) 


An expression for V is most easily obtained by observing that K, and R 2 
form a voltage divider, hence we may write: 


V= 


R i 


\R 1+ R 2s 

Substituting (2.45) in (2.44) gives 


(2.45) 


L = 


- + ^ + A 




R1 + R2 Ro Ro (f^i + ^2) 


Therefore, by (2.37) 



_1_ J_ ARj 

R t +R 2 R q R„(Ri + R 2 )_ 


which upon rearrangement becomes 

p ^0(^1 + ^2) 

T ~R 0 + (l + A)R l +R 2 


This method for determining R r is more direct and involves less work 
than method 1 because it is not necessary to first find the Thevenin e.m.f. 
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The amplifier circuit shown in fig. 2.24 (b) contains only linear, bilateral 
elements and one may, as we have demonstrated, apply standard tech¬ 
niques of linear circuit analysis. However, the circuit contains also an active 
element, here represented by the dependent source A V, which gives it the 
properties of voltage and power gain. The consequence of this is that the 
reciprocity theorem does not apply to this circuit. We may easily check that 
this is so by considering the short-circuit currents that arise at the input and 
output ports as a result of the same voltage applied, in turn, at opposite 
ports. Consider first terminals AB short-circuited, and a voltage V a applied 
at terminals CD. Making the assumption that R t is infinite, the current in 
the short circuit at AB is VJ(R l +R 2 ). Now consider CD short-circuited 
and V a applied at AB: the current in this case is from (2.42) 

V a (Rq-AR 2 ) 

(Ri+R 2 ) R 0 

Clearly, the two short-circuit currents are not the same, as would be the case 
if the reciprocity theorem were true. Circuits of this description, for which 
the reciprocity theorem does not hold, are said to be non-reciprocal. This is 
the subject of further discussion in chapter 8. It should be noted that the 
superposition theorem is applicable to such circuits. 

2.15 Miscellaneous theorems and techniques 

1*2.15.1 The substitution and compensation theorems 

We have seen that the analysis of a circuit can often be facilitated 
by judicious use of the appropriate linear network theorem; two useful 
additions to those theorems already discussed are presented below. 

The substitution theorem is useful if it is required to change the values of 
the elements in one branch of a circuit, or substitute alternative kinds of 
elements, without changing voltages and currents elsewhere in the circuit. 

Fig. 2.25(a) shows one branch of a circuit containing a resistance R and 
ideal voltage source V. The branch voltage is V AB and the branch current 
I AB , these being fixed values. The substitution theorem states that: this 
branch may be replaced by another branch without anywhere changing 
voltages and currents provided the substitute branch also has voltage V AB 
when carrying current I AB . This condition can be satisfied by various 
combinations of R and V which satisfy the branch equation Vab = IabR + V. 
The maximum possible values are given by: 

V AB ~ I AB^-max (F = 0); V AB =V max {R =0) 

Thus, either a resistance R max alone or a source V max alone may be 
substituted for the original elements (figs. 2.25(b) and (c)). Two other 
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combinations of elements that may be substituted are shown in figs. 2.25(d) 
and ( e ). With these combinations the voltage across the current source 
adjusts automatically to the value required to satisfy the branch equation. 

The compensation theorem may be employed when it is required to 
evaluate the effect which a modification in the resistance of one branch of a 
network has on the currents and voltages at any part of that network. For 
example we may wish to know how the insertion of an ammeter, possessing 
some small but finite resistance, will affect the operation of a circuit. 

Let AB in fig. 2.26(a) be the branch that is to undergo modification. The 
sources in the remainder of the network will drive a current I through this 
branch. When the resistance of the branch is changed by an amount A R the 
current will change by some increment A I as shown in fig. 2.26(b). Note that 
if the resistance of the branch is increased then the current will be reduced, 
that is, A/ will be negative. 

The compensation theorem states that: if the current in a branch of a 
network before modification is I, and the resistance in that branch is changed 
by an amount A R, the incremental change of current and voltage in any part of 
the network is that produced by an ideal voltage source of value I(AR) acting 
in the modified branch and directed in the opposite sense to I. 

The theorem may be proved by considering the change of e.m.f. 
necessary in AB to reduce A/ to zero, that is, to restore the current to its 
original value /. This is accomplished by introducing an additional voltage 
source of magnitude I(AR), acting in the same sense as / (fig. 2.26(c)); this 
source voltage exactly compensates for the voltage drop across A R thereby 
effectively restoring the network to its original condition. Now, if the effect 


Fig. 2.25. Illustrating the substitution theorem. 
A 
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of introducing this source is to reduce A/ to zero, we can say, according to 
the superposition theorem, that this source acting alone in the network 
must produce a current A/ in AB flowing in the opposite direction to 
(I + A/). Correspondingly, an increase in current from I to (/ + A/) must be 
that effected by a source of magnitude I (A R) acting in the opposite sense to 
/. The incremental current in AB, and all other incremental currents and 
voltages in the network, may therefore be found from the circuit of fig. 
2.26(d) in which all sources other than the added source are made 
inoperative. 

The compensation theorem cannot be applied to the situation where a 
branch is open-circuited since under such circumstances voltages and 
currents are indeterminate. 

An illustration of the compensation theorem is provided by the circuit 
shown in fig. 2.27. The elements R z and V z represent a piecewise-linear 
circuit model of a Zener diode. (See chapter 7 for piecewise-linear circuit 
theory.) The circuit is designed to supply (ideally) a constant voltage to the 
load R 2 . What is the change in load voltage if R 2 is decreased by 10%? This 
problem could, of course, be solved using the standard methods of analysis 
already presented in this chapter, however, the nature of the circuit renders 
it amenable to an approximate solution that is sufficiently accurate for most 
design purposes. We note that R z is small compared with both and R 2 ; 
the voltage V will therefore be very nearly equal to the Zener voltage V z . 
Thus, the current in R 2 (before branch modification) will be, to a good 
approximation, 5.6/10 3 A. Since R 2 is reduced, A R 2 will be negative and 
the compensation voltage is —100 x 5.6/10 3 = —0.56 V. 


Fig. 2.26. Illustrating the compensation 
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The incremental change of voltage AV is then found from the circuit 
shown in fig. 2.27 (b). The modified branch resistance is now 900Q and, 
because we are concerned only with the incremental change in load voltage, 
the other voltage sources in the circuit have been replaced by short circuits. 
The resulting combination of R t and R z m parallel is approximately equal 
to R z since R { >R Z . We now recognize that thecircuitis reduced to asimple 
potential divider from which 


AV= —0.56 


22 

22 + 900 


—13.4 mV 


2.15.2 Circuit reduction 

Circuits can often be rendered more tractable for purposes of 
analysis by first reducing them to a simpler form. A typical situation is 
depicted in fig. 2.28, in which the effect of varying parameters in one part of a 
network configuration is to be investigated whilst keeping the remainder 
fixed. In such a situation it is often convenient to reduce the fixed part of the 
network to its simplest possible form, usually its Thevenin equivalent, 
before proceeding with the analysis proper, since the subsequent analytical 


Fig. 2.27. Application of the compensation theorem to a Zener diode 
voltage-stabiliser circuit. 
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Fig. 2.28. Circuit reduction used to simplify part of a network. 
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relations are thereby simplified and it becomes easier to investigate the 
effect of parameter changes. 

Circuit reduction may be effected by the direct application of Thevenin’s 
theorem to a complete part of a circuit (as illustrated in section 2.8) or by the 
use of mesh or nodal analysis. Alternatively, individual nodes and meshes 
may be eliminated as desired by repeated application of the Thevenin-Nor- 
ton transformation or the star-delta transformation. The basis of the 
Thevenin-Norton transformation method is indicated in fig. 2.29. We 
suppose that the nodes AB are connected to some other part of a network 
and it is desired to simplify the portion between A and B. 

First, the three practical voltage sources are transformed to their 
equivalent current sources (fig. 2.24(h)), which results in the elimination of 
nodes 0, P, and Q. Current sources are then added together and resistances 
combined in parallel to produce a single practical current source (fig. 
2.29(c)). Finally, if convenient, the current source may be transformed to a 
voltage source (fig. 2.29(d)). 

Although the above step-by-step transformation procedure, making use 
of diagrams, can be useful and informative, the same process can be 


Fig. 2.29. Circuit reduction by application of the Thevenin-Norton 
transformation. 
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performed analytically by means of nodal analysis. Taking B as the 
reference node and solving for the node voltage V A we obtain: 



or 


1 1 1 1, V t V 2 V 3 

r 1 + r 2 + r 3 ) Va ~r 1 + r 2 + r 3 


(2.46) 


Putting 


1 _ 1 1 1 
R Ri R-2 P 3 


. . V, v 2 v 3 

and /=—+—+— 

R 1 R2 


R 


The above relations may be interpreted in terms of figs. 2.29(c) and ( d ). 

Equation (2.46) in its general form, relating to any number of parallel 
sources, is sometimes referred to as Millmaris theorem. 

The process of circuit reduction using the star-delta transformation (or 
its inverse) may be illustrated with reference to the circuit of fig. 2.30(a). It 
will be appreciated that reduction of this circuit cannot be effected by 
simple series and parallel additions of resistances because of the bridging 
resistance R 3 . This difficulty is overcome by recognizing that the three 
resistances within the shaded box form a delta configuration. Using the 
relations 2.23 the delta comprising, R u R 2 , R 3 is transformed to the star 


Fig. 2.30. Circuit reduction using the inverse star-delta transformation. 
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comprising R a , R b , R c (fig. 2.30(b)), after which series and parallel 
combination lead to a single resistance (fig. 2.30(c)). 


f2.15.3 Ladder networks 

There are certain types of network that do not lend themselves 
readily to the standard methods of analysis so far discussed in this chapter, 
and for which special techniques are used. The ladder network falls into this 
category. 

Suppose we wished to find the node voltages V EO and V co at the end and 
mid-points of the ladder network shown in fig. 2.31(a). A mesh-node count 
at once indicates that a standard method of analysis would involve setting 
up and solving four simultaneous equations. The following step-by-step 
procedure is rather simpler and is particularly convenient to carry out 
numerically using a small calculator. 

We start by assuming that the voltage across the end of the ladder V E0 is 
1V. The current I E0 in the end 2 fl resistance is then 1/2 A, and the voltage 
Voo is 3 V (terminals EO assumed open circuit). The calculation then 
proceeds as follows: 

1 do =IA 

Icd = Ido+Ide=? + % — 2A 


Fig. 2.31. Ladder networks. 
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Fcd = 4/ C d = 8 V 

V co =Vdo+Vcd = 3 + 8 = 11 V 

I co~ V co /2=^A 

lBC — IcO + IcD =i 2+ 2="X A 

F BC =4J BC = 30V 

V bo = V co + V bc = 11 +30 = 41 V 

/bo=K bo /2=^A 
I AB= IBO + I BC— i 2' + 1 T = ^2' A 
^b=4/ / 4b=112V 
^o=^bo+F 4B =41 + 112 = 153V 

This last figure is the voltage of the source assuming 1V at the end of the 
ladder. But the actual value of V A0 is 100 V hence the true value of V EO must 
be 1 x (100/153) V. Likewise all voltages and currents in the above 
calculation must be scaled in similar proportion to obtain true values. The 
voltage at the mid-point of the ladder is therefore V C o= 11 x (100/153) V. 

A similar procedure may be adopted in the case of a symmetrical ladder 
of the form shown in fig. 2.31(h). As far as the calculation of voltages across 
the rungs of a ladder network is concerned it is immaterial how the total 
resistance between rungs is distributed on the two sides of the ladder. It is 
convenient, therefore, in the analysis of a symmetrical ladder to first lump 
together the resistances between rungs and then proceed as for the analysis 
of an asymmetrical ladder. For the particular resistance values given in fig. 
2.31 the voltages across each of the two forms of ladder are identical. 

To determine node voltages with respect to ground (node K in fig. 
2.31(h)) for the symmetrical ladder it is necessary only to apply the 
symmetry principle, once having found voltages across the ladder. For 
example, suppose the voltage V HK is required. Using the procedure detailed 
above we first find that V C h (corresponding to V co in fig. 2.31 (a)) is equal to 
11 x (100/153) V. We may then deduce, by symmetry, that V HK is 
i(100-11 x (100/153)) V. 

The ladder method described above is of value mainly for numerical 
calculation; extremely unwieldy expressions result if one attempts to apply 
the method in symbolic form. Other methods of dealing with ladder 
networks are discussed in chapter 8. 

f2.15.4 Ring mains 

Ring mains are employed extensively in power distribution 
systems. A number of loads are connected to a single distribution point via 
parallel conductors which form a closed loop or ring, as indicated 
schematically in fig. 2.32(a). This type of connection results in better 
utilization of the distribution conductors compared with a straight parallel 
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connection. Calculations on ring mains are performed with the aim of 
determining voltages at loads and currents in ring conductors so that the 
correct conductor cross sections may be specified. 

The lumped circuit model of a ring main with three loads is shown in fig. 
2.32 (b). R u R 2 , R) and R* represent conductor resistances between points 
on the ring. By opening out the ring and treating the resulting circuit as if it 
were fed by identical sources, one at each end, the analysis is considerably 
simplified. The circuit in this form resembles somewhat the symmetrical 
ladder of fig. 2.31(h). 

If the loads are specified as fixed resistances, and an exact analysis is 
required, then the ladder method described above can be used. Normally, 
however, the loads are specified in terms of the maximum currents to be 
drawn at particular points on the ring, in which case a mesh analysis is 
appropriate. In the following worked example both methods of analysis are 
illustrated. 


Fig. 2.32. Ring main. 
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t2.15.5 Worked example 

A ring main is supplied from a power point at 240 V and has three 
loads. The total length of the ring is 12 m and the loads and the power point 
are spaced at equal intervals of 3 m. Each of the ring conductors has a 
resistance of 0.067 Q/m. Find the currents in the ring conductors and the 
voltages at each of the loads: (a) if the loads are specified as three 
consecutive resistances of 24 Q, 16 Q, and 12 Q; (b) if the loads are specified 
as three consecutive currents of 10 A; 15 A and 20 A. 

Solution 

(a) Each of the conductors in the ring main has a resistance of 0.067 Q/m, 
therefore, the total resistance of two conductors (in series) over a 3 m length 
is 2 x 3 x 0.067 =0.4020. The circuit model is shown in fig. 2.33(a). 

We first find the contributions to the current h due to each of the two 
voltage sources acting alone. The total current is then found from the 
superposition of the two separate contributions. To find the contribution 
due to the left-hand source, replace the right-hand source by a short-circuit 
and assume a current of 1A to flow in this short-circuit (fig. 2.33(h)). Using 
the ladder method the calculation proceeds as follows: 

ho- 1 A (assumed) 

V D0 = lx 0.402=0.402 V 

Ibo= 0.402/12=0.0335A 

I cd = Ido + ho =0.0335 + 1 = 1.0335 A 

V CD = 1-0335 x 0.042=0.4155 

V co = V C D+ F do = 0.4155 + 0.402 = 0.8175 

7co=0.8175/16 =0.0511 

he = ho+1 cd =0.0511 + 1.0335 = 1.0846 

V BC = 1.0846 x 0.402=0.4360 

V D o=Vbc+ V co = 0.4360+0.8175 = 1.2535 

ho =1.2535/24=0.05223 

Ia B =Ibo+Ibc= 0.05 223 + 1.0846 = 1.1368 

V AB = 1.1368 x 0.402 = 0.4570 

Vao= Vab+ V bo =0.4570+ 1.2535= 1.7105 

But the actual value of V A o is 240 V, therefore the true value of the current 
Iab= 1.1368 x (240/1.7105)= 159.50 A and the true value of the current 
I E o= 1 x (240/1.7105) = 140.31 A. 

Now the right-hand source is restored and the left-hand source replaced 
by a short-circuit. The contribution to h due to this source acting alone 
must, according to the reciprocity theorem, be - 140.31 A. Therefore, when 
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the two sources act together / t = 159.50-140.31 = 19.19 A. Having found 
the current Ii we now employ a step-by-step procedure, working from left 
to right, in the circuit of fig. 2.33(a). 

/j = 19.19 A (calculated) 

F ab —19.19 x 0.402 = 7.7144 V 
V bo = 240 - 7.7144 = 232.29 V 
I BO = 232.29/24=9.6785 A 
1 2 = 19.19 —9.6785 = 9.5115 A 
V BC = 9.5115 x 0.402 = 3.8236 V 
V co = 232.29 - 3.8236 = 228.46 V 
I co = 228.46/16 =14.279 A 
/ 3 = 9.5115- 14.279= -4.7676 A 
V CD = -4.7676 x 0.402= - 1.9166 V 
V DO = 228.46 - (- 1.9166) = 230.37 V 
7^ = 230.37/12 = 19.198 A 
u = -4.7676 - 19.198 = - 23.965 A 
V DE = - 23.965 x 0.402 = - 9.6342 V 
V EO = 230.37 - (- 9.6342) = 240 V 


Fig. 2.33. Ladder circuits for worked example. 
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This last figure, of course, provides a check on the accuracy of the 
calculations. 

(b) With currents of 10 A, 15 A, and 20 A specified, the circuit model 
becomes that shown in fig. 2.33(c). Branch current 7, is assigned and KCL is 
used to write down the other currents in the ring conductors as indicated. 
Then, using KVL round the loop AEO, we obtain 

0.402[/ x + (7! - 10) + (7 1 -25) + (7, -45)] = 240-240 


or 


47 t —80=0 
7j =20 A 

(This is simply the average current drawn by the three loads.) Therefore 

V BO = 240 - 20 x 0.402 = 231.96 
V co = 231.96 - (20 -10) x 0.402 = 227.94 
V D0 = 227.94 - (20 - 25) x 0.402 = 229.95 
V EO = 229.95 - (20 -45) x 0.402 = 240 (check) 

It should be noted that the load currents specified here are those obtained 
by dividing the power point voltage, 240 V, by each of the three resistances 
specified in part (a) of the problem. The actual load currents calculated in 
part (a) are the same as these to within about 5%. We may, therefore, obtain 
an approximate solution to the ring main problem, when load resistances 
are specified, by first calculating approximate load currents (using the 
power point voltage) and then employing the method of solution outlined 
in part (b). Comparing the load voltages obtained in parts (a) and (b), we 
see that these are in agreement to within 

2.16 Summary 

Two standard methods of analyzing linear circuits are available: 
mesh analysis and nodal analysis. 

In mesh analysis currents are assigned to every branch in the circuit or, 
alternatively, currents are assigned to every mesh (Maxwell’s cyclic current 
method). KirchhofTs voltage law is then applied to set up the requisite 
number of simultaneous mesh equations, there being as many equations as 
assigned currents. 

In nodal analysis, the dual of mesh analysis, voltages are assigned to 
nodes, one node being chosen as a reference. KirchhofTs current law is then 
applied to set up the requisite number of nodal equations. Of the two 
methods, nodal analysis is usually easier to apply, and often results in fewer 
equations. Mesh analysis is generally unsuitable for circuits containing 
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ideal current sources whereas nodal analysis may be used for circuits 
containing both voltage and current sources. 

The labour of circuit analysis can sometimes be reduced by employing 
linear circuit theorems: superposition, reciprocity and Thevenin. The last 
mentioned, often used in conjunction with the potential divider circuit, is 
particularly useful for reducing parts of a circuit to a simpler form. Other 
methods of circuit reduction include Thevenin-Norton and star-delta 
transformations. The recognition of standard circuit building blocks - 
potential and current dividers, bridge circuits etc. - forms an important 
part of the art of circuit analysis. 

For some circuits, the ladder circuit for example, special step-by-step 
methods are available which obviate the necessity of solving a large number 
of simultaneous equations. 

2.17 Problems 

1. A d.c. power supply has an output voltage of 5 V at its terminals 
on open circuit. A 2 C2 resistor connected across its terminals causes the 
output to fall by 0.1V. Derive a linear circuit model for the supply. 

2. A certain d.c. power supply has output potential differences of600 V and 
650 V when the output current is 0.4 A and 0.2 A respectively. What simple 
arrangement (a) of an ideal current generator in parallel with a resistance 
and (b) of an ideal current generator in parallel with a conductance will give 
the same relation between output p.d. and current? 

3. For the voltage divider network shown in fig. 2.34, determine the output 
voltage V„. If the output terminals are connected to a circuit having an 
input resistance of 10 kQ, what then is the output voltage? 

4. A device draws a constant current through a divider network as shown 
in fig. 2.35. A multi-range voltmeter V m which draws a current of 1 mA at 
full-scale deflection, is used to measure the voltage supplying the device. 
When set to its 300 V range, it reads 90 V. What is the device voltage with 
the voltmeter removed? 


Fig. 2.34. Circuit for problem 3. 
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5. Show, by means of mesh analysis, that each of the mesh currents in the 
circuit of fig. 2.36 results from the superposition of two independent 
components, one proportional to V x the other proportional to V 2 . If V x 
equals 1 V and V 2 is short-circuited, what will be the currents in the 3 ft and 
4 ft resistances? 

Apply this last result together with the reciprocity theorem to write down 
the new current in the 4 ft resistance if Ft equals 1 V and F 2 is made equal to 
3 V. 

Deduce, from the above results, the Thevenin equivalent circuit of the 
network across AB, as seen by the voltage source F 1; when V 2 equals 2 V. 
(Hint: to find the Thevenin e.m.f. consider the voltage F x required to reduce 
1 1 to zero; to find the equivalent resistance consider the current I x when AB 
is short circuit.) 

6. In the circuit shown in fig. 2.37, additional generators are to be inserted 
into branches AB and BC so that the currents then flowing in the existing 
generators are each increased by 1A from their original values. By means of 


Fig. 2.35. Circuit for problem 4. 



Fig. 2.36. Circuit for problem 5. 
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the superposition and reciprocity theorems or otherwise, find the e.m.f.s of 
the additional generators. 

(Cambridge University: First year) 

7. In the circuit of fig. 2.38 each resistance is 0.5 Q. How many current 
unknowns are involved in a mesh analysis? How many voltage unknowns 
are involved in a nodal analysis? Find the potential of the node P with 
respect to the node O. 

8. Find the current flowing in the 4 Q resistor in the circuit of fig. 2.39 giving 
reasons for the choice of method for conducting this calculation. Describe 
and compare at least two other methods which might have been used 
instead. 

(Newcastle University: First year) 

9. Determine the current / shown in the network represented by fig. 2.40. 
Also calculate the voltage of the point C with respect to ground. 
(Cambridge University: Second year) 

10. The resistance of each arm and of the detector of a Wheatstone Bridge 
is 1 kd The bridge is driven by a 10 V battery of negligible internal 


Fig. 2.37. Circuit for problem 6. 

D 



Fig. 2.38. Circuit for problem 7. 
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resistance. Use Thevenin’s theorem to find an expression for the detector 
current, accurate to within 1 %, if the resistance of one arm of the bridge is 
increased by r ohms (r^5). 

11. Figure 2.41 shows a circuit which may be used for temperature 
measurement. R T is a thermistor whose resistance is 20 kQ at 0 °C and 2 kQ 
at 100 °C. M is a sensitive ammeter whose internal resistance is 5 kQ and 
gives full-scale deflection at a current of 25 fiA. 

Calculate the ohmic values to which R, and R 2 must be set so that M 
gives zero deflection at 0°C and full-scale deflection at 100 °C. 
(Newcastle University: First year) 

12. In the circuit of fig. 2.42 each resistor has the ohmic value stated. Show 
that when viewed from the output terminals AB, the circuit is equivalent to 
a generator having an e.m.f. of 20 V and an internal resistance of 3Q. 

What are the two possible ohmic values of resistor R which when 
connected across the output terminals, will absorb a power of 32 W? 
(Newcastle University: Second year) 

13. Twelve identical pieces of wire each of resistance 1 ohm are connected 
together to form a skeleton cube. Find the resistance between opposite ends 
of a diagonal of the cube. 

14. Two 240 V generators of low internal resistance are connected together 


Fig. 2.39. Circuit for problem 8. 

312 412 512 



Fig. 2.40. Circuit for problem 9. 
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in opposition by a cable 15 m long, and two loads are connected; one of 
24 D at a distance of 6 m from one end of the cable, and one of 16 Q at a 
distance of 4 m from the other end. If the voltage across the 24 Q load is 
found to be 2% below the generator voltage, what is the resistance per unit 
length of each conductor of the cable? 

If the voltage of one generator changes by 2%, what will be the current in 
the part of the cable between the loads? 

(Cambridge University: Second year) 

15. A ring main of total length 1 km has five load points distributed as 
shown in the Table. Find the point at which the voltage is minimum. If the 
voltage drop is nowhere to exceed 1 V plus 2% of the nominal supply 
voltage of 240 V, calculate the minimum cross-sectional area of copper 
required in each cable (resistivity of copper = 1.6 x 10 -8 Qm). 


Distance (m) 
Load (A) 


200 300 400 600 800 

30 20 40 20 40 


Fig. 2.41. Circuit for problem 11. 
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+ 



R. 


10 k!2 


T 


Fig. 2.42. Circuit for problem 12. 
2 2 3 


2 3 1.2 


200 V 
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Alternating current circuits 


3.1 Introduction 

The class of circuits described as ‘alternating current circuits’ 
(abbreviated to a.c. circuits) comprises networks of linear lumped elements 
that may include capacitance and inductance as well as resistance. It has 
become a common and convenient practice to use the abbreviation, ‘a.c.’ as 
a qualifying adjective. Thus, we speak of an ‘a.c. voltage’, an ‘a.c. current’, 
and so on. In such circuits the sources of excitation produce time-varying 
voltages and currents described by sinusoidal functions of the form: 

v = F m sincot or i = I m smcot (3.1) 

We may regard the above expressions as functions of time t or functions 
of angle cot, the latter often being the more convenient. Waveforms 
corresponding to (3.1) are shown in fig. 3.1, as functions of both time and 
angle, and the various relevant parameters are defined. 

An a.c. circuit is, by definition, one in which steady-state conditions 
obtain; that is, any transient conditions arising in the circuit at the time of 
switching will have died away leaving the circuit in an equilibrium state in 
which the amplitudes of all currents and voltages are constant. The time 
origin in the above equations is therefore of no consequence so that the 
alternating voltages and currents in an a.c. circuit can be described equally 
by the cosine functions: 

V = F m coscut or i = I m coscot (3.2) 

For this reason the term cisoid is sometimes used to describe in a general 
way the waveforms encountered in a.c. circuits. 

Although the choice of time origin is arbitrary the relative time (or 
angular) displacement between waveforms, which we call phase, is of vital 
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importance in describing the electrical behaviour of an a.c. circuit. In fig. 3.2 
we illustrate voltage and current waveforms displaced by phase angle <j>. 
Either of the two waveforms may be regarded as the reference with respect 
to which the phase of the other is measured. If we select the voltage 
waveform as reference, then, in terms of the sine function the two waveforms 
are described by 

v = F m sincor (phase reference) 
and 


i = / m sin(<wt - <f>) 

In this case we say that the current waveform lags the voltage waveform by 
angle </> since, as may be seen from fig. 3.2, the current waveform passes 
through zero in a positive going direction (point B ) at an instant of time 

Fig. 3.1. Sinusoidal voltage and current waveforms. 




Period T seconds Period 0 )T 

= 2 7T radians 
= 360° (electrical) 

Frequency/= — hertz 

Angular frequency to = 27tf radians per second 


Fig. 3.2. Phase displacement between two sinusoidal waveforms. 



angle 
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later than the corresponding point (point A) of the voltage waveform. If, on 
the other hand, we choose to take the current waveform as the reference, 
then the two waveforms are described by the functions: 

i = / m sin<yf (phase reference) 
and 


v = F m sin(cof + 4>) 

and we say that the voltage waveform leads the current waveform by angle 
</>. In all of the above we could have used the cosine function instead of the 
sine function; providing either one or the other is used consistently the 
method of describing phase is the same. 

The following points concerning the meaning and use of phase should be 
noted: (1) Its definition in any circuit depends upon the choice of the phase 
reference waveform. (2) It is independent of waveform amplitude. (3) It has 
meaning only when referred to waveforms of the same frequency. (4) A 
negative sign attached to the phase angle signifies that the associated 
waveform is lagging, conversely, a positive sign signifies a leading 
waveform. (5) A waveform leading by a phase angle /?, say, (measured in 
degrees) may also be described as lagging by an angle y = 360—It is 
conventional practice to choose whichever of the two possible angles is 
numerically less than 180°. 

An important part of a.c. circuit analysis is concerned with the 
calculation of power. In d.c. circuits the calculation of power in resistance is 
effected using the expressions I 2 R or V 2 /R (equations (1.20) and (1.21)); in 
a.c. circuits these same expressions can be conveniently used by working in 
terms of effective values of current and voltage rather than with their 
amplitudes. The relationship between the effective value of an alternating 
current and its amplitude may be derived by considering the amplitude of 
the alternating current required to produce the same mean energy 
dissipation in a resistance R as that produced by a d.c. current of / amperes. 

The instantaneous power in a resistance R carrying a current i is, from 
(1.20), i 2 R ; therefore, the energy dissipation over one complete period T is 

J> 

If / is the effective value of the current waveform, then over a period T the 
energy dissipation must be I 2 RT hence, 
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or 


Effective value / = 



(3.3) 


This expression allows the effective value of any periodic current waveform 
to be evaluated. Because of the mathematical form of (3.3) the effective 
value is also known as the root mean square (r.m.s.) value or magnitude. 
For the particular case of a sinusoidal waveform we have 



(3.4) 


In a similar way it can be shown that the effective value of a sinusoidal 
alternating voltage is VJ^/2. 

Finally, we mention a parameter which is useful for purposes of 
comparison between various types of periodic waveform; this is the form 
factor defined as the ratio of the r.m.s. value to the half-cycle average value. 
(The average value of a sine-wave over a complete cycle is, of course, zero.) 

It can be shown that the half-cycle average of a sine-wave is equal to 
2V m /n, hence the form factor is (V m /yj2)/(2V m /n)=\.ll. This may be 
compared with a form factor of unity for a square-wave and 1.155 for a 
triangular wave. The form factor indicates the extent to which a wave form 
exhibits a ‘peaked’ characteristic. (See ref. 11, for a more complete 
discussion.) 

3.2 A.C. voltage-current relationships for the linear 
circuit elements 

We now consider the form of the voltage developed across each of 
the three circuit elements when a sinusoidal current passes through them 
(fig. 3.3). In the following analysis we choose to describe the current by the 
cosine function because it is mathematically slightly more convenient. 
Essentially the same results would be obtained using the sine function, 
(a) Resistance. The instantaneous voltage across the resistance R is 

v R = Ri 

= RI m costot 


or 


v R =V Rm cos cot 


(3.5) 


where 


V Rm ~ Rim 


(3.6) 
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Converting to r.m.s. magnitudes by dividing both sides of (3.6) by -J 2 we 
obtain 

V r = RI (3.7) 

Thus, an Ohm’s law type of relationship exists between alternating 
current and voltage magnitudes for a resistive element. From (3.5) we see 
that voltage and current are in phase. 

(b) Inductance. Using (1.40) the voltage across the inductance is given by 
di d 

v l=L—=L— (/ m coscof) 
dt at 

= — (oLI m sina>t 
= &>L/ m cos^&)f +^j 
or 

yz.= F Lm cos^(Uf+^ (3.8) 

where V Un =coLI m . 


Fig. 3.3. A.C. voltage-current relationships, in terms of instantaneous 
values, for the basic circuit elements. 


1 


= I COS ft) t 
m 


I' 


= / cos cot 

m 



= R I cos ft) t 

m 



v l =L di 
dt 

= (oLl m cos (tot +n ) 

2 


1 i = I cos ft) t 

T m 



= l m cos (cor - n ) 
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Converting to r.m.s. magnitudes we obtain 

V l =coLI (3.9) 

The quantity coL is known as the inductive reactance, and since it is the 
ratio of a voltage to a current, it has dimensions of ohms. It is usually 
denoted by the symbol X L hence (3.9) may be written 

V L = X L I (3.10) 


Equation (3.8) shows that for an inductive element the voltage waveform 
leads the current waveform by phase angle n/2 radians. 

(c) Capacitance. Using (1.31) the voltage across the capacitance is given by 

if' if 

v c =~ idt + v 0 =— I m coscotdt + v 0 

C Jo C Jo 


Since we are dealing with circuits in which voltages are purely sinusoidal, 
there is no initial voltage across the capacitance so that we may put v 0 =0. 
On integrating we obtain: 

L . , 
vq =—~ sincof 
coC 



or 


v c = EonCOsI 



(3.11) 


where V Cm = 


An 

toC 


In terms of r.m.s. magnitudes we have 

V c = -^=X c l (3.12) 

ojC 

The quantity X c = 1/coC is called the capacitive reactance, measured in 
ohms, and we see from (3.11) that in this case the voltage lags the current by 
n/2 radians. 

We conclude that, for each of the three elements, voltage is proportional 
to current in terms of either amplitudes or r.m.s. magnitudes. For the 
inductive and capacitive elements both voltage and current are sinusoidal 
but suffer a phase displacement of 7t/2 radians or 90 electrical degrees. We 
say that, for these elements, voltage and current are ‘in quadrature’. 
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It is evident from the above theory that in a.c. circuit analysis the 
application of Kirchhoff’s laws requires the addition of voltages or currents 
that will differ in phase if the circuit contains two or more elements of 
different kinds. Because of this we cannot combine the magnitudes of the 
voltages given by (3.7), (3.10) and (3.12) using direct algebraic addition; 
however, we could proceed by adding the instantaneous values given by the 
trigonometric functions (3.5), (3.8) and (3.11). For instance, if the total 
voltage across a series combination of just two elements, say resistance and 
inductance, were required, we could proceed as follows: 

Total voltage v = v R + v L 

( 71 

= F Rm cos cot + K Lm cosl wt +- 

( 71 

= R / m coscof + X L I m cos\ cot+ - 

n n 

= RI m coscot + X L I m coscotcos-- X L I m sincotsm~ 

= RI m coscot — X L / m sincof 
v = ^/(R 2 + Xi)I m cos(<x>t + a) 

where 

,X L ( , . X L 

a = tan —- also written as a = arctan — 

R \ R 

The result is a voltage of amplitude S /(R 1 + Xl)I m , and phase angle a with 
respect to the original current flowing through the two elements. The 
quantity *J(R 2 + X 2 ) has dimensions of ohms and is called the impedance of 
the series-connected elements. In principle the total voltage across any 
number of series-connected elements could be derived by repeated 
application of the above trigonometrical procedure taking voltages two at a 
time. We should then find that the general result was of the form: 


Instantaneous = [Impedance] 
voltage 


Amplitude 

of 

current 


Phase displaced 
sine or cosine 
function 


(3.13) 


Both the impedance and the phase displacement are functions of the 
resistances and reactances in the circuit under consideration, and their 
determination by the above trigonometrical procedure for each particular 
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circuit would be tedious in the extreme. Alternative approaches are 
therefore adopted based either (a) on a geometrical and graphical 
interpretation of the trigonometrical equations presented above or (b) on 
the use of the complex exponential and complex algebra. The latter is the 
most convenient and flexible approach, and is presented in the following 
sections. 


3.3 Representation of a.c. voltage and current by 
the complex exponential: Phasors 

From the discussion and results contained in the previous sections 
it will be clear that in a.c. circuit analysis it is only the magnitudes and 
relative phases of voltages and currents that are of interest. The use of the 
complex exponential to represent a.c. voltages and currents allows the 
analysis of circuits to be effected in terms of magnitude and phase only; it 
provides also a direct and simple means for depicting graphically the 
relationships among a.c. quantities. We assume in the following that the 
reader is familiar with the meaning of complex number and with the 
elements of complex algebra. 

The basis of the method is provided by the Euler relation: 

Ae j9 =,4cos0+j/lsin# (3.14) 

where j =yj — 1 anc * A anc * ® are respectively the modulus (or amplitude) 
and argument (or angle) of the complex exponential. 

The relation (3.14) defines a complex number A* whose real and 
imaginary parts are respectively Acos# and Asind, thus, 

A = a+)b (3.15) 

where 

a = Acos#, b = Asin# 

Therefore, we may write 

a 2 + b 2 =A 2 cos 2 9+A 2 sin 2 6 


that is 

A=yJ(a 2 + b 2 ) 
and 


b _ sin# 
a cos# 


Complex quantities will be signified in this text by the use of bold italic type. 
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that is 


,b 

0 = tan _1 - 
a 

We may depict the relationship (3.14) graphically by means of the 
Argand diagram (fig. 3.4) in which the complex exponential defines a point 
P in the plane with polar coordinates (A, 6). The right-hand side of (3.14) 
defines the same point in terms of the Cartesian coordinates 
(Acosd, Asind). 

From a slightly different point of view we may regard the complex 
exponential as an operator. With this interpretation multiplication of a 
real scalar quantity A by e j ® simply causes A to rotate in the Argand 
diagram by an amount 9 without change of amplitude. An important 

71 

special case occurs when 0=- radians (or 90°); then (3.14) becomes: 

iir/O 7T . . 7t 

Ae 1 1 = Acos—+ j Asm— 

2 2 


that is, 


Ae?" 12 =A(0)+jA(l) 


or 


e jn/2 =j 
Similarly, 

e j(-2'=-j 


Fig. 3.4. Representation of the complex exponential Ae ie on the 
Argand diagram. 
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Thus multiplication of a real quantity by +j causes a rotation of 90° in a 
positive (counter-clockwise) sense, while multiplication by —j causes a 
rotation of 90° in a negative sense. It also follows that multiplication by j 2 is 
equivalent to a rotation of 180°. This interpretation of the complex 
exponential must be borne in mind throughout the following theory. 

A saving of labour, particularly in numerical work, is achieved by writing 
the complex exponential as 

Ae ie =AL6 (3.16) 

Now consider the argument 6 in (3.14) to be a function of time such that 
9 = (cor + </>), and let A be identically equal to the amplitude V m of an 
alternating voltage wave form; (3.14) then becomes 

F m e j <“' + V m cos (cot + <f>) +jF m sin (cot + </>) (3.17) 

We see that the complex exponential on the left-hand side of this expression 
can be used to represent mathematically either the co-sinusoidal or 
sinusoidal forms of the alternating voltage; the particular form being 
expressed by specifying either the real part (Re) or imaginary part (Im) as 
required, viz. 


= F m cos(mr + </>) = Re F m e j<w ' + * 

(3.18) 

= K m sin(ojt + </)) = ImF m e j(w ' + ^ 

(3.19) 


The interpretation of (3.17) on the Argand diagram is shown in fig. 3.5(a). 
The line OP, representing the amplitude V m of the alternating voltage, 
rotates with angular speed <x> and we refer to this line as a rotating phasor. 
The projection of the point P on to the real and imaginary axes defines time- 
varying coordinates proportional respectively to F m cos(cot + </>) and 
F m sin(c ot + 4>). 

If the complex exponential is not specified by (3.18) or (3.19), then it is 
understood that either form is applicable and we can describe in general 
terms the instantaneous value of any alternating voltage by 

v = F m e j<ral + ^ (3.20) 

This expression may be rewritten as 

v = V m e i<p e ia * = F m e j “' (3.21) 

where 


1 / _ y e i<t> 

r m v 


(3.22) 
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The expression (3.22) defines a complex voltage that is independent of time 
and which contains only the amplitude and phase information concerning 
the alternating voltage. We interpret the complex voltage on the Argand 
diagram as shown in fig. 3.5(h). Since the complex voltage is time-invariant 
the line OP does not now rotate and it is consequently termed a stationary 
phasor. The complex voltage function defined by (3.22) is also referred to as 
a stationary phasor or, more simply, as a phasor. 

In practical circuit analysis it is, for the reasons given in section (3.1), 
better to work in terms of r.m.s. values in which case the complex voltage is 
written 

V=Ve i ‘ t ’= V[± (3.23) 

where V= V m /j2, and the notation of (3.16) has been used. The Argand 
diagram is modified accordingly as shown in fig. 3.5(c). 


Fig. 3.5. Representation of an alternating voltage in complex 
exponential form by means of the Argand diagram, (a) Rotating 
phasors. ( b ) and (e) Stationary phasors. 


Rotating 


v = V sin (car 



(a ) Instantaneous values 




(b ) Amplitude and phase 


(c ) Magnitude and phase 
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The above treatment is, of course, applicable to the representation of 
currents and we may write 


I = = I /_§_ 


(3.24) 


3.4 Voltage-current relationships for the general 
network branch: Impedance 

The results of section (3.3) will now be used to derive the 
voltage-current relationship for the series-connected elements shown in fig. 
3.6. This arrangement is called the general network branch because it is 
completely representative of any series-connected combination of lumped 
passive elements. Once the voltage-current relationship is determined for 
this circuit then it becomes possible to solve, at least in principle, any a.c. linear 
lumped network. 

To make the following treatment completely general we assume that the 
current i passing through the branch has amplitude I m and possesses a 
phase angle <p measured with respect to some other voltage or current 
elsewhere in the circuit of which the branch shown in fig. 3.6 forms part. We 
wish to determine the amplitude and phase angle of the total branch voltage 
v. 

The branch voltage v is, by Kirchhoff’s voltage law, 

V = Ur + Vl + Vc 

which may be written, using the instantaneous voltage-current relation¬ 
ships for the individual circuit elements derived in chapter 1 (equations 
(1.16), (1.31) and (1.40)): 


v = Ri + L—+— idt 
df C . 


(3.25) 


Now the instantaneous current may be represented in complex exponen¬ 
tial form (see equation (3.18)) by 


i = I m cos(cot + 0) = Re/ m e i,a> ' + *> 
= Re/ m e j0 ” 


therefore (3.25) becomes (taking the real part as understood) 


Fig. 3.6. The general network branch. 
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v=RI m ^+Ll n j t ^ ot + 1 -^ je*»‘ 

= RI m e i0,, +)(DLI m (j M + 7 %^'"'+ (const.) 

J coC 

The constant of integration is zero since the voltages and currents in an a.c. 
circuit are purely sinusoidal. (A finite value for this constant would imply 
that a direct voltage existed across the terminals of the capacitor.) We may 
therefore write 

u = ^+ja)L+T^Jl m e j ' 0 ' (3.26) 

The quantity in brackets in the above equation is called the complex 
impedance and is denoted by the symbol Z, thus 

Complex impedance Z-R + mL+r^— (3.27) 

j coC 

= R+ ( aL -^c) 


or 


Z=R+jX 


where 


X = 



(3.28) 


(3.29) 


The quantity X, called the reactance of the branch, is the difference 
between the inductive and capacitive reactances. 

Since Z is a complex number it may be converted from the Cartesian 
form (3.28) to polar form: 

Z=R + ')X = Zc ie = Z [0_ (3.30) 

where 

Z=J(R 2 + X 2 ) (3.31) 

and 


0 = tan~ 1 


X 

~R 


(3.32) 


The modulus Z of the complex impedance, measured in units of ohms, is 
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often referred to simply as the impedance. (Z, the complex impedance, is 
also often called the impedance and we have to understand from the context 
of the theory or argument in question which is meant.) The argument 6 in 
(3.30) is called the angle of the complex impedance. 

Substituting (3.27) into (3.26), the expression for the instantaneous 
branch voltage becomes 

v— ZI m & (0t (3.33) 

Now, using (3.30) and recalling that l m = this may be written 
v=Ze? e I a fi**e} mt 


or 

r = Z/ m e j(ra,+<(>+9) (3.34) 

In all of the above expressions for v, the real part has been understood, 
therefore, from (3.18) the branch voltage is 

v = Z/ m cos(cot + (j) + d) (3.35) 

We see from this expression that the amplitude V m of the branch voltage is 
given by 

V m = ZI m (3.36) 

and the phase angle with respect to the current is 6, the angle of the complex 
impedance. 

We have thus established, with the aid of complex exponential theory, the 
required voltage-current relationship in terms of instantaneous values. The 
reader should now compare (3.35) with (3.13). (The same result could have 
been obtained, rather more laboriously, by using the trigonometrical 
methods and results of section 3.2.) Of rather greater practical significance, 
however, is the voltage-current relationship for the general branch in terms 
of complex voltages and currents; this is derived as follows. In terms of the 
complex exponential the instantaneous branch voltage may be written 

v = T m e j<<< " + * + = T m e j<< " (3.37) 

where 


V m - F m e j<</>+9) is the complex voltage. 
Combining (3.37) and (3.33) gives 
K m e j ‘'”=Z/ m e jw ‘ 
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or 

V m =Zl m (3.38) 

Note that eliminating e- 1 "' from both sides of the above equation has the 
effect of converting from a rotating phasor system to a stationary phasor 
system. 

In terms of r.m.s. magnitudes (3.38) becomes 

F= Zl (3.39) 

In words: 

Complex voltage=complex impedance x complex current 

It will be recognized that (3.39) is of a similar mathematical form to the 
Ohm’s law encountered in d.c. circuit theory, consequently it is often 
referred to as Ohm’s law for a.c. 

This equation allows us to write down the voltage drops across the 
elements of the general branch in terms of the complex impedance. From 
(3.27) the complex impedance of the general branch is Z—R +jc oL+ 1/j a>C 
therefore 

or 

V=RI+)coLI+~l (3.40) 

jcoC 


Fig. 3.7. Voltage drops across the elements of the general branch and 
the complex voltage-current relationship. 
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The terms in this equation represent the voltage drops across each of the 
elements in the general branch, as shown in fig. 3.7. Practical a.c. circuit 
analysis is carried out in terms of complex voltage drops and currents using 
relationships of the form (3.40), not in terms of instantaneous quantities. It 
will be noted that arrows, as well as (+) and (—) signs, have been used in fig. 
3.7 to indicate the polarity, or reference direction, of the a.c. voltage drops 
across the circuit elements. This practice has been widely adopted in British 
textbooks, although not in American textbooks. 


3.5 Phasor and impedance diagrams 

The representation of complex voltages and currents on the 
Argand diagram provides a valuable pictorial aid to the interpretation of 
the algebraic procedures used in a.c. circuit analysis, and it greatly facilitates 
the understanding of circuit operation; indeed, it is customary to illustrate 
the operation of a.c. circuits by this means, often without explicit reference 
to the complex exponential notation. Such diagrams are referred to as 
phasor diagrams since they illustrate the relationships between the various 
sinusoidal voltages and currents in a circuit interpreted in their phasor 
form. (The concept of phasors and phasor diagrams can also be developed 
on the basis of a geometrical interpretation of sinusoidal wave forms. See 
for example reference 1.) 

The phasor diagram for the general network branch provides a basis for 
the construction of all other such diagrams. To derive this we use the 
relationship (3.40). Recalling that l/j= -j, this may be written as 

V=RI+)(oLI-j^-l (3.41) 


Now let us in the first instance suppose that we have chosen the current as 
the reference waveform in the circuit, that is, its phase angle is chosen to be 
zero. Then we can write / = /e j0 = /, and (3.41) becomes 


F=R/+jcoL/-j—-/ 
coC 


(3.42) 


This equation is represented diagrammatically in fig. 3.8. Interpreted 
strictly from the point of view of the Argand diagram we have the situation 
shown in fig. 3.8(a). The voltage drop across the resistance is V r = RI, and 
this is represented by a phasor along the real or reference axis which is, of 
course, the direction of the current phasor. The voltage drop across the 
inductance is of magnitude V l =coLI, and this is represented by a phasor 
along the positive imaginary axis. Similarly, the voltage drop across the 
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capacitance is V c =I/coC ; represented by a phasor along the negative 
imaginary axis. 

An alternative interpretation of (3.42) is shown in fig. 3.8(b). In this 
diagram the phasors have been drawn head-to-tail (in a manner analogous 
to the vector polygon used in force diagrams in the fields of mechanics and 
structures), and the polygon is closed by a resultant voltage equal to Zl, the 
magnitude of the total branch voltage. The angle a, which the resultant 
voltage makes with the reference direction, is given by (3.32), namely, 
a = tan -1 ((oL— l/a>C)/R. Notice that there is a topological similarity 
between the circuit diagram of fig. 3.7 and the phasor diagram of fig. 3.8(b): 
the order of the phasors in the phasor diagram corresponds to the order of 
the voltage drops in the circuit diagram. Corresponding points have been 
indicated in the two diagrams following the order ABCD. 

In developing fig. 3.8 we chose to take the current as reference; if more 
generally we take the branch current to have some phase angle <fr measured 
with respect to another voltage or current variable elsewhere in the circuit, 
then (3.40) becomes 

V= R/e^+jcoL/e^ - j /e^ 

= (K/+jmL/-j^)e* (3.43) 

We see that (3.43) is simply (3.42) multiplied by e 5 *, which means that in the 
phasor diagram all phasors are rotated bodily through an angle (f) as shown 
in fig. 3.9. 

It is important to appreciate that the phasor diagram shows phasor 
voltages and currents in a fixed relationship to one another, consequently, 
although it is customary to draw the Argand diagram with real and 
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imaginary axes respectively horizontal and vertical, it is not mandatory to 
draw the phasor diagram with the reference phasor horizontal. Electrical 
power engineers, for instance, often take the system voltage as reference and 
traditionally draw this vertically on their phasor diagrams. Phasor 
diagrams may therefore be constructed in any of the forms typified by figs. 
3.8 or 3.9, and with considerable freedom as to choice of reference phasor 
and reference direction. 

Finally, we mention one other diagram (related to the phasor diagram) 
that shows the relationships between resistance, reactance and impedance 
in a circuit or part of a circuit; this is the so-called impedance diagram. The 
impedance diagram for the general network branch is shown in fig. 3.10, 
and it is obtained by dividing each of the voltage phasors in fig. 3.8(h) by the 
magnitude of the current /. The impedance diagram may be oriented in any 
convenient direction to suit the problem in hand. 

3.6 Linear circuit theorems and techniques in a.c. 
circuit analysis 

In chapter 2 a number of analytical techniques and circuit 
theorems were developed based essentially on the linear properties of the 
direct current circuits considered. This property of linearity depended upon 
the constancy of the ratio of voltage to current for each resistive element of 
the circuit, that is, upon Ohm’s law. The same approach may be used in the 
case of a.c. circuits since, as we have seen in the immediately preceding 

Fig. 3.9. Illustrating the effect on the phasor diagrams in fig. 3.8 of 
shifting the phase of the current by angle <p. 




Fig. 3.10. The impedance diagram. 



R 
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Table 3.1 


D.C. Formulation 

Equation 

No. 

A.C. Formulation 

Ohm’s law 

V = RI 

(1.16) 

V= Zi 

1 

V=-I 

(1.17) 

V=—I 

G 

Y 

Elements in series 

R = Ri~\- R 2 ~\~ • • R n 

(1.23) 

Z — Z i + Z 2 +... H 

Elements in parallel 

111 1 


i i i 

— =-1-h... H- 

(1.27) 

+—~+.. 

R R t R 2 R„ 

z z, z 2 

G = G t + G 2 +... + G„ 

(1.28) 

y=y 1 + y 2 +...+ 

k,r 2 


z,z 2 

R 

(1.26) 

Z- * 

R i + R 2 

z, + z 2 

Voltage divider 

R 2 


z 2 

V 2 - v, 

(2.6) 

v 2 =- . --- Vi 

r^r 2 

Zi + Z 2 

G, 


y. 

y ’-c, + c/‘ 

(2.7) 

y ' 2 ~Y 2 +Y l Vx 


sections, the ratio of complex voltage to complex current is constant for 
linear resistive, inductive and capacitive elements. Commencing, therefore, 
with the statement of Ohm’s law in its a.c. form, (3.39), all the theorems and 
techniques developed for d.c. circuits can equally well be developed for a.c. 
circuits; the only difference being the replacement of the symbol R by the 
symbol Z in the linear equations. We may, therefore, immediately adopt the 
theory of chapter 2 in its entirety by the simple expedient of working in 
terms of complex voltages and currents and writing Z for R. Some 
analogous expressions and theorems for d.c. and a.c. circuits are presented 
in table 3.1. In this table the symbol Y, called the admittance, denotes the 
reciprocal of the impedance Z (see section 3.8). 

As an example of the procedure we consider the Thevenin equivalent 
circuit for an a.c. network. This comprises an ideal a.c. voltage source in 
series with a complex impedance as shown in fig. 3.11(a). The Thevenin- 
Norton transformation is carried out in a way exactly analogous to that 
shown in fig. 2.16; with the result as shown in fig. 3.11(h). 



Theorems and techniques in a.c. circuit analysis 


117 


The graphical symbol used in this book to indicate a complex impedance 
is also shown in fig. 3.11. It will be observed that the ideal a.c. voltage and 
current sources are distinguished by having a sine-wave symbol enclosed 
within the circle; this is a common but not universal practice. 

The application of the phasor method will now be illustrated with 
reference to the circuit shown in fig. 3.12, which is analogous to the single¬ 
mesh d.c. circuit of fig. 2.5. Analysis of the circuit proceeds, as in the d.c. case, 
with the assignment of a current /, and this is followed by the application of 
Kirchhoff’s voltage law to set up the circuit equation. Exactly the same 
conventions are applied to determine the signs of the terms in the circuit 
equation, and the working rules discussed in section 2.3 may be used with 
advantage. Although not strictly necessary for the purposes of analysis, the 
voltage drop across the resistance is also specified in fig. 3.12 so that the 
relationship between all three voltages in the mesh may be clearly seen on 
the phasor diagram (fig. 3.13). 

Applying KVL to this circuit: 


IR = V l -V 2 


Fig. 3.11. The Thevenin -Norton transformation for an a.c. network. 


r 


-o 


•o 



{a ) 


(b) 


Fig. 3.12. Single-mesh a.c. circuit. 
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or 


V 1 -V 2 Vr 

R R 


(3.44) 


Let us now suppose that the two sources have equal magnitude V and 
that the phase angle of one can be varied with respect to the other, that is, 
Vi = VlQ (phase reference), and V 2 = Vlsk, where <j) is variable. With both 
sources equal in magnitude and with $=0 no current will flow; the phasor 
diagram for this situation is shown in fig. 3.13(a). If <j> is now increased, say 
to 60°, (3.44) becomes 

v!£- vlM 

~ R 


V 

=— [(cosO + jsinO) — (cos60 H-jsin60)] 

R 

=^(0.5—j0.866) 

=—/-60 

R 

This result is interpreted on the phasor diagram as shown in fig. 3.13(6). The 
directions of the phasors should be carefully observed; in particular, it 


Fig. 3.13. Phasor diagrams for the circuit of fig. 3.12. Illustrating the 
effect of changing the phase of V 2 while keeping the magnitudes of V, 
and V 2 constant. 




•* 



V , = Vlo_ 


V 


R 


(c ) Phase 180' 
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should be noted that the direction of V R is from the tip of V 2 towards the tip 
of V l . This accords with the usual convention for vector addition, 
representing the relations V R = Fj — V 2 or V R +V 2 = Fj. The phasor V R lies 
parallel to the current phasor; a result which is to be expected since voltage 
and current must be in phase for a purely resistive element. 

If now the phase of V 2 is further advanced until cj)= 180°, the phasor 
diagram becomes as shown in fig. 3.13(c). The current has a magnitude of 
2 V/R and a phase angle zero. We see that the effect of changing the phase of 
V 2 by 180° is the same as reversing the reference direction of V 2 in the circuit 
diagram, that is, changing the terminal polarity of the source. 

3.7 Worked example 

The circuit of fig. 3.14(a) is to be operated at mains power 
frequency (50 Hz). 

(a) Find the complex impedance between the terminals AB and between the 
nodes D and B. Sketch an impedance diagram for the circuit. 

(b) The circuit is connected to a mains power supply of 240 V; find the 
currents in each branch of the circuit and the voltage of node D with respect 
to B. 

(c) Check the value for the node voltage obtained in (b) by using the method 
of nodal analysis. 

(d) Sketch a phasor diagram for the complete circuit. 

Solution 

(a) First the reactances of the two inductances and the capacitance are 
found: 


toLi =2n x 50 x 15.9 x 10 3 = 5 
coL 2 = 2n x 50 x 66.8 x 10“ 3 = 21 
l/coC=l/(27rx50x398x 10" 6 ) = 8 

These values are entered on the diagram (in brackets) as shown. Units of 
ohms are understood throughout the problem. 

Let the complex impedances of the left- and right-hand branches between 
D and B be Z { and Z 2 respectively, then 


Z 2 =6 +j21; Z 2 = 30—j8 


Expressed in polar form, using the notation of (3.16), these impedances 
become 


Zx =21.84 /74.1 ; 


Z 2 = 31.04 /- 149 




Reactance 


120 Alternating current circuits 


Fig. 3.14. Diagrams for the worked example of section 3.7. 




/, lags V DB (branch inductive) 

/j leads V DB (branch capacitive) 
/ lags Vy, (circuit inductive) 
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(Note: in numerical work it is customary to express the argument of a 
complex quantity in degrees rather than radians.) 

The resultant impedance between DB is 

Z DB = Z l //Z 2 = 

To evaluate this impedance the reader will recall that addition of complex 
quantities is effected by expressing them in Cartesian form, while multipli¬ 
cation or division is effected by expressing quantities in polar form. Thus 

Z, + Z 2 =6 + j21 + 30 —j8 = 36 + jl3 = 38.2 7/19.9 

and 

21.84/74.1 x 31.04 /-14.9 
DB ~ 38.27/19.9 

21.84x31.04 /74.1-14.9-19.9 

38.27 

Z DB = 17.71/393 = 13.7 +jll. 2 

(Note that the procedure known as rationalization is generally to be 
avoided in numerical evaluation of expressions of the above form.) 

The impedance between AB is then 

Z AB = 13.7+jll.22 + 2+j5=15.7+jl6.22 

or 

Z AB = 22.57/419 

The impedance diagram is illustrated in Fig. 3.14(6). 

(b) Unless stated otherwise voltages are always expressed in terms of their 
r.m.s. magnitudes. Fig. 3.14(c) shows the 240 V supply, assumed to be an 
ideal source, connected to AB. The supply voltage is chosen as the reference 
phasor, that is, it takes zero phase angle. Since it is the branch currents 
which have to be evaluated, we assign currents to each branch as shown. 
(Assignment of mesh currents would entail an extra step in the calculation.) 

The current drawn from the supply is found from the a.c. form of Ohm’s 
law: 


V 240/0 
Z^~ 22.57/453? 


10.63 /-45.9 A 


This result is interpreted as a current of magnitude 10.63 A, lagging the 
supply voltage by angle 45.9°. 
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or 


The voltage of node D with respect to B is given by 
V DB =IZ DB = 10.63 /—45.9 x 17.71/39.3 

K PB = 188.3 /—6.6 V 

The currents Ii and 1 2 are found by dividing this voltage by the respective 
branch impedances: 


i — DB — 

l \~ r, ~ 


188.3 /-6.6 


Z x 21.84/74.1 


= 8.62 /-80.7 A 


and 


V DB 188.3/^M 
f2 -z7-.31.04/-14.9 = 6 -° 7/L3A 

Alternatively, for this part of the problem, the branch currents could be 
evaluated by means of the current divider principle discussed in section 2.2. 
In this case 


h = 


Z 2 I 31.04 / —14.9 x 10.63 / —45.9 

Z x +Z 2 ~ 38.27/19.9 


= 8.62 /-80.7 A 


and 


/ . = 34= 21 - 84/74Jx _ i0 : 63/ - 45 - 9 .6.07/qa 


Z x + Z 2 38.27/19.9 

(c) The nodel equation at D is 
^'db ~ 240/0 V DB V DB 


+ X + - 


-=o 


But 


Z/U) = 2+j5 = 5.38/6JL2 


therefore 


'DB 


-240/0 


-+- 


'DB 


5.38/68.2 21.84/74.1 31.04 /-14.9 

Rearranging this equation gives 


= 0 


'DB\ 


1 


: + 


1 


1 


240/0 

5.38/68.2 ' 21.84/74.1 ' 31.04 /-14.9 /~ 5.38/68.2 
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V db (6.9 -j 17.26 +1.254 - j4.4 + 3.11 +j0.828) x 1CT 2 
= 44.61 /—68.2 


F DB (I1.27-j20.83)x 10" 2 = 44.6lZz 


68.2 


Vn» = 


44.61 /—68.2 
0.237 /-61.6 


= 188.4 / —6.6 V 


(d) The phasor diagram for the complete circuit is shown in Fig. 3.14(d). Note 
that the current fis the phasor resultant of /, and I 2 (indicated by the dash 
lines). The voltage drop from A to D and the voltage drop from B to D are to¬ 
gether equal to the source voltage. The voltage drops across the 6 Q and 30 Q 
resistances in each branch are in phase, respectively, with the currents, /j and 
I 2 (lines BE and BF); the voltage drops (lines ED and FD) are in quadrature. 

As an additional exercise the reader may care to evaluate the voltage V EF . 
(Answer 188.43 /-155.77 1 

The reader should note that in working through problems of this type in 
manuscript, complex quantities (here indicated by bold italic type) may, if 
so desired, be indicated by a bar above or below the quantity concerned; 
thus, V DB may be written V_db or V DB . Normally, however, this is 
unnecessary since, as will be appreciated from the above calculations, there 
is in numerical work little possibility of confusion between complex 
quantities and their moduli. 


3.8 Admittance 

It was found to be convenient in d.c. circuit analysis to define a 
quantity called conductance, the reciprocal of resistance. The formal 
equations of nodal analysis were expressed in terms of conductance in 
section 2.10. In a similar way we find it convenient in a.c. circuit analysis to 
define a quantity called the complex admittance, the reciprocal of complex 
impedance: 

Y=\ (3.45) 


If a is the angle of the impedance and j? the angle of the admittance this 
becomes, in polar form 


rZ£= 


l 

zTR 


where Y =—, and /?= — a. 
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Thus, there is a reciprocal relationship between the magnitudes of the 
admittance and the impedance. 

Expressed in Cartesian form the complex admittance may be written 


T=G+jB 


(3.46) 


where G is the conductance and B the susceptance. Both G and B are 
expressed in units of siemens. 

Some care is required in the interpretation of G and B, as defined in (3.46), 
since these quantities do not always bear a simple reciprocal relationship to 
resistance and reactance. This will be clear if we consider the complex 
admittance of the general network branch shown in Fig. 3.15(a). At an 
angular frequency u> we have 



1 


R + jcoE ■+■ 


jcoC 


or 


R+ )X 

where 

X = (o)L——— 

\ coC 

The process of rationalization (multiplying numerator and denominator 
by the complex conjugate of R +jX), allows us to deduce the conductance 
and susceptance. 

1 R-)X _ R-)X 

R + '}X R—)X R 2 + X 2 


Fig. 3.15. Complex admittance of series and parallel circuits. 



(a) Series 


(b) Parallel 
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or 


Y= 


R 


; + )- 


-X 


r 2 + x 2 j r 2 + x 2 


(3.47) 


Comparing (3.47) with (3.46) we see that for the general series-connected 
network branch 


Conductance = 


R 

R 2 + X 2 


Susceptance = 


R 2 + X 2 


Thus, conductance and susceptance for a series circuit are functions of both 
resistance and reactance. 

The practical use of admittance lies mainly in situations where there are a 
number of elements connected in parallel. For instance, in the circuit of fig. 
3.15(h) we have, by an expression analogous to (1.27) 



1 1 . „ 

— -J7 + •--+J 0)C 

R )coL 


or 



-t-jl coC- 



In this case the conductance is identically equal to the reciprocal of the 
circuit resistance. It should also be noted that if the inductive reactance a>L 
is smaller than the capacitive reactance 1 /coC, the susceptance is negative, 
the converse of the series-connected case. 

The formal equations of nodal analysis for a.c. circuits expressed in terms 
of admittance, yield expressions analogous to those expressed in terms of 
conductance for the d.c. case. For example, the a.c. formulation for a two- 
node circuit (corresponding to (2.28)) would be: 


Fu Fj + F 12 F 2 = / n 


and 


(3.48) 


Y21K + Y22 Vi — I22 

Here Vj! and Y 22 are the self admittances at nodes (1) and (2) respectively, 
and Y 12 = Y 2 i is the mutual admittance. The currents /j! and / 22 represent 
the net current injected into nodes (1) and (2) respectively from current 
sources attached to those nodes. 
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3.9 Frequency response: transfer function 

The concept of a two-port network has already been mentioned in 
section 2.2, and the theory of such networks is considered in more detail in 
chapter 8. Here we introduce the concept of the transfer function for an a.c. 
two-port network. The basic circuit is shown in fig. 3.16. An alternating 
voltage l 7 !, with angular frequency to, impressed at the input port (1) gives 
rise to a voltage V 2 at the output port (2). In the context of electronics and 
communications systems these voltages would be referred to as signals. 

The input and output voltages will be related by some linear function 
dependent upon the arrangement of elements in the network; in general this 
will be a function of frequency. The network can therefore be characterized 
by a transfer function (or frequence response function ) defined by 

V 2 = HQco)V l 


or 




Output voltage 
Input voltage 


(3.49) 


The transfer function defined in this way, as a complex function of 
frequency (jco), refers to the steady-state conditions only. Other more 
general definitions are given in section 6.9.6. 

The concept of the transfer function is not necessarily restricted to 
voltage ratios in a network; the relationship between any two network 
parameters (the ratio of output current to input voltage for example) may 
be expressed in a similar fashion. 

In practice the transfer function is most useful when expressed in its polar 
form: 


f/(jco) = | //(jco) I e j argH(j<0) (3.50) 

Now | H{ jco) | (the modulus) and arg//(jco) (the angle or phase) are real 
functions of co so that (3.50) may be written 

H(jco) = H(a>)e i ' H, ° ) = H(a))lMQ>) (3.51) 


Fig. 3.16. Two-port a.c. network with transfer function H(jco). 



A.C. network 


Port 


Port 

0) 

H (j CO) 

(2) 
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where 


H(co) = \H(ja>)\ and 14>( a>) = are.H(\a >1 

It may be noted that in conformity with our usual notation for complex 
quantities (see section 3.3) H(jco) could also be written simply as H, but 
because other definitions of the transfer function exist we have chosen to use 
the explicit form here. 

To demonstrate the analytical procedures used to find the transfer 
function of a network, we consider the simple capacitance-resistance CR 
network shown in fig. 3.17. This circuit is employed extensively as an inter¬ 
stage coupling network in electronic amplifiers, its function being to 
prevent or block the passage of signals of zero frequency (d.c.) while 
allowing the passage of signals of higher frequency. 

To find the transfer function of this network we may use the voltage 
divider principle (table 3.1: a.c. analogue of (2.6)). Assuming that no current 
is drawn from the output port, we may write 



Hence 



It is usually most convenient to express the transfer function in polar 
form; we therefore rewrite the above equation as 




(3.52) 



The denominator can now be expressed as 


Fig. 3.17. CR coupling network. 
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where 


1+ j«CR 1 \coCR 


1 


Cr) Jl^icoCR, 


Y 


Lsl 


coCR 

The modulus of //(jct>) is then 
1 


H(co) = 


1 + 


1 


\coCR ) 

and the angle is given by 




(3.53) 


(3.54) 


(Note that it is not necessary to rationalize (3.52) in order to express H(jco) 
in polar form.) 

If we examine these expressions for the magnitude and angle of the 
transfer function, we see that 

for w-+0: H(co)->0; 0(a>)->90° 
for a>-»oo: H(co)->l; <£(co)-»0 

This result is to be expected since as far as direct voltages are concerned the 
capacitance acts as an open circuit; as far as very high frequencies are 
concerned the capacitance is effectively a short circuit. 

Two methods of illustrating graphically the way in which the magnitude 
and phase angle of the transfer function vary with frequency are commonly 
used. The first method, based on the Argand diagram, is shown in fig. 3.18. 
In this diagram the modulus and angle are plotted in polar coordinates as a 
function of co. The locus of the tip of the vector OP, traced out as co varies, 


Fig. 3.18. Locus diagram: plot of H(\u>) = H(w) /<blw) on the Argand 
diagram. 
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defines a line characteristic of the circuit transfer function. Diagrams of this 
type are called variously locus, polar or Nyquist diagrams. (Similar 
diagrams can also be drawn to show the effect of varying any one of the 
circuit parameters at a fixed frequency). It is important to appreciate that co 
is not a function of time and, although based on the Argand diagram, the 
locus diagram is not to be confused with the rotating phasor diagram. 

The locus diagram corresponding to (3.52) is shown in fig. 3.19; for the 
simple CR network the diagram takes the form of a semi-circle. Many other 
circuits exhibit a similar behaviour and give rise to locus diagrams of 
circular form. This graphical approach has been elaborated and extended 
to include many different electrical devices, particularly rotating electrical 
machines, and it has come to be known as the circle diagram method. 

The second method whereby the transfer function may be depicted 
graphically is shown in fig. 3.20. This figure is drawn for the particular CR 
network of fig. 3.17. Here the modulus and phase of H(jco) are plotted 


Fig. 3.19. Locus diagram for the CR network of fig. 3.17. 



Fig. 3.20. Bode diagrams for the CR network. 
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(b) Phase of 
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separately as functions of co on a logarithmic basis. Graphs of this type are 
known as Bode diagrams or Bode plots after their originator. 

Taking natural logarithms of (3.51) we obtain 

In tf(jco)=In H(co) + In = In tf(co) + j </>(co) (3.55) 

In fig. 3.20(a) the real part of this expression, namely In tf(co), is plotted 
on a linear scale against co which is plotted on a logarithmic scale. Likewise 
the imaginary part $(co) is plotted in fig. 3.20(b) also using linear-log scales. 
The logarithmic basis of the Bode diagram allows large changes in the 
values of the parameters to be accommodated, and it provides additional 
practical advantages which are discussed below. 

Frequently the modulus of the transfer function is expressed in logarith¬ 
mic units of the decibel (abbreviation dB) (for an explanation of the 
decibel, see for example reference 5) and the ordinate in the Bode plot is 
scaled in these units in preference to the natural logarithmic scale used in 
fig. 3.20(a). The decibel is defined strictly in terms of the ratio of two power 
levels Pi and P 2 , that is, 

p 

Power ratio (dB)= 10 log 10 -£■ (3.56) 

P i 


If we are concerned with two voltages V, and V 2 established across identical 
resistances, the power ratio is proportional to (V 2 /V J 2 and (3.56) becomes 

\2 


Power ratio (dB)= 10log 10 ' 


(vA 2 = 

\yJ 


201og 10 


Vi 


(3.57) 


In general the resistances at the input and output ports of a network are not 
the same, nevertheless, by convention (3.57) is applied to the modulus of the 
transfer function, defined by (3.49), without regard to the resistances 
associated with the input and output ports. According to this convention 
we therefore write 


| H(jco) | (dB) = 20 log 10 /f(co) (3.58) 

Fig. 3.21 shows the Bode diagram for the CR network (modulus only) with 
the ordinate scaled in decibels. The dB values are all negative since V 2 = Vi 
corresponds to OdB, and V 2 can never be greater than V x . 

It will be observed that in fig. 3.21 (or fig. 3.20(a)) the curve is asymptotic 
to two straight line segments. The reason for this will be appreciated if we 
consider the modulus of H(ja>) for very low and very high frequencies. 

At sufficiently low frequencies, such that coCR<\, (3.52) becomes 
H(a>)=ooCR. H(co ) is therefore proportional to co which means that the log- 
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modulus versus c o relationship is of straight-line form provided co is plotted 
on a logarithmic scale. Using (3.57) we have | //(jco) | (dB) = 201og 10 ft)CR. 
For each decade of frequency therefore the modulus changes by 
201og 10 (10/l) = 20dB. This determines the asymptote for low frequencies. 

At sufficiently high frequencies (ojCR >1) we have H(a>)= 1, and 
201og 10 //(o))=0. Thus, the curve is asymptotic to a horizontal straight line 
at high frequencies. The two asymptotes meet (point A in Fig. 3.21) at a 
frequency ft)! such that co t CR = 1 orcoj = l/CR. At this frequency the actual 
value of H(co) is, from (3.53), 1/^/2 or 0.707, in other words the true value of 
//(to) is about 30% lower than the value represented by the intersection of 
the asymptotes. Expressed in decibels this is equal to — 3.03 dB. At this 
frequency the phase angle is 45° (fig. 3.20(b). The frequency CO] is called 
variously the turnover frequency, the corner frequency, the break frequency, 
or the ‘3 dB point'. Since the maximum departure of the true curve from the 
approximate curve formed by the two asymptotes is only 3 dB it is sufficient 
for many practical purposes to represent the modulus of the transfer 
function by its straight-line approximation. The principles of construction 
of the asymptotes in the Bode diagram, here discussed in relation to the CR 
network, may be readily extended to networks of greater complexity. 

The chief advantage of the Bode diagram is that it affords a ready means 
of finding graphically the overall transfer function of several networks 
connected in cascade. Suppose we wish to find the overall transfer function 
// 0 (jo)) of two cascaded networks with individual transfer functions H t (jo) 
and // 2 (jft>). From the definition of the transfer function given in (3.49) it 
will be readily apparent that // 0 (jft)) = // 1 (jo))// 2 (jft)). It is a somewhat 
tedious procedure to multiply the moduli of the two transfer functions 
together over a wide frequency range, especially if one or both have been 
determined by experiment. However, if the results are presented on a Bode 
plot, advantage can be taken of the properties of logarithms, and the 


Fig. 3.21. Bode diagram for the CR network: modulus of the transfer 
function expressed in units of the decibel. 
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ordinates can be simply added since 
ln// 0 (jco) = ln[// I (jft))// 2 (jo))] 

= In//! (m) + In H 2 (n>)+j[0i (co) + ^ 2 (o>)] 

This result applies equally well of course when moduli are expressed in 
decibels. The ordinate addition is a particularly simple operation when the 
straight-line approximation is used in the Bode diagram. 

In the above discussion it has been assumed that individual transfer 
functions will not be changed by connection of the networks one to 
another; often in practice this will not be the case. Each network will be 
affected by connection to both preceding and succeeding networks to some 
extent, and due allowance must be made for this when determining the 
individual transfer functions either from theory or experiment. 

3.10 A.C. bridges 

A.C. bridge networks form a large and important class of circuits 
used for measurement purposes, for filtering (separating wanted signals 
from unwanted signals), and for use in certain types of oscillator. The 
essential characteristic common to all of the various circuits falling under 
this heading is that for a finite input or source signal they produce zero 
output signal under one particular set of conditions: the so-called balance 
conditions. 

The basic circuit configuration of one common form of a.c. bridge, used 
mainly for measurement purposes, is shown in fig. 3.22; this will be 
recognized as the a.c. analogue of the Wheatstone bridge discussed in 
section 2.8. 

The balance conditions may be derived using methods essentially similar 
to those of section 2.8 (equation 2.21); they occur when the impedances in 
the arms of the bridge are such that 


Fig. 3.22. A.C. bridge network. 
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Z\Z$ — Z 2 Z 


3 


or 



By arranging Z, to be the component whose value is to be measured, and 
by arranging Z 2 , Z 3 and Z 4 to be components of accurately known value, 
the value of Z, can be determined. We can arrange either to make Z 2 and 
Z 3 fixed and to vary Z 4 to achieve balance, in which case the bridge is 
known as a product bridge, or we can make Z 2 and Z 4 fixed and vary Z 3 , in 
which case the bridge is known as a quotient bridge. In all bridges of this 
type the balance conditions are independent of the magnitude of the source 
voltage although the sensitivity with which the balance can be detected will 
suffer if the voltage is too low. The balance conditions may or may not 
depend on frequency. 

For any given arrangement of elements forming a bridge circuit the 
source and detector may be interchanged without in any way affecting the 
signal registered by the detector. This follows directly from the reciprocity 
theorem. The new bridge circuit resulting from such an interchange is called 
the conjugate of the original and it has the same balance conditions. 

Two examples of bridges conforming to the basic configuration shown in 
fig. 3.22 will serve to illustrate the techniques of analysis and some of the 
important characteristics of this type of circuit. 

3.10.1 The Schering bridge 

The circuit of this bridge is shown in fig. 3.23. Its main use is for the 
measurement of capacitance, particularly the capacitance of high voltage 
cables and insulators under working conditions. The unknown capacitance 


Fig. 3.23. The Schering bridge. 
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is C x , and R x is a series resistance representing the losses associated with this 
capacitance (see section 3.13.1 for an account of losses in capacitors). C 3 
and C 4 are respectively fixed and variable low-loss capacitors of accurately 
known values. R 2 is an accurately calibrated variable resistance and R 4 is a 
fixed standard resistance. (When this bridge is used in high voltage 
applications, the node E is earthed, and the node A is at high potential.) 

From (3.59) the balance conditions are given by 


Zi = 


Z 2 Z, 

Z 4 


= Z 1 Z i Y 4 


where F 4 is the admittance of the arm BE. Therefore, 


1 


1 


1 


R x + r —Ri: r ( —h jct>C’ 4 1 — 7 . 

jcoC x jrnCj \K 4 / j coC 3 R 4 C 3 

Equating real parts on the two sides of this equation gives 

RiC 4 

= —- 


R* 


RiC 4 


+ - 


and equating imaginary parts gives 
c _^ 3 ^ 4 

x ~~rT 

Two balance conditions are thus obtained reflecting the fact that the 
potentials of D and B at balance must be the same in both magnitude and 
phase. It will be noticed that the balance conditions are independent of 
frequency so that a highly stable source is not required. By adjusting R 2 and 
C 4 alternately the bridge can be made to converge to a balance indicated by 


Fig. 3.24. Phasor diagrams for the balanced Schering bridge of fig. 
3.23. (a) Left-hand arm ADE ; ( b ) right-hand arm ABE. Currents 1 B 
and I B are the components of I B through R 4 and C 4 respectively. 
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a null detector reading. The detector would normally consist of an 
oscilloscope or a sensitive integrated circuit amplifier with its output 
connected to some form of indicator. For very accurate measurements the 
detector may be tuned so that it is sensitive only to the bridge source 
frequency; by this means the effects of spurious signals arising, for example, 
from the power supply mains (hum pick-up) may be reduced. 

Phasor diagrams for the balanced Schering bridge are shown in fig. 3.24. 
For the sake of clarity the diagrams for the left and right-hand arms are 
shown separately. Referring first to the left-hand arm fig. 3.24(a), we may 
understand how this diagram is constructed by considering the current I D 
flowing from A to E via D (remembering that no current flows in the 
detector branch at balance) and its relationship to the source voltage Vae, 
which is conveniently taken as reference. The branch ADE contains both 
capacitance and resistance so that the current I D must lead Yae by some 
angle less than 90°. The arm DE is purely resistive so that the voltage 
Vde( = IdR 2 ) must be in phase with the current / D , also the voltage drop 
across R x must be in phase with I D . These voltage phasors therefore 
coincide with the current phasor I D . The voltage across C x ( = I D /(ioC x )), 
lags I by 90° and this voltage phasor is therefore perpendicular to the 
current phasor. The phasor diagram for the right-hand arm of the bridge is 
similarly constructed and is shown in fig. 3.24(h). When the two diagrams 
are superimposed, the points marked D and B must coincide since there is 
no potential difference across the detector at balance. 

3.10.2 The Wien bridge 

This bridge (fig. 3.25) is an example of the type for which the 
balance conditions depend upon frequency. It finds application as a 
frequency determining network in certain types of oscillator (see reference 
5). 

Fig. 3.25. The Wien bridge. 
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From (3.59) we have 
Z 2 Z, 

z, =-^=Z 2 Z 3 F4 

z 4 


that is 


R i — ^3+7 


' .¥' + , 


jcoC 3 AK* 


+jtt)C4 


RjRj ^2 • _ _ _ K 2 C 4 

= —-h——-+JWC4R2K3 H — 

R4 JWC3K4 C3 

Hence equating real and imaginary parts: 

R\ i?3 C4 

k 2 ^4 C 3 


and 


R3C3R4.C4 

This second balance condition gives, for any fixed set of component values, 
the frequency at which there will be zero detector signal. At this frequency 
the phase shift between source and detector signals will be zero, and it is this 
property of the circuit which is important when it is incorporated in so- 
called phase-shift oscillator circuits. 


3.11 Worked example 

The output at the detector terminals of a sensitive bridge circuit 
using a high impedance detector contains an unwanted sinusoidal signal 
component at an angular frequency u> 0 . 

(a) Show that by interposing a twin-T filter, of the type shown in fig. 3.26, 
between the bridge detector terminals and the detector, the unwanted signal 
may be eliminated. 

(b) If the unwanted signal is caused by inductively coupled pick-up from 
mains power lines operating at 50 Hz, suggest suitable values for R and C in 
fig. 3.26. 

(c) Sketch the general form of the modulus of the transfer function for the 
twin-T filter as a function of frequency. 


Solution 

The twin-T filter is itself a form of bridge circuit in which the 
balance conditions are frequency dependent. At one particular frequency, 
therefore, the output V 2 falls to zero. 
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Several of the methods discussed in Chapter 2 may be used for solving 
part (a) of this example; from the arguments presented in section 2.11 it will 
be apparent that mesh analysis is the most cumbersome. Two alternative 
methods are presented below: one employing nodal analysis, the other the 
T-7 t transformation. 

(a) Method 1: nodal analysis 

We may assume that no current is drawn from the output port of the filter 
since the detector has a high input impedance. The input voltage K, 
supplied by the bridge may, for the purposes of this problem, be regarded as 
a source voltage of fixed magnitude. 

Choosing the reference node as shown, there remain three nodes whose 
voltages are undetermined. One of these, the node 0, is the output node 
with assigned voltage V 2 . The other nodes are P and Q with assigned 
voltages V P and V Q . 

At 0 the nodal equation is 


K-Vq , 

R l/j®C 


which reduces to 



(3.60) 


The nodal equations at P and Q are 



Fig. 3 . 26 . Circuit for worked example: twin-T filter. 
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and 

lki2i + fcii + _^_ = o 

R R l/jco2C 

which reduce to 

- jc oC V 2 + {^ + 2j«>c) Vr+ (0) Vq = j o)C V, (3.61) 

and 

~j y 2~ (0) V P +2)coCj V Q =^ (3.62) 

Note that the coefficients of V Q in (3.61) and of V P in (3.62) are both zero. 
This is because no mutual element exists between the nodes P and Q. 
Solving for V 2 using the method of determinants (section 2.5) we obtain 

0 -jc oC “ 

jcoCFi ^ + 2jtoC^ 0 (3.63) 

I 0 (l +2i “ c ) 

where A is the determinant formed by the array of coefficients in (3.60), 
(3.61) and (3.62). 

Now at the frequency u> 0 of the unwanted signal V 2 =0, therefore, 
expanding the numerator of (3.63) and equating to zero we obtain 

-jco 0 CVi -jco 0 C^ + 2jcuoC^ +-^- _ ^ + 2 -i co oC^-^ 

= 0 



Equating real (or imaginary) parts of this expression to zero gives, finally, 
Wo = CR 

(a) Method 2: T-n transformation 

Using relationships analogous to (2.23), each of the two T-connected 
sections of the filter may be transformed separately to give the correspond¬ 
ing 7t-configuration as shown in fig. 3.27. These two ^-sections may then be 
combined to form the ^-equivalent of the original network. When this is 



-e 6 
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done we see that impedance (Z^/Z*) spans the input port and, since the 
voltage there is constant and equal to V lt it cannot affect the output in any 
way. The two remaining arms of the rc-section constitute a voltage divider, 
hence we may derive a general expression from which V 2 may be found at 
any frequency. However, in this problem we wish to find only the frequency 
at which V 2 becomes zero. This will occur when Z 2 //Z 5 = Z 2 Z 5 /( Z 2 + Z 5 ) 
becomes infinite, that is when (Z 2 + Z 5 ) tends to zero. 

From (2.23) and fig. 2.17 

11 (1/jmCKl/jcuC) 2_2_ 

2 jcoC jcoC ( R/2 ) j (oC <d 2 C 2 R 


Z 5 


= R + R + 


( R)(R ) 

d/2jc oC) 


= 2R + 2j(oCR 2 


Therefore V 2 is zero at the frequency of the unwanted signal co 0 when 
2 2 

:——- , — + 2 R + 2jc OqCR 2 — 0 

jcoo c co 0 2 C 2 R 

which gives, on equating real or imaginary parts to zero, 
ft) 0 = 1 /CR 

(b) At the frequency of the mains power lines, co 0 = 2nx 50 = 314, therefore, 
the product Ci? = 1/314. The actual values of C and R are chosen on 
practical grounds: capacitors with large stable values of capacitance (with 


Fig. 3.27. The T-n transformation applied to the twin-T filter of fig. 
3.26; by symmetry, Z l =Z 3 and Z 4 =Z 6 . 
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the requisite low leakage resistance necessary for this application) are bulky 
and expensive; very small values of C would make the circuit too sensitive 
to stray capacitances between components. With these considerations in 
mind a suitable value for C would be 0.1 fiF, giving R - 33 kfl In practice R 
would be adjusted to produce the precise CR product required by using 
shunt or series trimming resistors. 

(c) The general form of the modulus of the transfer function | V 2 /V i \, may be 
found without calculation by considering the extremes of the frequency 
range; from co=0 (d.c.) to co-+oo. At a>=0, all the capacitances are 
effectively open circuit and the output node 0 is connected to the input 
node A through series resistance 2 R. On the assumption that no current is 
drawn from node O, there can be no voltage drop across this resistance, 
therefore, the input and output voltages are the same and | V 2 /V l | = 1. 
Similar considerations apply for cu -* oo: in this case the capacitances act as 
short circuits thus connecting input and output terminals directly together. 
We conclude that the plot of | V 2 / V v | versus co must take the general form 
shown in fig. 3.28; the curve being asymptotic to the value unity for high 
frequencies. Because of the characteristic shape of the transfer function, the 
term notch-filter is often used in connection with this circuit. 

It will be obvious that this circuit can be effective only if the wanted 
bridge frequency is well separated from the notch frequency. Typically 
bridge circuits operate at 1 kHz or so and the notch filter frequency is 
arranged to be at 50 Hz. The reactance of the capacitive elements in the 
circuit are therefore some twenty times smaller at the wanted frequency 
than at the notch frequency, consequently, the attenuation produced by the 
filter at the bridge frequency is small. The reader may care to confirm that 
for the filter in this example. | V 2 /V l |=0.98 at 1 kHz. 


Fig. 3.28. Modulus of the transfer function, as a function of frequency, 
for the circuit of Fig. 3.26. 
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3.12 Inductively coupled circuits 

The a.c. voltage-current relationships for a mutual inductance 
may be readily established using the methods of section 3.3. We take as our 
starting point the general relationship (1.49) between the instantaneous 
voltage t>! and currents z'j and i 2 indicated in fig. 3.29(a), namely, 


, d, i , A<f di 2 

v ‘- L '*- ±M dF 


(1.49) 


It will be recalled (section 1.10) that the (±) signs in the second term of this 
equation arise because of the two alternative ways of connecting the coils: 
either with fluxes aiding (( + ) sign) or fluxes opposing (( —) sign). 

Since all currents and voltages are sinusoidal they may be represented in 
complex exponential form by: 

Pi-K-e , “‘; i 2 = / 2m e jw ' 

Substituting in (1.49) and taking the real part as understood, we obtain 

Flmej< " =Ll ^ (/lmej< " )±M ^ (/2mejW,) 


or 

V lm 4 a, =jmL 1 l lm t! a, ±yoMI 2a fii"' 

By cancelling out e jwt from each term in this expression, and dividing 
throughout by we obtain the required relationship in terms of 
stationary phasors and r.m.s. magnitudes: 


Fig. 3.29. Voltage-current relationships for mutual inductance. 
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V l =jo)L l I 1 ±j(oMI 2 (3.64) 

A similar expression for the voltage V 2 is obtained: 

V 2 = ')coL 2 I 2 ±)coMI l (3.65) 

These results are illustrated in fig. 3.29 (b). 

The analysis of circuits containing mutual inductance is almost in¬ 
variably carried out using the method of mesh analysis rather than nodal 
analysis because of the difficulty of defining reference nodes and node 
potentials in circuits containing separate and distinct parts coupled only by 
mutual inductance. For a similar reason the relationship (2.31), relating 
numbers of nodes and elements in a circuit, does not apply directly, 
although it may be extended to include circuits containing separate parts 
(see reference 4). 

The application of (3.64) and (3.65), and the general method of analysis of 
a.c. circuits containing mutual inductance, may be illustrated with reference 
to the circuit shown in fig. 3.30. This consists of two separate meshes linked 
only by mutual inductance; corresponding ends of the coils are indicated by 
the dots (see section 1.10). Currents/! and/ 2 are assigned to meshes (1) and 
(2) as shown, and these have been chosen in a clockwise direction. 

For mesh (1) the self-impedance is (/?„ +jft>L!), and the voltage drop is 
(Ri +ju>L l )I 1 ; to this we must add, according to (3.64), the mutual 
inductance term j coMl 2 . Hence the mesh equation is 

(Ri +jo)L 1 )l 1 —j coMI 2 = V (3.66) 

The sign of the mutual inductance term follows from the dot convention 
discussed in section 1.10: if one assigned current enters a dotted end and the 
other leaves a dotted end, fluxes oppose and the mutual inductance term is 
negative. The voltage on the right-hand side of (3.66) takes a ( + ) sign 


Fig. 3.30. Mesh analysis of mutually-coupled circuits. 
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because the assigned current /, leaves the voltage source in the direction of 
the reference polarity arrow (working rule 2, section 2.3). 

For mesh (2) the voltage drop across the self-impedance is (R 2 +j a>L 2 )I 2 , 
and the mutual inductance term is — j a>MIi. There is no voltage source in 
this mesh so that the equation is 


—jcoM/j -F {R 2 "F jcoT^2 )^2 —0 


(3.67) 


Notice that the mutual inductance term in this equation is treated as a 
voltage drop (in conformity with (3.65)) and not as a source voltage, even 
though it is the e.m.f. due to the mutual inductance effect that causes current 
to circulate in mesh (2). It is clear from the circuit model discussed in section 
1.10.1, and illustrated in fig. 1.26, that it would be equally valid to write 
(3.67), ab initio, as 

(i?2 “F jcoi.21-^2 = jo)MIi 

where the term on the right is regarded as a source of voltage. However, the 
formulation (3.67) is more consistent with the equations of mesh analysis 
developed in chapter 2. 

We shall now use (3.66) and (3.67) to find the impedance of the complete 
circuit at the terminals AB, as seen from the voltage source. This impedance, 
called the driving point impedance, is discussed in more general terms in 
chapter 8. 


From (3.67) 

j coMli 


R 2 +)coL 2 

and substituting in (3.66) we obtain 



hence 



The impedance at AB is then given by 



Rationalizing the last term in this expression we obtain 
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or 


Z a b — 


R 1 + 


to 2 M 2 R 2 
R 2 2 + (cjL 2 ) 2 



(o 2 M 2 L 2 
R 2 + (a»L 2 ) 2 _ 


(3.68) 


Examination of (3.68) shows that if the mutual inductance between the two 
meshes is negligibly small the driving point impedance becomes identical to 
that of mesh (1) alone, that is, (Ri +\wLi). With increasing M, the effective 
resistance, as seen at the terminals AB (first term in brackets), is increased 
while the effective inductance (second term in brackets) is decreased. This 
result is unaffected by the relative winding directions of the two coils since 
the final expression contains M only as a squared term; the sign associated 
with M in the original mesh equations is therefore immaterial. 

Another frequently encountered network configuration involving 
mutual inductance is shown in fig. 3.31. In this the mutually coupled coils 
are connected in series. Taking voltage drops in sequence round the circuit, 
and with due regard for the dot convention, we obtain 

jcoL,/-jwM/+jmL 2 /-jcuM/= V (3.69) 


or 


jcu(L 1 +L 2 -2M)/= V 

This shows that the effective driving point impedance at AB is 

Z AB =]co(L l +L 2 -2M) (3.70) 

That is, the effective inductance is (L 1 + L 2 — 2 M). If the connections to one 
of the coils are reversed, the signs of the mutual inductance terms in (3.69) 
become positive and the effective inductance is then (L l + L 2 + 2M). 

These relationships provide the basis of a method for determining the 
mutual inductance between two coupled coils. Measurements are made, 
usually by means of an a.c. bridge method, of the effective inductance of 

Fig. 3.31. Series-connected coupled coils. 
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coils connected in series in the two alternative circuit configurations; first, 
with fluxes aiding and then with fluxes opposing. If these measurements 
yield effective values of, say, L 3 and L 4 (L 3 > L 4 ), then we have, according to 
the above theory, 

L 3 = L >i + “h 21V/ 

and 


L 4 — L>i "I - L 2 — 2M 

Combining these two equations gives 
4 M=L 3 —L 4 

hence, M is determined in terms of the measured values. 

We complete this discussion of inductively coupled circuits by consider¬ 
ing a useful circuit transformation that resembles in some ways the 
star-delta (T-?t) transformation discussed previously. This is the so-called 
T-equivalent of two coupled coils and is illustrated in fig. 3.32. Fig. 3.32(a) 
shows two coupled coils, similar to those shown in fig. 3.29, but with one 
corresponding end of each coil joined to form a common connection 
(terminal B). The circuit configuration shown in fig. 3.32(a) can be arranged 
to be electrically equivalent to fig. 332(b), so far as any external connections 
are concerned, by choosing suitable values for the inductances L a , L h and L c . 
The utility of this transformation lies in the fact that the inductances in fig. 
3.32(6) are separate and distinct having no mutual coupling between them, 
and this can lead to analytical simplification in some circuits of practical 
interest. 

To obtain the connecting relationships for the two circuits we consider 
the inductance that appears at corresponding terminal pairs (the remaining 


Fig. 3.32. The T-equivalent of two coupled coils. 


C A' L a L b c 



-o O- 

B B‘ 

L a = L,-M; L\y=-L 2 -M ;L C = M 


(a) ( b) 


Q 05 












146 Alternating current circuits 


terminal being open circuit). For equivalence we therefore require the same 
inductances at AB and A'B\ hence, 

Li —L a + L c 

Similarly at CB and C'B' 

L 2 = L b + L c 

Also, using similar arguments to those leading to (3.70), we have at AC and 
AC' 


Li + L 2 — 1M — L„ + L b 

Combining and rearranging these equations we obtain: 

L a = Li — M; L b = L 2 — M; L C = M (3.71) 

If non-corresponding ends are joined at B, the connecting equations 
become: 


L a = L t + M; L b =L 2 + M; L c =-M (3.72) 

A final point to note is that although the circuit transformation illustrated 
in fig. 3.32 has here arisen in connection with a.c. circuits, it is valid for 
source excitations of any form. 

3.13 Resonant circuits 

3.13.1 Losses in inductors and capacitors 

(a) Inductors 

A practical inductor consists typically of a length of wire wound 
into the form of a coil to enhance the self flux linking effect and therefore the 
inductance. The wire will possess some resistance so that it is natural to 
think of an inductor as having a lumped linear circuit model of the form 
shown in fig. 3.33(a). It might be supposed that the resistance r could be 
regarded as a fixed characteristic parameter, but it is found that to describe 
satisfactorily the electrical behaviour of an inductor, it is necessary to adjust 
the value of r according to the frequency at which the inductor is to operate. 
The reason for this is that the power loss in an inductor arises with 
increasing frequency because of eddy currents induced in the wire itself. The 
net effect of this is to cause the current in the wire to concentrate near the 
surface, producing the so-called ‘skin effect’ and thereby increasing the 
conduction loss (see reference 6). 

Eddy currents induced in any conducting material in proximity to the 
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inductor, for example a screening can, will also contribute to the losses, as 
will hysteresis losses in any magnetic materials that may be present. All 
these sources of loss affect the value of r to be ascribed to the circuit model. 

The effective inductance will also vary with the frequency because of stray 
capacitances between turns of the coil. We must conclude therefore that the 
constants L s and r in the circuit model of fig. 3.33(a) are true only for one 
particular frequency, or at best for a narrow band of frequencies. 

We shall see later in our study of resonant circuits that there are good 
reasons for making inductors as loss free as possible; in terms of the circuit 
model, this implies that for a given value of L s , r should be as small as 
possible. We find it convenient therefore to take as a measure of the 
excellence of an inductor the dimensionless ratio coLJr, where L s and r are 
values appropriate to the particular angular frequency co at which the 
inductor is to be operated. This ratio is termed the quality factor or ^-factor 
of the inductor. Thus, by definition, 


c oL s 


Reactance 


(3.73) 



r 


At radio frequencies the (7-factor of an inductor may typically be of the 
order of 100, and when Q is this large, certain approximations may be made 
in the theory of resonant circuits which greatly simplifies their analysis. 
Furthermore, we are generally concerned with only narrow bands of 
frequency which means that Q can be regarded as being substantially 
constant. 

Although the series circuit model shown in fig. 3.33(a) is the most natural 
representation for an inductor, it is often analytically convenient to use the 
parallel representation shown in fig. 3.33 (b). The series and parallel 
representations will both uniquely describe the electrical behaviour of a 
linear inductor at one particular frequency if they both present the same 
complex impedance at their terminals at that frequency. The transform¬ 
ation relations may therefore be derived by equating complex impedances. 

Fig. 3.33. Lumped circuit models for an inductor. 
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For fig. 3.33(a) the impedance is r+jcoL s ; for fig. 3.33(5) the impedance is 
)u>L p //R, thus, 


r+jcoL s = 


}coL p R 
R + jcoLp 


Rationalizing the right-hand side of this expression gives 


r+jo)L s - 


jo)L p R(R—jcoLp) 
R 2 + (cuLp) 2 


w 2 L 2 R L P R 2 

R 2 + (coL p ) 2 +i( °R 2 + (coL p ) 2 


and by equating real and imaginary parts we obtain 


(o 2 L p 2 R 
R 2 + (<x>L p ) 2 

and 


o)L p R 
R 2 + (coL p ) 2 


(3.74) 


(3.75) 


Dividing (3.75) by (3.74) gives 


coL s R 
r coL p 


=Q 


(3.76) 


Equation (3.76) provides an alternative definition of the Q-factor: the 
ratio of the equivalent parallel resistance of the inductor to its equivalent 
parallel reactance. 

Now (3.74) and (3.75) may be re-written in terms of Q, thus, 


R R R 

r ~ R 2 -W+i~& 

co 2 L p 2 + 1 

and 


(6 2 >D 


(3.77) 


<wL s = - 


coL„ 


1 +- 


c o 2 L„ 


R 2 


o)L p 

*4 


—0)L P (Q 2 > 1) 


(3.78) 


We see from these relations that, in the transformation from series to 
parallel equivalent form, the inductance remains substantially unchanged 
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but that the resistance is altered by a factor equal to Q 2 . 
write, to a very good approximation, 

Hence we may 

L S = L P = L 

(3.79) 

and 


R = Q 2 r 

(3.80) 

(b) Capacitors 

Power loss in a capacitor arises because of leakage and other effects in the 
dielectric between the plates and because of resistance in the plates 
themselves. To account for leakage, it is natural to model the capacitor by 
the parallel combination of fig. 3.34(a). However, as for the inductor, losses 
from all sources can be accounted for, at one frequency, by either a series or 
a parallel model. A similar procedure to that carried out above for the 
inductor leads to the following relations: 

n Reactance l/coC s 

Series resistance r 

(3.81) 

R ^Parallel resistance^ 

1/coCp V Reactance / 


c s =c p =c 

(3.82) 

and 


R = Q 2 r 

(3.83) 


The quality of a capacitor can also be expressed in terms of the phase 
angle <j> between current and applied voltage (fig. 3.35). For a pure 
capacitance the phase angle is 90° but any losses cause a reduction in the 
phase angle by a small amount (angle <5 d in the diagram). It is usual to take 
the cosine of the phase angle as a suitable measure of the losses since this is 


Fig. 3.34. Lumped circuit models for a capacitor. 



R 


( a ) Parallel model 


(b ) Series model 
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the factor by which the product VI must be multiplied in order to calculate 
the power dissipated in the capacitor. We call this the power factor (see 
section 4.4). 

Figs. 3.35(h) and (c) show the phasor relationships appropriate to the 
parallel circuit model of fig. 3.35(a). The two components of the total 
current I are I r ( = V/R) flowing through R , and / r ( = F/(l/coC)) flowing 
through C. Hence, 

V/R 1 

Power factor=cos</> = -7——— -= — , . =-7—— , — — ^ 

V[(K/K) 2 + (coCF) 2 ] V[1 + (o>CK) 2 ] 

(3.84) 

But, for a good quality capacitor, a>CR > 1, therefore. 


Power factor=cos<h =-=— 

Y coCR Q 


(3.85) 


We see that there is a simple reciprocal relationship between power factor 
and {2-factor. Precisely the same relationship may be derived on the basis of 
the series circuit model of fig. 3.34(h). 

In the type of capacitor commonly used in resonant circuits at radio 
frequencies, the losses occur mainly in the dielectric material of the 
capacitor; the greater these dielectric losses, the greater the angle <5 d in fig. 
3.35(h). Consequently, the angle <5 d is sometimes referred to as the loss-angle 
of the dielectric. This loss-angle can be determined for a dielectric material 
by making measurements on a capacitor containing the dielectric using an 
a.c. bridge technique. By this means the parameters R and C are found at a 
particular operating frequency u> and the loss-angle may then be calculated 
from the expression 


Fig. 3.35. Phasor relationships for the parallel circuit model of a 
capacitor. The power factor of the capacitor is cosf, and the loss 
angle is <5 d . 
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(3.86) 


This expression is readily derived by considering the geometry of the phasor 
diagrams in fig. 3.35. 

3.13.2 The series resonant circuit 

When the frequency at which a circuit is excited is such that the 
reactances of individual inductive and capacitive elements are comparable, 
the branch impedances of the circuit change rapidly with change of 
frequency and so do the currents and voltages. The phenomena that are 
exhibited when this takes place are classed under the general heading of 
resonance, and the frequencies at which these phenomena occur are called 
the resonant frequencies. Of the many forms of resonant circuit the simplest 
is the series resonant circuit shown in fig. 3.36(a). This comprises an 
inductor, a capacitor and a practical voltage source, all connected in series. 

The losses of the inductor and capacitor are represented by r L and r c 
respectively, while r s includes the resistance of the source together with any 
other resistances that may have been included in the circuit for any purpose. 
(The current in a series resonant circuit may be monitored, for example, by 
using an oscilloscope to detect the voltage developed across a small-value 
resistor connected into the circuit.) For the purposes of analysis, the 
separate resistances may be represented by a single equivalent resistance r 
as shown in fig. 3.36 (b). 

The impedance of the circuit is r+j(cuL— 1/coC) hence the current is 
given by 


Fig. 3.36. The series resonant circuit. 
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r+jl ojL- 


1 

coC 


(3.87) 


The magnitude of the current is therefore 
V 


/ = 




(3.88) 


and the phase angle <j) of the current with respect to the voltage is given by 
.jfcoL— 1/cuC) 


0= — tan" 


(3.89) 


Let us now consider the situation where the voltage of the source is 
maintained at a constant value whilst the angular frequency is varied. Fig. 
3.37 illustrates how the inductive and capacitive reactances, and their 
difference, vary with frequency. Clearly there is an angular frequency 
co =co 0 at which the total reactance of the circuit is zero. This occurs when 


c o 0 L = 


1 

co 0 C 


Fig. 3.37. The reactance of a series resonant circuit as a function of 
angular frequency co; co 0 is the frequency at which current resonance 
occurs. 
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or 


0,0 "V^C) 


(3.90) 


At this frequency the circuit is purely resistive and the current has a 
maximum value / 0 = V/r. The circuit is said to exhibit current resonance and 
a> 0 /2n is called the resonant frequency. (We shall see later that other 
definitions for the resonant frequency of a series circuit are possible.) 

The magnitude and phase of the current, given respectively by (3.88) and 
(3.89), are shown plotted as functions of angular frequency (in the vicinity of 
m 0 ) in fig- 3.38. 

At frequencies below resonance the capacitive reactance is greater than 
the inductive reactance and the circuit is therefore predominantly capacit¬ 
ive. In consequence the current leads the source voltage, the angle of lead 
increasing asymptotically to the value n/2 with decreasing frequency. 
Above resonance the circuit is inductive and the current lags the source 
voltage. 

The shape of the resonance curves shown in fig. 3.38 are governed by the 
relative values of the reactance and the resistance of the circuit and we now 
define a quality factor Q 0 , applicable to the complete resonant circuit, 
which enables us to describe in a succinct fashion the shapes of the 
resonance curves and other properties characteristic of the resonant circuit. 
The quality factor Q 0 of the complete circuit is defined by: 


„ o) 0 L_ 1 

Mo- -=— -pr 

r a> 0 Cr 

Now r = r s +r L + r c , therefore, 


(3.91) 


= _mo L_ = 
° r s + r L + r c 


1 /CQpC 

fs + r L + rc 


(3.92) 


and 


1 

Q<> 


r c 


= ^- + ^ +_ 

(o 0 L c o 0 L l/a>oC 


that is 


1 _ i 1 1 

Qo Qs Ql Qc 


(3.93) 


where Qs=a> 0 L/r s , and Q L and Q c are the quality factors of the inductor 
and capacitor respectively at the resonant frequency. Thus, given the 
quality factors of each component separately, and a knowledge of the 
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source resistance, the quality factor of the complete circuit may be found 
using (3.93). In most practical resonant circuits the quality factor of the 
capacitor is much greater than that of the inductor and Q 0 depends mainly 
on Q s and Q L . It must be remembered that although the quality factor for 
the complete circuit is defined strictly at the resonant frequency, it is 
substantially constant over the narrow band of frequencies with which we 
are concerned in the theory of resonant circuits. 

We now take as a measure of the sharpness of the resonance peak (that is, 


Fig. 3.38. Variation of magnitude and phase of the current in a series 
resonant circuit in the vicinity of resonance. 
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the sensitivity of the current amplitude to changes in frequency above and 
below co 0 ), the increment of frequency between the two points at which the 
amplitude of the resonance curve (fig. 3.38(a)) falls to 1/^/2 of its peak value. 
The frequencies at these two points are designated oj 1 and co 2 . 

At these frequencies the power dissipated in r is just half the power 
dissipated when (o=co 0 , and they are referred to as the half-power 
frequencies. The frequency increment oj 2 — oj i is called the half-power 
bandwidth or, simply, the bandwidth. 

Rewriting (3.88) we obtain 


1 = 


V/r 




(3.94) 


But at the half-power frequencies f/f 0 = 1/^/2 thus, the denominator in 

(3.94) is equal to and it follows that 


or 


oj 2 L — 


1 

c o 2 C 


= r 


“'-L " ! “LC =0 


Similarly 


1 


c o^C 


- 0 } l L = r 


or 


(Ol+-CO i 



Hence 



(3.95) 

(3.96) 


Therefore, in terms of the angular frequency, the bandwidth is given by 
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r r 

w 2 -(Oi= t =03 0 —— 
L (DqL 


C0 0 

Qo 


In terms of the resonant frequency f 0 =(D 0 /2n: 


Bandwidth = — Hz 
Qo 


(3.97) 


(3.98) 


A circuit having a large Q-factor (described as a high-Q circuit) has a 
small bandwidth; for a low-Q circuit the bandwidth is large. In fig. 3.38(a) 
the resonance curve is shown as being substantially symmetrical about o» 0 , 
but detailed examination of (3.88) shows that the curve starts at the origin 
with zero amplitude and falls to zero again only at a theoretically infinite 
frequency. Considered over all frequencies the resonance curve is not 
therefore symmetrical, although near resonance the slight departure from 
symmetry is not normally noticeable. 

Multiplying (3.95) by (3.96) we obtain, after some manipulation and 
reduction, 

a> 1 (o 2 =(Oo 2 (3.99) 


Thus, we see that the resonant frequency is the geometric mean of the half¬ 
power frequencies, and it follows that (a> 0 ~<Wi)#(ta2~ &>o)- However, as 
the bandwidth decreases with increasing Q, the geometric mean and the 
arithmetic mean approach the same value; for most practical purposes the 
half-power frequencies can be considered as being symmetrically disposed 
about co 0 . 

As indicated in fig. 3.38(h), at the half-power frequencies the phase of the 
current with respect to voltage is just ± n/4. This follows from (3.89) and the 
fact that at these frequencies the net reactance is equal to the resistance. 

An important property of the resonant circuit arises from the fact that the 
voltages developed individually across the inductor and the capacitor, at or 
near resonance, can be many times larger than the voltage of the source 
itself. (The sum of the voltages across the capacitance and inductance in the 
circuit of fig. 3.36(h) is, of course, zero at resonance since these voltages are 
of equal magnitude and opposite in phase.) An expression for the voltage V c 
across the capacitor at resonance may be obtained by taking the product of 
the magnitude of the current at resonance and the impedance of the 
capacitor, that is, 



V 

ra> 0 C 


for 


1 

CD 0 C 


>r c 
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or 


Vc=VQ 0 (3.100) 

We see that the magnitude of the capacitor voltage is approximately Q 0 
times the source voltage. For this reason Q 0 is also known as the circuit 
magnification factor. 

When energy is taken from a mains power line, which represents a source 
of practically zero resistance, a resonant circuit can produce dangerously 
high voltages. Suppose, for example, V = 240 volts, r = 40 ohms, and /= 50 
hertz (a) = 2n x 50 = 314 radians/s), L= 1 henry: a capacitor of about 10 
microfarads will cause resonance. The current at resonance is 240/40 = 6 
amps, and the reactance of the capacitor is 1/(314 x 10” 5 = 318 ohms. The 
voltage across the capacitor is then approximately 6x318 = 1908 volts. The 
same voltage appears across the inductor. 

The situation is different when the source of energy has an appreciable 
resistance. A common type of low-frequency laboratory oscillator has an 
internal resistance of 600 ohms and a maximum output of about 30 volts. 
Even with a short circuit across its terminals this device can supply only 
about 0.05 amps. So for the same circuit and frequency considered in the 
preceding paragraph, the capacitor and inductor voltages could not exceed 
about 318 x0.05= 16 volts. 

The frequency selective and magnification properties of resonant circuits 
play an important part in all forms of telecommunications equipment, and 
we have seen that these properties can be neatly described by means of the 
quality factor. When, for instance, a resonant circuit is used in a broadcast 
receiver to select one station from among many others, it is important to use 
a high -Q circuit so that adjacent stations are not also received at the same 
time. This situation is illustrated schematically in fig. 3.39. Each broadcast¬ 
ing station transmits information over a narrow band of frequencies Aat 
(typically 6kEIz on the medium wave a.m. broadcasting band of 
0.5-1.5 MHz). 

Let us suppose that the resonant circuit of a receiver is ‘tuned’ so that its 
resonant frequency u> 0 coincides with the centre frequency of the Aoj 2 band 
transmitted by station 2. Using a high-Q circuit means that the response to 
stations 1 and 3 will be negligible because these frequency bands coincide 
with parts of the resonance curve where the response has fallen practically 
to zero. A low-Q circuit, on the other hand, will be unselective and allow 
stations 1 and 3 to be received also. A high quality factor is, therefore, a 
desirable property for this type of application, but it must also be 
remembered that if the resonant circuit is given too high a quality factor 
(dotted line in fig. 3.39), wanted frequencies in the selected signal will be 
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attenuated and information will be lost. It should be stressed that the 
situation shown in fig. 3.39 is highly simplified; in practice not one but 
several resonant circuits would be used in a broadcast receiver, each tuned 
to a slightly different frequency so as to achieve an overall response tailored 
to meet the requirements of a particular broadcasting band. 

So far we have considered the criterion for resonance in a series circuit as 
being the frequency for which the current rises to its maximum value. 
However, in many cases it is the voltage developed across the capacitor that 
is of interest. At first sight it might be expected that since the capacitor 
voltage is the product of current and impedance, this too would rise to a 
maximum at the same frequency co 0 given by (3.90). We now show that this 
is very nearly but not quite the case. 

To find the critical frequency at which the voltage V c across the capacitor 
reaches its maximum value we express V c as a function of to, making the 
simplifying assumption that the losses in C are small and that r c can 
therefore be neglected. We then have 


Fig. 3.39. Use of a resonant circuit in broadcast reception. 



co 


co 







Resonant circuits 


159 


Vc 1 (oC 


r 2 + l o>L~ 
ojC 


1 

c oC 


This is a maximum when 


(O' 


■c 2 




(3.101) 


is a minimum. Expanding (3.101), differentiating with respect to u>, and 
equating to zero; we find that V c is a maximum when <o-co 0 ' such that 


(Oo 


1 


\JLC 


2 L 


or 






(3.102) 


It is clear from this expression that, if Q is large (Q ^ 10), co 0 and cu 0 are very 
nearly the same. 

The reason for this slight difference between the values of co correspond¬ 
ing to maxima of / and V c will be apparent if we consider the shape of the 
resonance curve of fig. 3.38(a) in the vicinity of its maximum. 

Fig. 3.40 shows the top of the resonance curve, on an enlarged scale, 
together with a curve depicting the variation of the reactance of the 
capacitance. F rom (3.94) we see that, over the range of frequencies for which 


Fig. 3.40. Variation of current and capacitive reactance near resonance 
in a series resonant circuit. 
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I coL-— < r, the current / is virtually equal to V/r and is independent of 

V o>Cj 

frequency; in other words, the curve is rather flat. Thus, although / is a 
maximum at co 0 we shall get a higher value of V c by going to a slightly lower 
value of w, where the current has not decreased appreciably and the 
reactance of the capacitor is slightly larger. 

In the whole of the above theory it has been assumed that the circuit 
parameters L and C are fixed and that the circuit is being brought to 
resonance by varying the angular frequency co of the source. However, in 
broadcast reception, it is nearly always the capacitor that is varied to bring 
the circuit to resonance at a particular incoming signal frequency. By 
differentiating (3.101) with respect to C as the variable, we find that in this 
case the capacitor voltage is maximum at a frequency given by: 



Other criteria for resonance may be found, giving slightly different 
resonant frequencies, depending on which quantity is being measured or 
detected and which parameter is being varied. The term resonance must 
therefore be taken to refer to a class of phenomena and not simply to a 
unique condition. When, however, the g-factor of the circuit is large 
(g^ 10), the different conditions for resonance are so nearly the same that 
for most purposes we need not bother to distinguish between them. 

It may have become apparent from the discussion so far that fig. 3.38 
represents in a general way the behaviour of any series RLC circuit. Rather 
than having curves that apply to circuits with specific component values, it 
is useful to construct universal curves in which the quantities plotted are 
dimensionless ratios. The first step toward obtaining such curves is to define 
a new dimensionless quantity S, the fractional mistuning: 

d= (o z coo (<5<|1) (3.103) 

co 0 

This quantity allows us to effect a considerable simplification in the 
equations describing the behaviour of a circuit near resonance. Re-writing 
(3.87) we obtain an expression for the current in the series resonant circuit 
expressed as a dimensionless ratio: 


I 

To 


l 



r 



(3.104) 
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Now remembering that co 0 2 = l/LC and that Q 0 =a> 0 L/r, the term 
(coL — 1/coC) in the denominator of (3.104) may be written 

1 ( 1 

" L_ ^c =L r-^Lc 


(0} CO 0 \ 

Wo to / 


— 0}qL 


But from (3.103) co/co 0 = 1+ 5 hence 

coL —!—= ca 0 L[l +5 —(1 + <5)" 1 ] 
coC 


(3.105) 


«a> 0 L[l +<5 —(1 — <5)3 
or to a very good approximation, 

oiL - —=2co 0 L5 

oiC 

Using this result in (3.104) we have, near resonance, 


/ 1 



or in terms of the Q-factor 

f 1 

Io 1+j2Qo5 

The magnitude of I/I 0 is 
I 1 

T 0 ~J[1 + (2Q o S) 2 1 


(3.106) 


(3.107) 


(3.108) 


Then, if we plot I/I 0 versus Q 0 S we obtain the universal resonance curve. 
Similarly, a graph of tan “ 1 (— 2Q 0 d) yields a curve showing the phase of the 
current as a function of Q 0 6. The half-power frequencies are those for which 
Q 0 S = 1/2. Fig. 3.41 shows such universal curves derived from (3.107). They 
should be compared with figs. 3.38(a) and ( b ). 

Alternative dimensionless representations of the series resonant circuit 
characteristics may be obtained by using the rationalized form of (3.104). 
Thus, the real and imaginary components of I/I 0 may be plotted against 
Q 0 S as shown in fig. 3.42. 
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It should be noted that the simplification achieved by the use of the 
fractional mistuning parameter <5 in the equations describing resonance 
with frequency as the variable, can also be achieved when some other 
parameter in the circuit is varied. For example, if the circuit is being brought 
to resonance by varying C, at a fixed u>, we may write 8 = (C — C 0 )/C 0 , 
where C 0 is the capacitance required for resonance. In this case, instead of 

the approximation (3.106), we obtain (toL—--) = <5/aoC 0 - 


Fig. 3.42. Universal resonance curves: real and imaginary components. 
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3.13.3 The parallel resonant circuit 

The basic form of the parallel resonant circuit is shown in fig. 3.43. 
The inductor and capacitor are in this case represented by their parallel 
equivalents and the circuit is driven by a practical current source. As shown 
in fig. 3.43(h). the three parallel resistances may be combined to form a 
single resistance R (or conductance G = l/R). The voltage V across the 
circuit is given by 


V= 


L 


G+jl coC 


coL 


(3.109) 


Comparing this equation with the corresponding equation for the series 
resonant circuit (3.87), we recognize that the two circuits are duals; with the 
appropriate change of symbolism, therefore, the theory developed for the 
series resonant circuit applies in its entirety to the parallel resonant circuit. 
The frequency at which voltage resonance occurs in a parallel circuit is the 
same as that for current resonance in a series circuit (both containing the 
same L and C), namely, co 0 = 1 A/(LC), the curves of V and phase angle 
versus co are similar to those in fig. 3.38, and the universal resonance curves 


Fig. 3.43. The parallel resonant circuit. 
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of fig. 3.41 likewise apply if the dimensionless ratio V/V 0 is used instead of 
I/I 0 . The parallel resonant circuit exhibits current magnification ; the 
current in either L or C of fig. 3.43 being Q 0 times the current delivered by 
the source. This phenomenon is of importance in the type of resonant 
circuit used in the output stage of a broadcast transmitter. The very heavy 
currents circulating in such a circuit (the so-called ‘tank’ circuit) necessitate 
the use of massive water-cooled conductors. 

The principle of duality renders it unnecessary to discuss the parallel 
circuit of fig. 3.43 in any greater detail, however, we conclude by considering 
a special case of practical interest for a parallel circuit in which the only 
significant losses arise in the inductor. In this case the inductor may be 
represented conveniently by means of its series model, as shown in fig. 3.44. 
The admittance across the source is 



r—j((oL — a>C(r 2 +<x> 2 L 2 )) 
r 2 + co 2 L 2 


(3.110) 


Then 



(3.111) 


Y s \_r —](o)L — <x>C\r 2 + <x> 2 L 2 )) 


For this circuit, zero phase angle (indicating that the circuit is a pure 
conductance) and the maximum value of V do not occur at exactly the same 
frequency. If we define resonance as the conditions for which V and I s are in 
phase, then the imaginary part of the denominator in (3.111) must be zero. 


Fig. 3.44. Parallel resonant circuit with lossless capacitor. 
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The resonant frequency is then found from 
a» 0 L = co 0 C ( r 2 + co 0 2 L 2 ) 
which gives 



So the resonant frequency defined in this way differs from the previous 
definition by the factor - \/Q 0 2 ), but for Q 0 ^ 10, co 0 and coo differ by 
less than 1 %. 

Equation (3.112) shows that if r 2 C>L, a> 0 becomes imaginary. For this 
condition, corresponding to Q < 1, there will be no frequency for which V 
and I s are in phase. Of course, as Q decreases below the numerical value of 1 
the assumptions made in the preceding derivation become less valid. For 
example, if Q 0 = 2, then from (3.112), co 0 =co ON /(l - i)=0.87a> 0 - It is not 
usually the practice to use coils at frequencies so high that the Q-factor of 
the coil has a value much below 1. 

The impedance Z 0 of the circuit at resonance may be found from (3.110) 
by putting the imaginary term equal to zero with cd=(d 0 thus 

r 2 + (o} 0 L) 2 , (co 0 L) 2 

Z 0 =-=r +- 

r r 


But from (3.112), 

(co' 0 L) 2 =^-r 2 


hence 



The quantity L/Cr, which is called the dynamic resistance, may be also 
expressed in terms of the Q-factor: 


L Qo 

Dynamic resistance = - = Q 0 (d 0 L =—— 
Cr a> 0 C 


(3.113) 


3.13.4 Worked example 

A coil and a variable capacitor are connected to a voltage 
generator to form a series resonant circuit. The coil has an inductance of 
0.2 mH and a Q-factor of 150; the power factor of the capacitor is 4 x 10“ 4 
The frequency of the voltage generator is 1 MHz, its internal resistance is 
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2 ft, and its unloaded output voltage is 2 V. Find (a) the value of the 
capacitor required to tune the circuit to resonance, (b) the effective 
resistance and (^-factor of the complete circuit at resonance, (c) the complex 
voltage across the inductor both at the resonant frequency and at a 
frequency 10 kHz above resonance. 

Solution 

(a) At the resonant frequency of 1 MHz we have from (3.90) 


° J ° J(LC) 


= 2nx 10 6 


therefore, 


C- (2rcxl0 6 ) 2 x 0.2x10- 3 1265 PF 

(b) At 1 MHz the reactance of the inductor is 
(o 0 L = 2nx 10 6 x0.2x 10“ 3 = 1256ft. From the definition of Q-factor 
(equation (3.73)) we have 

® £ L = 1256 = l50 
r L r L 

hence 


r ‘- i ^- 8 ' 373n 
For the capacitor, using (3.85), 

ec =_i_=—— 

power factor 4 x 10 


= 2500 


but 


1/»oC_1256 _ 2;00 
r c r c 


hence 


1256 

2500 


=0.502 ft 


The total resistance of the circuit is therefore 


r = r L + r c +r s =8.373 +0.502 + 2.0 = 10.875 ft 


From the definition (3.91), the Q-factor for the complete circuit is 
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Qo = 


co 0 L 1256 


= 115.5 


10.875 

Alternatively the (Mactor of the complete circuit may be found using (3.93): 

1 _ 1 1 1 

Qo Qs Ql Qc 

In this expression 

co 0 L 1256 
O s = — = —— = 628, 

^ r s 2 


hence 


1 _ 1 1 1 
(h ~ 628 + 150 + 2500 


giving 

Qo = 115.5 as before. 

(c) The complex voltage across the inductor is given by 
V L =*l{r L +}o>L) 

where 


/ = 


r+j 0 )L — 


coC 


V 

r+j2co 0 LS 


using the approximation (3.106) involving the fractional mistuning 5. We 
note that the (7-factor of the inductor is high hence r L <^u>L. For frequencies 
near resonance the above expressions may therefore be written more simply 
as 


y L — 


r 


i i ]f°° L sj ( l+ i 2 Qo d ) r 


or 

„ m, 

- 

1 +j2Q 0 <5 


At resonance the fractional mistuning <5=0, hence, 
V L =j2 x 115.5 =j231 =231^90 
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That is, the magnitude of the voltage across the inductor is 231V leading 
the generator e.m.f. by 90°. 

At 10 kHz above resonance, <5 = 10x 10 3 /10 6 = 10“ 2 , hence 

j2x 115.5 j231 

1 +j(2 x 115.5 x 10“ 2 )“l+j2.31 

5 ^= 91 . 66/90 = 6 ^ 6 - 91.77314 


V L = 

V L = 


f3.13.5 Definition of Q-factor in terms of stored energy 

The phenomenon of resonance in an electrical circuit involves the 
continuous interchange of energy between the inductances and capacit¬ 
ances in the circuit, and during this interchange some energy is lost in the 
resistances of the circuit. Taking as a specific example the series resonant 
circuit of fig. 3.36 the current at resonance is / 0 = V/r, therefore, the power in 
r is ( V/r) 2 r . The energy dissipated per cycle is then given by 

(V_V 2n 2nV 2 
\r) cu 0 rco 0 


Now the maximum energy stored in the inductor is, from (1.42), 



therefore, 


2n (Maximum energy stored) _w 0 L 
Energy dissipated per cycle r 


(3.114) 


This definition of the quality factor, although derived for a special case, is 
of general application. It can be applied to mechanical and acoustical 
vibrating systems as well as to more complicated electrical ones. 


f3.13.6 Multiple resonance 

Networks containing combinations of more than two independent 
reactive elements can resonate at more than a single frequency; a 
phenomenon known as multiple resonance. Three examples of such circuits 
are shown in fig. 3.45. For the purpose of this discussion it is easier to 
consider the components in these circuits as being lossless so that the 
resonant frequencies may be deduced from consideration of the reactances 
only. The results so obtained will be substantially correct provided the Q- 
factors of the components exceed 10 or so. 
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Considering first the circuit of fig. 3.45(a), this consists of two sections: 
first the inductance L l with reactance X it second the parallel resonant 
circuit, formed by L 2 and C l5 with reactance X p . The variation of reactances 
X t and X p is shown in fig. 3.46. The curve of reactance X j with frequency is, 
of course, a straight line through the origin (fig. 3.46(a)). The reactance X p 
(fig. 3.46(6)) is zero at u> =0, because the inductance L 2 forms a short circuit, 
and is asymptotic to zero at w->oo because the capacitor forms a short 
circuit. Resonance occurs at some intermediate frequency co=co p where the 
reactance rises to a theoretically infinite value. The form of the variation of 
the reactance A r = (A r 1 + A r p ) for the complete circuit is obtained by 
combining the individual curves, as shown in fig. 3.46(c). It is seen that a 
second resonant frequency <w 2 occurs where the reactance of X j (inductive) 


Fig. 3.45. Circuits exhibiting multiple resonance. 
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Fig. 3.46. Variation of reactance in the circuit of fig. 3.45(a). 
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and the reactance X p (capacitive) cancel. The resonant frequency u> 1 = co p 
is unchanged. Similar behaviour is exhibited by the circuit of fig. 3.45(h) 
since this is the dual of the circuit in fig. 3.45(a); for the dual circuit, 
however, all the curves shown in fig. 3.46 must be interpreted in terms of 
susceptance rather than reactance. 

We now consider the circuit shown in fig. 3.45(c). This circuit again has 
two sections: L 2 and C 2 forming a parallel resonant circuit with resonant 
frequency to p , and L l and C l forming a series resonant circuit with resonant 
frequency co s . The variation of the total reactance X = (X s + X p ) of this 
circuit is indicated by the solid line in fig. 3.47, which is obtained by 
combining the curve for the series circuit (fig. 3.37) with that for the parallel 
circuit (fig. 3.46(b)). We see that the complete circuit resonates at three 
different frequencies: at co 1 and co 3 the reactance is zero, and at co 2 ( = (o p ) 
the reactance is infinite. The curves have been drawn on the assumption 
that <u s < (« p but it is easy to see that the same conclusions will apply for the 
conditions co s ^ io p . Three resonant frequencies will always occur, the two 
frequencies for which the reactance is zero lying on either side of the 
frequency for which the reactance is infinite. 

Expressions for the resonant frequencies co 1 , co 2 , co 3 , are now derived in 
terms of the circuit parameters. The driving-point reactance function of the 
circuit in fig. 3.45(c) is 

X = X S + X P 


Fig. 3.47. Variation of reactance in the circuit of fig. 3.45(c). 









172 Alternating current circuits 




In this equation the numerator is a quadratic in co 2 . If to^ and co 3 2 are 
solutions of this, we may write: 


(co 2 -cd 1 2 )(o) 2 -co 3 2 ) 

y-(C0 2 —CD2 2 ) 


(3.115) 


where co 2 2 = 1 /L 2 C 2 . 

The expression (3.115) shows that the reactance function X is zero at 
0 )=®! and at co=u> 3 , and that it is infinite at co=(o 2 . We describe this by 
saying that zeros of X occur at and u> 3 , and that a pole occurs at co 2 . It 
will be observed that a pole also occurs at the origin (co=0) for this circuit. 
Poles and zeros are indicated by the crosses and circles on the co-axis in figs. 
3.46(c) and 3.47. 

Circuits of greater complexity give rise to a greater number of poles and 
zeros but the driving-point reactance (or susceptance) function of a circuit 
always conforms to the general pattern of behaviour described above and 
which is illustrated in fig. 3.48. The slopes of the curves of reactance or 
susceptance are everywhere positive, and poles and zeros occur alternately 
along the frequency axis. If there is a continuous path through the circuit 
from terminal to terminal formed by one or more inductive elements (as in 
fig. 3.45(a)), then a zero occurs at the origin, otherwise there is a pole. 
Likewise, if there is a continuous path formed by capacitive elements, there 
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is a zero at <x> = oo, otherwise there is a pole. The alternative possibilities of 
either a pole or a zero occurring at the extremes of frequency is indicated in 
fig. 3.48 by the dotted lines. Note, however, that whatever happens at these 
extremes does not change the alternating pattern of poles and zeros. The 
poles and zeros other than those at the two extremes are called the internal 
poles and zeros, and it may be shown rigorously that the driving-point 
reactance function is uniquely specified, apart from a vertical scaling factor, 
by the location of its internal poles and zeros. If the value of the function at a 
single frequency is also specified thus determining the scaling factor, then 
the function is completely specified. This is known as Foster's reactance 
theorem (see reference 2). It is useful for the purposes of synthesizing 
networks having specified characteristics. 

f3.13.7 Inductively coupled resonant circuits 

In telecommunications equipment, radio receivers for example, 
high-frequency signals are amplified by means of active devices such as 
transistors. The signals usually occupy a relatively narrow frequency band 
disposed about some large central frequency, and to amplify this narrow 
band it is usual to employ tuned coupling networks between successive 
stages of amplification. Such networks often take the form of two 
inductively coupled coils each coil forming part of a resonant circuit. A 
typical arrangement is shown in fig. 3.49. In this circuit the output of the 
transistor is represented by a practical current source. Coupling to the next 
stage is achieved by means of L u L z and M, which together constitute a 
radio-frequency or high-frequency transformer. 


Fig. 3.48. Poles and zeros of a driving-point reactance (or susceptance) 
function. (Internal poles and zeros are indicated by arrows.) 
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The frequency response characteristic of the complete circuit is governed 
by the frequencies to which the primary and secondary circuits are tuned, 
their (^-factors, and the degree of coupling between them. Tuning is 
achieved by fine adjustment of the values of the capacitors or inductors; the 
mutual inductance is usually fixed once the designer has decided upon a 
suitable value. 

If we apply a variable frequency drive voltage of constant amplitude to 
the input of the circuit of fig. 3.49, with the primary and secondary circuits 
tuned to the same resonant frequency, we observe an output voltage of the 
form shown in fig. 3.50. Here we see curves for three different values of the 
mutual inductance. When the mutual inductance is very small, the normal 
type of resonance curve with a single peak at the resonant frequency is 


Fig. 3.49. Basic circuit for one stage of a tuned radio-frequency 
amplifier. 



Transistor R-F Transformer 

output circuit 


Fig. 3.50. Curves of output voltage as a function of frequency for the 
circuit of fig. 3.49 with mutual inductance (or coupling coefficient) as a 
parameter. M c is the critical value of mutual inductance. 
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observed. As the mutual inductance is increased the peak of the curve rises 
until a critical value is reached when no further increase is obtained, instead 
the peak splits into two separate peaks which move further apart as the 
mutual inductance is increased beyond the critical value. This phenomenon 
is known as double-humping. 

For reasons that will become apparent it is convenient to express the 
degree of coupling in terms of the coupling coefficient k = M/ y /(L 1 L 2 ). The 
critical value for the coupling coefficient is approximately 0.01, when the Q- 
factors of the primary and secondary circuits are of the order 100. 

We shall now proceed to investigate the behaviour of this circuit 
analytically but in order to do so we first simplify the circuit by applying the 
Thevenin-Norton transformation to the left-hand portion of the circuit 
consisting of the current generator and the capacitor. When this is done we 
obtain the circuit shown in fig. 3.51 in which R t accounts for both the 
primary coil loss-resistance and the output resistance of the transistor. R 2 
accounts for all loss resistance in the secondary circuit. The circuit now 
consists of two separate series resonant circuits coupled by the mutual 
inductance. It will be sufficient for our purpose to solve for the current I 2 
since for small frequency changes about resonance, the output voltage will 
be very nearly proportional to the modulus of this current. Using a 
procedure similar to that established in section 3.12 we obtain by mesh 
analysis: 

for the primary circuit 



and for the secondary circuit 



Fig. 3.51. Circuit model for fig. 3.49. 
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Putting AT X =1 coLi 



dulus of I 2 we obtain 


and solving for the mo- 


h = 


R i X 2 + R 2 X l 
o)M 


+ a )M + 


RjR 2 X \X 2 
(oM wM 




(3.116) 


Now consider the denominator of this expression at the resonant 
frequency; both X x and X 2 will be zero since primary and secondary 
circuits are tuned alike to the same frequency. In this case (3.116) reduces to 


h = 


V 


co 0 M + 


RiR 2 

co 0 M 


Regarding M as the variable parameter we see that there will be a 
minimum value of the denominator, and therefore a maximum in I 2 , when 
M is equal to a critical value M = M c such that 


d 

d M 


. co 0 M+ 


\ 


RiRi \ 

co 0 M/ 


=0 


that is when (o 0 2 M c 2 =R i R 2 


The above relationship may be expressed alternatively in terms of the 
coupling coefficient /c c = M C / N /(L 1 L 2 ). We have in this case 

a) 0 2 M c 2 =o) 0 2 k 2 L l L 2 = R l R 2 


or 


K 


2 


RjRz 

« 0 2 LiL 2 


Recalling our definition of g-factor (3.91) this may be expressed as 


fc c = 


1 

yJ(QlQl) 


(3.117) 


where Q x and g 2 are the quality factors of the primary and secondary 
circuits. We see that the use of the coupling coefficient leads to a particularly 
simple expression. 

It is possible to show that if the coupling is less than critical, then I 2 falls 
monotically either side of the resonance frequency. If the coupling is greater 
than critical (k^k c ), then the current rises to a maximum on either side of 
the resonant frequency; the location of these maxima may be found by 
differentiation of the complete denominator of (3.116). The procedure is 
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simplified if the assumption is made that coM remains substantially 
constant, with value co 0 M, over the narrow band of frequencies of interest 
around io 0 . It is convenient also to introduce the fractional mistuning 3, 
(3.103); then, by (3.106), = 2co 0 L 1 <5 and X 2 = 2co 0 L 2 3. The denominator 

of (3.116) may then be written: 

- 1 —{[R 1 (2m 0 M) + R 2 (2cooM)] 2 + l>o 2 M 2 + R 1 R 2 - 
(o 0 M l 

{2co 0 L l S)(2o} 0 L 2 3)y 

Differentiating the square of this expression and equating the result to zero 
gives 

[2 R i u> 0 L 2 + 2R 2 co 0 L i y — 8 <u 0 2 L 1 L 2 [<u 0 2 M 2 + R 1 R 2 — 4u> 0 2 L l L 2 S 2 } = 0 



We may express this equation in terms of the quality factors for the primary 
and secondary circuits: multiplying through by the factor l/(a> 0 2 L 1 L 2 ) 2 
and putting M 2 + k 1 L 1 L 2 gives 


_2_ JL 



k 2 + 


i 

Q1Q2 



=0 


Further simplification is obtained if it is assumed that the quality factors for 
the primary and secondary circuits are equal. Then 1/Q 1 = 1/Q 2 = k c , and 
the above expression becomes 

1 6k 2 — 8(fc 2 + fc c 2 —4(5 2 ) = 0 


which gives, finally, 

4 d 2 = k 2 -k/ 


or 


S=±y(k 2 -k c 2 ) (fc>* c ) (3.118) 

The over-coupled condition with primary and secondary circuits tuned 
to the same frequency produces a desirable band-pass characteristic but it is 
found in practice to be difficult to set up the circuit correctly because the 
primary and secondary circuits interact strongly in the over-coupled 
condition. It is more usual therefore to design cascaded radio-frequency 
amplifiers using under-coupled transformers with primary and secondary 
circuits each tuned to slightly different frequencies to produce the desired 
overall band-pass characteristic. This is known as stagger tuning. 

The phenomenon of double-humping described in this section is not 
confined to tuned coupled circuits; the same phenomenon arises in many 
other physical systems which exhibit oscillatory characteristics. Such 
systems fall under the general heading of coupled oscillators. 
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3.14 Summary 

A.C. networks consist of interconnected elements of resistance, 
inductance, mutual inductance and capacitance excited by ideal sources 
producing sinusoidal voltage and current waveforms of the same frequency. 
The theory developed for such networks refers to steady-state conditions in 
which the amplitudes and phases of all waveforms are time invariant. 

Representation of sinusoidal voltages and currents by means of the 
complex exponential leads to a succinct notation (V= VUL or I = llJL) for 
describing the amplitudes and phases of currents and voltages in every 
branch of a network. Each branch in a network is then characterized by a 
complex impedance (Z = Z /<f > ), being the ratio of complex voltage to 
complex current at that branch. Complex voltages, currents and impe¬ 
dances may be combined and manipulated according to the normal rules of 
linear network analysis to provide a complete description of network 
behaviour at any terminal pair or port. The use of the complex exponential 
(or phasor) notation also provides a convenient means of illustrating 
graphically (using the Argand diagram as a basis) the relationships between 
voltages and currents in parts of a network. 

For many important types of circuit, including filters and bridge circuits, 
it is of primary interest to determine the behaviour of the circuit as a 
function of frequency. Such circuits often have two ports in which case the 
relationship between input and output port parameters can be described by 
a transfer function H (j<u) = |Hfja))| /<ft(to) . The transfer function is con¬ 
veniently illustrated by means of the polar or locus diagram (based on the 
Argand diagram), or by the Bode diagram in which amplitude and phases 
are plotted separately on graphs having linear-log scales. 

Some types of circuit exhibit marked changes in their impedance 
properties at certain critical frequencies known as the resonant frequencies. 
In a circuit containing a single inductance L and a single capacitance C, 
there is one resonant frequency only given by co 0 = l /J(LC). 

The properties of a resonant circuit are determined by the inductance 
capacitance and resistance associated with the circuit elements of which it is 
composed. The Q-factor is a mathematically convenient parameter for 
describing these properties. If, in a series connected circuit the effective 
resistance is R, the g-factor is given by Q 0 = co 0 L/R where ro 0 is the resonant 
frequency. Multiple resonances can occur in circuits containing several 
inductive and capacitive elements, or in circuits containing mutual 
inductance. 
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3.15 Problems 

1. A d.c. generator of e.m.f. E and an a.c. generator of e.m.f. 
£ m sin<ot, each having negligible internal impedance, are connected in series 
to a load resistance R. Obtain an expression for the power dissipated in R, 
and hence an expression for the equivalent r.m.s. e.m.f. in the circuit. 

2. Calculate the r.m.s. value and form factor for: 

(a) a triangular wave of unit amplitude; 

(b) a sine wave of unit amplitude 

3. Find the equivalent complex impedance and admittance of the circuits 
shown in fig. 3.52, in both Cartesian and polar forms. 

4. Represent the following voltages on a phasor diagram, hence find their 
sum, both graphically and by calculation. 

(i) 200sin(cof + n/6) V, (ii) 150cos(a>f + n/6) V, 

(iii) 200sin(cot + 57i/6) V, (iv) — 150 cosfcot + 5n/6) V. 

5. The three elements shown in fig. 3.53 are connected in series across a 
50 Hz supply, and the current drawn from the supply is found to be 7 A. The 
voltages are F R = 120, V L = 240 and V c = 160. Find the supply voltage and 

Fig. 3.52. Circuit for problem 3. 
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Fig. 3.53. Circuit for problem 5. 
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its phase relative to the current. Find also the values of the three elements. 

6. What 50 Hz voltage V must be applied to the circuit of fig. 3.54 to 
produce a steady-state current of 5 A in the capacitor? 

(Manchester University) 

7. Figure 3.55 shows a circuit used in TV and radar amplifiers. Show that 
for L=0 the ratio V 0 !V { falls from 0.5 at very low frequencies to 0.35 at a 
frequency of 1.59 MHz, but that if L =400/jH this drop is reduced, the ratio 
then being 0.47 at 1.59 MHz. What are the phase angles between V 0 and V { 
at this frequency when L= 0 and when L=400/xH? 

(Hint: apply voltage divider principle (admittance formulation, table 3.1).) 

8. In fig. 3.56 V is a variable frequency, constant-voltage source. Find an 
expression for the frequency at which the voltage across AB is in phase with 
V. 

(Liverpool University) 

9. Show for the circuit of fig. 3.57 that 


as &)-* 0, 


Vo 

Vi 


R 2 

R\ + R-2 


= m 0 


as ft)-* oo, 


Ci 


Vi c i + c 2 


=m a 


Fig. 3.54. Circuit for problem 6. 
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Fig. 3.55. Circuit for problem 7. 
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that 


Vo 

Vi 


= A /m 0 m 00 when a> 2 = 


R i + R2 


C i (C 1 +C 2 )R 1 2 R 2 


and that the phase lead of V a on V, is 

0 = tan _1 (coC 1 i? 1 )-tan _ —coC^i 

\m * 


Discuss the case of R l C l = R 2 C 2 
(Manchester University) 

10. Show for the circuit of fig. 3.58 that as the frequency is raised from zero, 
r 

increases from --at a >=0 to 1 at co-kdo, without a maximum or 

2 R + r 

minimum value between these extremes. 

Show that the output lags the input by 0 = tan“ l coCR + tan~ 1 oj( ^^ r , or 

2 R + r 

leads by (7t — Q). 

(Manchester University) 

11. Sketch the straight line approximation for the frequency response of 
h/i 1 where i t = /sincot in the circuit of fig. 3.59. You may assume that C is of 


Vo 

Vi 


Fig. 3.56. Circuit for problem 8. 
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Fig. 3.57. Circuit for problem 9. 
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such a value that any frequency-dependent effects it introduces occur at 
frequencies which are very much higher than those at which frequency- 
dependent effects due to L are evident. The effects of C and L on the 
frequency response may thus be considered separately. Give expressions for 
any ‘corner frequencies’ shown in the response and values of the ratio | i 2 /ii \ 
on any horizontal parts of the response. 

(Lancaster University) 

12. The Schering bridge shown in fig. 3.60 is used for measuring the power 
loss in dielectrics. The specimens are in the form of discs 0.3 cm thick and 
have a dielectric constant of 2.3. The area of each electrode is 314 cm 2 and 
the bridge frequency is 50 Hz. The bridge balances when = 1000 Q, 
Ci = 50 pF, and C 4 = 1960 pF. Find the value of ft 4 , C 2 ,Ri and the power 
factor for the dielectric. 

(Liverpool University) 

13. Show that there is zero output from the bridged-T section offig. 3.61(a) 
if 

Z=-(Z 1 +Z 2 )- Z ^ 


Fig. 3.58. Circuit for problem 10. 



Fig. 3.59. Circuit for problem 11. 
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Determine the form of Z in the section of fig. 3.61(h) if there is to be zero 
output at angular frequency co 0 . 

(Manchester University) 

14. Show for the circuit of fig. 3.62 that 


/i = 


R 2 + j co(L 2 ± M) 


R\R 2 -\-]oj{LiR 2 L 2 R-t) — o) {RiL 2 — )_ 




Ri+jcofZ^iM) 


2 +]co(L i R 2 + L 2 R 1 ) — (d 2 (L 1 L 2 — M 1 ) 


and that the p.d. between A and B is zero when 


R l _L X ±M 

r 2 l 2 ±m 


(Manchester University) 


Fig. 3.60. Circuit for problem 12. 



Fig. 3.61. Circuit for problem 13. 
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15. Give expressions for the self and mutual impedances of the two meshes 
in the circuit of fig. 3.63. 

16. A parallel circuit consists of a coil of resistance R and inductance L and 
a variable capacitance C. A fixed-frequency voltage source, of angular 
frequency co, is connected to this circuit. If Q=coL/R and C 0 = l/(co 2 L) 
calculate the value of C, in terms of Q and C 0 , such that the current drawn 
from the supply is a minimum. 

(Newcastle University) 

17. Why is a parallel resonant circuit sometimes known as a rejector 
circuit? 

Show that the resonant frequency / 0 and dynamic resistance R d of a 
parallel resonant circuit consisting of a capacitor C in parallel with a coil of 
inductance L and resistance R are given by 





Fig. 3.62. Circuit for problem 14. 



Fig. 3.63. Circuit for problem 15. 
C 
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In the circuit of fig. 3.64, the capacitor C has been adjusted until the 
voltage E l is at its minimum value. Calculate the source frequency and E t 
under these conditions. 

(Newcastle University) 

18. In the circuit of fig. 3.65, R =20 Q, Li=2H, C! = 10 _2 F, 
C 2 = 5 x 10“ 3 F. 

(a) Calculate the complex impedance Z(jco) seen by a voltage source 
i>(t) = 80cosl0f. Find t'(r). 

(b) Construct the phasor diagram for I and V and the impedance diagram 
for ZQco). 

(c) What are the resonant frequencies of this circuit, that is X(jco,)=0 and 
X(jco 2 ) = oo? [Xfjco) is the reactance.] 

(Sheffield University) 

19. The response of two non-identical tuned circuits coupled together by 


Fig. 3.64. Circuit for problem 17. 
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Fig. 3.65. Circuit for problem 18. 
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Fig. 3.66. Circuit for problem 19. 



the mutual inductance M=kJ(L l L 2 ), as shown in fig. 3.66, is given by 
| V I k y /(C 1 /C 2 ) 



Show that for critical coupling 

^(eT+er) 

and the — 3 dB points on the critically coupled response curve are given by 



Find the 3dB bandwidth if/ 0 = 1 MHz, Q x = 100 and Q 2 =80. 
(Glasgow University: Third year) 
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Power and transformers in 
single-phase circuits 


4.1 Introduction 

For the sinusoidal steady state, one can calculate the total power 
supplied to a circuit consisting of linear elements by adding directly the 
power absorbed by each individual resistive element in the circuit. 
However, it is often more convenient to express power in terms of the 
voltage across and the current supplied to the input terminals of a circuit 
whose detailed configuration is unknown or is of no interest. 

In all electric power distribution networks voltage and frequency are 
maintained substantially constant. A given load will draw a current whose 
amplitude and phase (relative to the power line voltage) depend upon the 
load impedance. On the other hand in electronic and telecommunication 
networks, signal power rather than voltage is fixed and we are concerned 
more with arranging source and load conditions to achieve maximum 
power transfer from one part of a circuit to another. 

For the above reasons the treatment of power in electrical circuits 
depends to a marked extent on the type of circuit under consideration. In 
this chapter we develop general methods for determining the power and 
total energy supplied to, or dissipated within, a circuit. We also consider 
one of the most important components involved in the utilization and 
transmission of power; namely, the transformer. 

4.2 Average power 

Consider a network or load as shown in fig. 4.1, supplied at voltage 
V (r.m.s. magnitude V) and drawing current / (r.m.s. magnitude /). If the 
network contains reactive elements, voltage and current will differ in phase 
by some angle </>. It is convenient, particularly in power distribution 
calculations, to take the voltage as phase reference. The instantaneous 
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current and voltage are then described by v = F m sincwf and i = / m sin(cot + <f>), 
and the instantaneous power to the load is 

p = vi= F m / m sina)tsin(cut 4- <j>) (4.1) 


In fig. 4.2, p, v, and i are shown as functions of time. Instantaneous power is 
sinusoidal with a frequency double that of the supply voltage. By our 
previously established sign convention (section 1.4) p is positive when 
energy flows into the load. 

The total energy W supplied during the interval t 0 to t is (see section 1.4) 


W= 


pdt 
Jt 0 


therefore the net area under one complete cycle of the instantaneous power 
curve represents the energy supplied to the load during a time equal to this 
period (equal to half the period of the supply frequency). When <fi=0 
(corresponding to a pure resistive load), this area is everywhere positive. As 
4> increases in magnitude, the negative area increases until for \<f>\ = n/2 
(corresponding to a pure reactive load), positive and negative areas are 
equal and there is no net transfer of energy to the load. For passive linear 
elements (f) is always within the range — n/2 < <f> ^ n/2, so that the net area 
will never become negative. 

The average power P supplied to the load is equal to the net area under 
one cycle of p in fig. 4.2 divided by the period of p. Thus the average power is 
maximum when </>=0 and zero when \(f>\ = n/2. 

An expression for P in terms of conveniently measurable quantities may 
be derived by expanding (4.1) using the appropriate trigonometrical 
identities, viz., 


p = \ F m / m (cos</> — cos2(otcos<j> + sin2wtsin</>) (4.2) 


Fig. 4.1. Instantaneous and phasor voltages and currents at the 
terminals of a reactive network or ‘load’. Current leads voltage by 
phase angle <j>. 

l = IZ(j> 

i = l m sin (cut + 0) 
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If T is the period of p, the average power is 



(4.3) 


In this expression V and / are the r.m.s. values. It is an important 
convention that all power line voltages and all voltages and currents 
marked on a.c. appliances such as a motor, for example, are r.m.s. values. 
Thus the European standard voltage of 240 V had a maximum value of 
240^/2 = 364 V, similarly the standard in many parts of the U.S.A. is 120 V, 
which rises to 120^/2 = 169 V. The same applies to the ratings of fuses and 
circuit breakers; a fuse marked 5 A must carry a peak current of just over 
7 A. In all a.c. problems the data are assumed to refer to r.m.s. quantities 
unless specifically stated otherwise. 

Because, as noted above, — n/2 < cf> ^ ji/ 2, cos <f> in (4.3) is always positive 
or zero, so P is never negative. Note also that the expression (4.3) is 
independent of the choice of the quantity taken as phase reference. 


Fig. 4.2. Instantaneous values of voltage, current and power for the 
circuit of fig. 4.1. 
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4.3 Reactive power and apparent power 

Further insight into the details of power flow comes from 
examination of (4.2). The three terms on the right and their sum are shown 
in fig. 4.3. The sum corresponds, of course, to the instantaneous power 
curve in fig. 4.2. 

The first two terms on the right can be written 

iV m I m {cos4>—cos2(otcoscf))= F/cos</>( 1 — cos2a)t) 

The sum of just these two terms represents the instantaneous real power ; it 
never becomes negative, oscillating in amplitude between 2VIcos<p and 
zero. The average value is Vlcostj), which we have identified as the average 
power P. This quantity is often referred to as the real power or active power. 
The third term on the right, namely, 

jV m I m sin2(Dtsin<f> = F/sin^>sin2ror, 

represents energy that oscillates between the power source and the purely 
reactive elements in the load. Its average value is zero and its magnitude is 
VIsin<f>. This quantity is referred to as reactive power; however, since it does 


Fig. 4.3. The three components of instantaneous power (equation 4.2). 
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not represent energy actually absorbed by the load, the designation 
volt-amperes reactive (abbreviated vars) is also commonly employed. 

The sign of this term will depend on the sign of the phase angle <p, which in 
turn will depend on whether voltage or current is chosen as phase reference. 
In this instance, with voltage as phase reference, a capacitive load will draw 
a leading current, that is, <f> will be positive and such a load is said to draw 
positive vars. An inductive load will draw negative vars. This convention 
has been adopted by the International Electrotechnical Convention, but 
the reader should be aware that the alternative convention (capacitive vars: 
negative; inductive vars: positive) is often used. 

The symbol for reactive power or volt-amperes reactive is Q, thus 

Reactive power Q = Vlsincf) (4.4) 

When a load on a power system has a phase angle other than zero, the 
resulting reactive power represents a requirement in system current 
capacity in addition to that necessary to supply the average power, that is, 
the actual power used to produce work or heat. It is customary, therefore, to 
specify the apparent power required by a load. This is simply the product of 
the effective (r.m.s.) voltage and effective current at the terminals of the 
load; it is usually designated by the symbol S. Thus, 

Apparent power S = VI (4.5) 

From the definitions of P, Q and S we see that the apparent power is given 
by quadrature addition of real and reactive power, that is, 

P 2 + Q* = (Vlcostp) 2 + (VIsirup) 2 = (V1) 2 =S 2 

S=J(P 2 +Q 2 ) (4.6) 


Fig. 4.4. Diagrams illustrating the relationships between real, apparent 


and reactive powers. 



P = VIcos<p(W) 
(a) Power diagram 
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The relationship of these quantities may be represented diagrammati- 
cally by means of either the power diagram or power triangle as shown in 
fig. 4.4. Observe that only the power P is properly expressed in watts. Re¬ 
active power is expressed in vars (unit symbol VAr) and apparent power is 
expressed in volt-amperes (unit symbol VA). In the following sections and 
throughout the remainder of this book, when reference is made simply to 
power (without qualification) we shall mean the average, real, or active 
power. 

Any two-terminal circuit containing resistive and reactive elements may, 
according to Thevenin’s theorem, be reduced to a single equivalent complex 
impedance or admittance. This implies that a load consuming energy may 
be characterized by either of the elementary series or parallel circuits shown 
in fig. 4.5. in which the R are pure resistances and the X are pure 
reactances. For either circuit, values for the components can be found such 
that any given impedance Z=V/I is produced at the terminals. 

For power distribution calculations the parallel equivalent circuit of fig. 
4.5(a) is often convenient. The phasor diagram for this circuit is shown in 
fig. 4.6(a). As before, the terminal voltage is chosen as reference, and </> is the 
angle by which the current leads the voltage. We see that the current / may 
be resolved into two components: (a) a current I p = lcon<p, called the in- 
phase component, which flows through R p ; (b) a current / q = /sinr/>, called 
the quadrature component, which flows through X p . The power diagram 
fig. 4.6(c) may be derived directly from this phasor diagram simply by 
multiplying the total current / and each of its components by the magnitude 
of the terminal voltage V. 

Since J p = V/R p , I q = V/X p , and 1= V/Z, the real, reactive and apparent 
powers may be expressed as: 

Power P = VIcos(j) - V 



Fig. 4.5. Equivalent circuits representing a complex load Z. 
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( V\ V 2 


Reactive power Q = VIsm<t> = FI — j =— 

\ X pJ X p 

(4.7) 

(V\ V 2 

Apparent power S= VI— FI — 1=— 



We now turn to the series equivalent circuit of fig. 4.5(b). Since this circuit 
presents the same complex impedance Z at its terminals as that of the 
parallel circuit of fig. 4.5(a), the same terminal voltage will cause the same 
current to flow; the power diagram of fig. 4.6(c) must therefore apply also to 
this circuit. 

Using a similar procedure to that adopted in relation to the current we 
may resolve the voltage into two components (fig. 4.6(b)): that across R s (in 
phase with /) is IR S = Vcoscf); and that across X s (in quadrature with I) is 
IX S = Fsin if>. Expressions analogous to (4.7) are then 

Power P= VIcos<t> = I(IR s ) = I 2 R i 
Reactive power Q = F/sin$ = I{IX S ) = I 2 X S (4.8) 

Apparent power S= F/ = /(/Z) = / 2 Z 

Although the expressions (4.7) and (4.8) have been derived above in 
relation to the parallel and series equivalent circuits of a general complex 
two-terminal network, it will be readily apparent that they apply also to the 
individual elements of which the network is composed if voltages and 
currents are interpreted appropriately. For example, if a current / b flows 
through a series branch within the network containing a resistance R and a 
capacitance C, with reactance 1/coC, then the power in the resistance is I b 2 R 
and the reactive power in the capacitance is / b 2 (l/<x>C). If the currents in 


Fig. 4.6. Phasor and power diagrams for the circuits of fig. 4.5. (a) and 
(b). Resolution of current and voltage into in-phase and quadrature 


components, (c) Power diagram. 
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every branch of a network are known, then the real and reactive powers 
associated with every element of that network can be simply calculated 
using the appropriate expressions. 

Now we have seen that the real power at the terminals of a network is a 
measure of the average rate of energy flow associated with the resistive 
elements of the network, this energy being dissipated in the form of heat. 
The reactive power is a measure of the average rate of energy flow 
associated with the reactive elements, this energy oscillating between source 
and network. It follows from the principle of conservation of energy that the 
power, in watts, absorbed by all the resistive elements in a network must 
equal the total power supplied at its terminals. Likewise, the reactive power, 
in vars, associated with all of the reactive elements must equal the reactive 
power supplied at the terminals. Symbolically we have for any network: 

Total power (watts) = L(/ 2 /?) branch 
Total reactive power (vars) = E(/ 2 3f) branch 

The expressions (4.9), are sometimes loosely referred to as the principle of 
conservation of watts and vars* (The use of this principle is illustrated, in 
relation to three-phase power systems, in the worked example of section 5.5.) 

4.4 Power factor 

The quantity cos <p in (4.3) is the powerfactor. When energy is being 
drawn from a distribution system, the most desirable condition is cosf = 1, 
because then the apparent power and the real power are identical and the 
current requirement for a given amount of delivered power is a minimum. 
The excess current requirement represented by cosf ^ 1 means that the 
power distribution lines must be capable of supplying the additional 
current. It follows that there will be increased heating in the conductors and 
a corresponding decrease in the efficiency of the overall system. It follows 
further that an installation having a low power factor may reasonably be 
required to pay more for each unit of energy delivered than would an 
installation having a power factor close to unity. 

Operators of establishments that use substantial amounts of power find 
it worthwhile to ‘improve’ the power factor, that is, to install equipment that 
will bring the power factor closer to unity. This improvement may be 
accomplished by installing in parallel with the load a device that draws a 


* The expressions (4.9) may be derived also from a more general theorem known 
as Tellegen’s Theorem. This states that if v t and i k are the voltage across and 
the current through the klh element of a network, then Tv k i k -0 where the sum 
is taken over all elements of the network including sources. (For further details 
see reference 4.) 
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quadrature current of a sign opposite to that drawn by the load. Most 
industrial loads are predominantly inductive and draw a lagging current as 
shown in the phasor diagram of fig. 4.7(u). Such a load is said to be a 
lagging load and to possess a lagging power factor. The corrective measure 
usually consists in adding capacitance at the terminals of the load; the 
resulting arrangement being electrically similar to the parallel tuned circuit 
discussed in section 3.13.3. In fig. 4.7(h), I c is the current drawn by the 
capacitance, the new (reduced) line current is /' and the new power factor is 
cose/)'. Looked at in another way, the usual load draws negative vars; 
therefore, one places in parallel a circuit element that draws positive vars. 
The power diagram shown in fig. 4.7(c), corresponding to the phasor 
diagram of fig. 4.7(h), illustrates power factor improvement from this 
viewpoint. We see that the total apparent power is reduced; the actual load 
power is, of course, unchanged. Usually one does not attempt to make the 
overall power factor unity (the circuit is not quite tuned to resonance) 
because, (1) the power factor of the load may vary as load conditions in a 
large installation change, so such exact correction would require continual 
adjustment, and (2) the cost of the added capacitance must be weighed 
against the saving that may be expected as a result of its installation. 

Where large values of capacitance are required the capacitors may be 
rotating machines. An over-excited synchronous motor draws a leading 
current and so has the electrical characteristics of a capacitor. 

The following worked example is intended to illustrate the principles 


Fig. 4.7. Power factor correction, (a) Phasor diagram for inductive 
(lagging) load. ( b ) Modified phasor diagram showing the result of 
power factor correction, (c) Power diagram corresponding to (i>). 
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discussed above, but it should be remembered that power factor improve¬ 
ment is usually applied to three-phase rather than single-phase systems. 
Power factor and its improvement in relation to three-phase system is 
discussed in sections 5.4 and 5.5. 


4.5 Worked example 

A factory draws 18 kW of power from a 240 V, 50 Hz distribution 
system. The power factor is 0.75 lagging. The feeder wires to the factory 
have a total resistance of 0.35 Q. The factory operates 24 hours, every day. 

(a) Calculate the current supplied to the factory. If energy costs lp/kW hr, 
determine the annual cost of the energy lost in heating the feeder wires. 
(Note: It is still common practice in power systems analysis to measure 
energy in units of kilowatt hours rather than joules.) 

(b) If the power factor is improved to 0.95, how much money will be saved 
annually by the reduction of feeder wire loss? 

(c) Determine the size and nature of the unit required to correct the power 
factor to 0.95. 


Solution 

(a) 

Power P = P/cos0 
therefore 


current / = 


18 x 10 3 


■ = 100 A 


Fcos 4> 240 x 0.75 

Power loss in feeder = I 2 R f = 100 2 x 0.35 = 3.5 kW 

Annual cost = 3.5 kW x (24hr/day) x (365day/yr) x (lp/kWhr) 
=£306 


(b) With a new power factor of 0.95 the current becomes 


18 x 10 3 
240 x 0.95 


78.9 A 


Power loss in feeder is then 78.9 2 x 0.35 = 2.18 kW. 
New annual cost: 


2 18 

306 x ——=£190.7 
3.5 

Saving: 


£(306 —191)=£115 per annum 
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(c) The line voltage and initial current are shown in the phasor diagram of 
fig. 4.8(a). The in-phase current is 75 A and the quadrature current is 66.14 
lagging. The initial phase angle is 41.4°. With the power factor improved to 
0.95 the new phase angle is cos -1 0.95 = 18.2°. The new total current is 
78.9 A and the new quadrature current is 78.9sin 18.2 = 24.62 A. To achieve 
this improvement a capacitor must be connected across the load terminals 
which will draw a current of 66.14 —24.62=41.3 A. The reactance of the 
capacitor will be X c = 240/41.3 = 5.8 Q. But X c = \/(lnfC) hence 

C = 1/(2ji x 50 x 5.8) = 550 juF 

An alternative approach to this problem is shown in fig. 4.8(6). Here the 
calculation is carried out in terms of real, apparent and reactive powers. We 
see that the capacitor is required to draw 9.96 kVAr, hence, from (4.7), 
X c = 240 2 /9960 = 5.8 Q as before. 

Observe that addition of the capacitor does not reduce the reactive 
current in the load. The inductive load still draws vars equal to 15.87 kVAr. 
However, with the capacitor in place most of the quadrature current flows 
between the capacitor and the load. Power loss in the feeder wire 
conductors is thus greatly reduced. 


Fig. 4.8. Diagrams for worked example (section 4.5). 
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4.6 Complex power 

For the purposes of calculation it is often convenient to express the 
relationship between power, reactive power and apparent power in the 
form of a complex number, as follows: 

S = P + }Q = VIcoscp + j VI sirup = Vie** (4.10) 

The power diagram of fig. 4.4(a) may then be interpreted in terms of the 
Argand diagram as shown in fig. 4.9. Now suppose that the complex voltage 
and current are known at the terminals of a load; these quantities having 
been found by previous calculation. Let 

V= vbi= Fe j “ and / = l /<x + <t> = /e j< * + # 

If we form the product F7( = F/e j(2l+</>) ), we fail to obtain the complex 
power as defined in (4.10). However, if we form the product V*I, where V* 
indicates the complex conjugate of K namely, Ve~ ix , we obtain 

V*l— Fe~ j °7e j( ° t+,# ’ ) = VIe i ' t> =S (4.11) 

Therefore, if we have the complex expressions for the voltage V across a 
load and the current / drawn by the load and if we form the product V*I, the 
real part of this product is the power P and the imaginary part is the reactive 
power Q. 

Note that (4.11) gives the correct sign for reactive power using the 
convention adopted here, namely, that capacitive vars are positive, 
inductive vars negative. If the alternative convention is used, (capacitive 
vars negative, inductive vars positive), then the product VI* must be formed 
to obtain the correct sign for the reactive power. The real part of either V*I 
or VI* will give the power P. 


Fig. 4.9. Apparent power expressed as a complex quantity. 
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An alternative expression for P, which is sometimes useful, is obtained as 
follows: 

V*I=VIe>* 


and 


VI* = Fe j ‘*7e _ - i(at+ ' tt = F/e“ j0 


Adding 


y*l+ VI* = VI(e i4 ‘+e~ i ' t ’)=2VIcos(j) = 2P 


Hence 


P = ^(K*/+W*) (4.12) 

4.7 The ideal transformer 

In section 1.10 we described inductively coupled circuits. A useful 
application of inductive coupling is the transformer, a device that transfers 
energy from one circuit to another without direct connection between the 
two. A real transformer consists of two or more coils of wire wound on a 
common core. The core usually is of ferromagnetic material in order to 
achieve as nearly as possible a coefficient of coupling of unity. Such a device 
has losses in the resistance of the windings and in the magnetic core 
material. Real transformers will be considered in detail in a later section. 

Useful information about transformer characteristics results from a 
study of the ideal transformer which is assumed to have 

(a) negligible energy loss in the windings and in the core material 

(b) perfect coupling so that the coupling coefficient k — 1 

(c) very large self-inductance in each coil. 

A transformer may have any number of independent windings. We shall 
consider the two-winding device shown schematically in fig. 4.10. 

Let the supply voltage be connected at terminals A A' of winding number 


Fig. 4.10. Schematic diagram for an ideal two-winding transformer. 
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(1). It is customary to refer to the input windings as the primary winding (or 
simply the primary) and to the other windings as secondary windings (or 
secondaries). In general, energy may be supplied to any winding, so 
‘primary’ may not always refer to the same winding of a particular 
transformer. 

In fig. 4.10 with switch S open, an applied voltage e t requires, according 
to Faraday’s Law, a flux 4> x such that e t = N 1 d(p 1 /dt, N l (p 1 being the flux 
linkage in winding (1). But if the coupling coefficient is unity, the flux in 
winding (2) will also be </) 1 , and the induced voltage e 2 = N 2 d<fi 1 /dt. It 
follows then that: 


e x Ni 

7 2 = N~2 


(4.13) 


and the voltage ratio is just equal to the ratio of numbers of turns. Because 
we have specified very large coil inductance, we may assume that with S 
open a negligibly small amount of current is required to establish the flux 
01 - 

Now let the switch be closed. The secondary voltage e 2 will then give rise 
to a current i 2 =e 2 /R 2 in winding (2), which will establish a flux (f> 2 . We 
recall, from Amperes circuital law of electromagnetic theory, that this flux 
4>2 is proportional to the product N 2 i 2 so that we may write (j) 2 = cN 2 i 2 
where c is a constant of proportionality. Further, from Lenz’s law, the 
current i 2 will be in such a direction as to oppose the change of magnetic 
flux producing it, in other words, the direction of the flux (j> 2 will be opposite 
to that of 0j. Because e x is still applied to winding (1), the net flux in the 
core must still be 4> x , consequently there must now be a current i x in 
winding (1) of sufficient magnitude to produce a forward flux (that is, in the 
direction of the initial flux (f>i) just equal in magnitude to cj> 2 . Therefore, 
4> 2 =cN 1 i l and we have the relation: 


(p 2 = cN 2 i 2 = cN 


or 


i! _N 1 


(4.14) 


With the switch closed, the secondary current and voltage are related by 
e 2 /i 2 = R 2 , hence, from (4.13) and (4.14) we obtain for the primary: 


i i 




(4.15) 


The ratio e 1 /i l is the effective resistance at the primary, thus a resistance R 2 
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in the secondary is reflected into the primary as a resistance whose value 
depends upon R 2 and upon the square of the ratio of primary turns to 
secondary turns. 

Equation (4.15) describes the resistance-transforming property of the 
transformer. Because the relation holds equally for reactive circuit ele¬ 
ments, we may conclude that the transformer has impedance transforming 
properties. This property is useful in applications such as the following. 

4.8 Worked example 

Loudspeakers have resistance of the order of 10 ohms. Neither 
vacuum tube nor many simple transistor amplifier circuits operate 
satisfactorily with such small values of load resistance. Therefore a 
transformer is employed to raise the impedance level of the speaker to a 
value compatible with the requirements of the amplifier circuit. What turns 
ratio n is required to match a 16 Q speaker to a transistor circuit that is 
designed to have a load resistance of 400 Q? 

Solution : When the 160 resistance is connected to the secondary, it should be 
reflected into the primary as 4000, therefore, 

(N l /N 2 ) 2 = R i /R 2 or (N,/N 2 ) 2 =400/16 = 25 
and 

n = (N 1 /N 2 ) i = 25 = 5 

4.9 Single-phase power transformers 

Although some transmission lines operate at high (hundreds of 
kilovolts) direct voltage, all power distribution systems use alternating 
voltage. Power transformers are essential parts of these systems. Such 
devices, which may operate at high voltage and carry large currents, cannot 
be represented by the simple model of fig. 4.10. In this section we develop a 
model for a power transformer. In succeeding sections we see how the 
transformer is used in a real circuit and describe methods of determining 
experimentally the characteristics of a power transformer. 

In a power transformer, a core of high permeability ferromagnetic 
material provides a path for magnetic flux. The separate circuits are wound 
in such a fashion that practically all the flux produced by one winding links 
with all the other windings. Sufficient ferromagnetic material is provided so 
that it does not become saturated under normal operating conditions. Fig. 
4.11 shows three frequently used transformer constructions. We shall 
confine our discussion to transformers having two windings, although often 
several independent secondary circuits may be supplied from a single 
primary winding. 
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The simple ideal transformer model of fig. 4.10 is inappropriate for the 
power transformer. We require a model that takes into account: (1) the 
exciting current which is defined as the primary current when the secondary 
current is zero; (2) the energy loss in the conductors that comprise the 
windings; and (3) the presence of leakage flux (the magnetic flux from one 
winding that does not link the other winding). 

Let the transformer consist of a primary and secondary wound upon a 
high permeability core as shown schematically in fig. 4.12. Let the 
secondary be open circuit so that the secondary current is zero. If the flux in 
the primary is sinusoidal, of the form ^> = d> m sincut, then the primary 
induced voltage is 

d <j> d 

ei=N! —=Ni —(fl> m smajt) 
dt dt 

=co/V 1 <b m cosojt (4.16) 


Fig. 4.11. Transformer construction. 
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(b) Core type 


(c) Toroidal 


Fig. 4.12. Two-winding transformer with ferromagnetic core. With the 
secondary open circuit a small exciting current i 4 , flows in the primary. 
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and e 1 is, therefore, also of sinusoidal form leading <p by 90° (fig. 4.13(a)). 
The r.m.s. magnitude of the induced voltage is 


E ‘=T2 N '*- 


=4.44/N 1 <D„ 


(4.17) 


Thus, an applied sinusoidal voltage of this magnitude will cause a 
sinusoidal flux to be established whose maximum value (if the effects of 
conductor resistance and leakage flux are negligible) will be given by 


$ 


Ei 

4.44/7V, 


In order for the flux to exist, there must be an exciting current 4- For an 
air-cored coil, flux is directly proportional to current, so with a sinusoidal 
applied voltage, 4 will be sinusoidal. In a closed ferromagnetic core, flux 
density B and magnetizing force H are not linearly related and one must 
describe the core’s magnetic properties by the familiar B-H curve. Now 

B=— and H=~ (4.18) 

A c 

where N is the number of turns in the winding, and A and ( are, respectively, 
the cross-sectional area and the length of the flux path in the magnetic 
material. For a specific device, then, one may plot <p v. 4 as shown in fig. 
4.13(h). Then we may use a graphical method as shown in fig. 4.13(c) to 
derive the graph of 4 v. time. This current is the exciting current of the 
transformer. Because of the non-linear magnetic characteristic of the 
transformer core, 4 is non-sinusoidal, consisting of a fundamental and a set 
of odd harmonics (see section 7.8 for a discussion of harmonic (Fourier) 
analysis). Thus a sinusoidal applied voltage results in a non-sinusoidal 
exciting current. 

In comparison with the rated load current of the transformer the exciting 
current is small. Unless we are interested specifically in its harmonic 
content, we may confine our attention to the fundamental, sinusoidal 
frequency component of 4- This fundamental may be resolved into two 
components. One component, called the magnetizing current, is in phase 
with <f>, and so in quadrature with e { . The other component, called the core 
loss current, leads <p by 90° and so is in phase with e v The core loss current 
thus represents power supplied to the transformer. It accounts for the work 
required periodically to magnetize the core first in one direction and then in 
the other. On the B-H plane, the area enclosed by the hysteresis loop is a 
measure of the work required to carry the magnetic material through one 
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Fig. 4.13. Primary voltage e t , core flux <f>, and primary exciting 
current 4 for the transformer of fig. 4.12. 
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complete cycle of magnetization. The core loss current also accounts for the 
power loss due to eddy currents induced in the transformer core. 

The phasor diagram of fig. 4.14(h) shows the applied voltage and the 
exciting current 1$ along with its two components, I m and / c . The exciting 
current may be accounted for in the transformer model by adding the 
conductance g c and the susceptance b m to the ideal transformer model as 
shown in fig. 4.14(a), where 

gf c = / c /£i and b m = IJE { (4.19) 

When an impedance is connected to the secondary, currents will flow in 
secondary and primary circuits 4.15(a). The total current /, flowing in the 
primary circuit will be the sum of the load current /, and the exciting 
current /* as shown in the phasor diagram of fig. 4.15(h). In this diagram the 
length of the 1$ phasor has been exaggerated in relation to that of the /, 


Fig. 4.14. Circuit model of the transformer including elements g c and 
b m to account for the exciting current I& 



(a) Circuit model 



Fig. 4.15. Illustrating the effect of adding a load to the secondary 
winding in the circuit model of fig. 4.14(a). 



(a) Circuit model 


(h) Phasor diagram 
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phasor; the full load current may be twenty times the exciting current in a 
power transformer. 

To complete the circuit model of the transformer we must introduce 
elements which account for the resistance of the windings and the leakage 
flux. Consider first the primary leakage flux, that is, the flux which links 
with the primary winding but not the secondary winding; let this flux be 4>n- 
The path which this flux takes lies partly in the core and partly in the air 
space surrounding the core; the primary winding will, therefore, as far as 
this flux is concerned, behave very nearly like an air-cored inductor, and the 


Fig. 4.16. Transformer circuit model including elements X 2 , R u 
R 2 to account for leakage reactances and winding resistances. 



(a) Circuit model 
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flux linkage Ni<f>n will be proportional to the primary current. (This is in 
contradistinction to the mutual flux which, as we have seen, is independent 
of the load currents flowing in the windings.) Hence, from the definition of 
inductance given in section 1.9, we may write 

AM/i-Ljij (4.20) 

where the constant of proportionality L, is called the primary leakage 
inductance. 

This inductance is represented in the circuit model of fig. 4.16(d) by the 
series reactance X r =o>L l . Similarly a reactance X 2 in the secondary circuit 
represents the secondary leakage inductance. Resistances Rj and R 2 
account for the resistances of the windings. The complete phasor diagram, 
drawn for an inductive load (lagging current) corresponding to this circuit 
model is shown in fig. 4.16(h). Note that the lengths of the phasors 
representing reactive and resistive voltage drops have been exaggerated, in 
relation to the main voltage phasors, for the sake of clarity. The relative 
phase of and E 2 can be either zero or 180°, depending on the relative 
winding directions of the transformer; the latter has been chosen - again for 
clarity in the diagram. 

We may employ the impedance transforming property of the transformer 
to simplify the circuit of fig. 4.16(a). Resistance and reactance parameters 
are transferred across the ideal transformer by multiplying them by the 
square of the turns ratio. Fig. 4.17(a) shows the simplified circuit model 


Fig. 4.17. Alternative transformer circuit models. 



(a) Quantities referred 
to the primary 



(b) Quantities referred 
to the secondary 
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resulting when secondary quantities are ‘referred to the primary’. Fig. 
4.17(h) is the circuit model with quantities ‘referred to the secondary’. Of 
course, in any calculation, both models give the same final result; the choice 
of model will depend on the particular problem in hand. 

Calculations using the circuit models are simplified if the shunt elements 
representing the exciting current are shifted to the left in fig. 4.17 so that 
they are directly across the input voltage as shown in fig. 4.18. A small but 
usually insignificant error is introduced by neglect of the voltage drops in 
R ! and X i caused by the exciting current. 

4.10 Worked example 

A single-phase transformer with turns ratio n=JV 1 /N 2 = 10 has an 
output of 200 volts when supplying a load of lOkVA at 0.8 power factor 
lagging. Resistance and leakage reactance are 4ft and 7 ft respectively for 
the primary and 0.04 Q and 0.08 ft for the secondary. The exciting current is 
0.5 A at 0.2 power factor lagging. Calculate the input voltage and the 
efficiency of the transformer with this load. 

Solution: The appropriate circuit is found by calculating numerical values 
for the elements shown in fig. 4.18, and combining resistances and 
reactances in series. 

R — Ri + n 2 R 2 = 4 + (10) 2 (0.04) = 8ft 
X = A 1 +n 2 X 2 = 7 + (10) 2 (0.05) = 15ft 

The load current is 

/ 2 = 10 x 10 3 /200 = 50 A 

Then, 

nV 2 = 2000 V and / 2 /n = 5 A 


Fig. 4.18. Simplified transformer circuit model with quantities referred 
to primary. 
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Assume l 2 /n — 5+j0 (phase reference). Then, since the power factor of the 
load is 0.8, 

nV 2 = 2000(0.8) +j2000(0.6)= 1600 +j 1200 V 

Hence, 

K = (h/n)(R + j X) + n V 2 = 5(8 + j5) ■+ (1600+j 1200) = 1640+ j 1275 


and 

V 1 = (1640 2 + 1275 2 )+ = 2080 V 

The efficiency of the transformer is found by dividing the output power by 
the input power. Furthermore, the input power may be written as (output 
power + losses). Now, 

Output power = V 2 I 2 cosO = 10 4 (0.8) = 8 x 10 3 watts 
Copper losses = (I 2 /n) 2 R = 5 2 x 8 = 200 W 

Core loss = F, J e cos0' = (2080)(0.5)(0.2) = 208 W 

Therefore, 

Efficiency = (8000)/(8000 + 408)=0.951 or 95.1% 

4.11 Transformer tests 

All the elements in the circuit model of fig. 4.18 may be determined 
experimentally by performing two simple tests using voltmeters, an 
ammeter and a wattmeter. Connections are shown in fig. 4.19. 

Open circuit test: The appropriate circuit model for this test is shown in 
fig. 4.20(a). Rated voltage V lo is applied at the primary terminals, and the 
output voltage V 2o , the input current I io , and the input power P„ are 
measured. 


Fig. 4.19. Connections for transformer tests. 
Ammeter Wattmeter 




Transformer 
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Since the secondary is open circuit, I 2 = 0 and so // = 0. Therefore 
£! = V l0 and E 2 = V 2 „ and the turns ratio is, by (4.13), 


N 2 v 2o 


(4.21) 


Since =0, the current I l0 is the exciting current. Therefore 


9 c = 



and 


ho 

V u 


= s/(9c 2 +b n 


(4.22) 


from which b m may be calculated. 

Short circuit test: The secondary winding is shorted (fig. 4.20(b)) and the 
primary voltage raised carefully from a low value to give rated current. The 
input voltage F ls , the input current / ls and the power P s are measured. 
Because all impedances are referred to the primary in fig. 4.20, when V 2 = 0 
then E 2 = 0 and £, =0. So the voltage V ls is across the impedance R +jX. 
For a typical short circuit test the input voltage may be only one-tenth the 
rated value. Then the loss in the magnetizing circuit will be only 
(0.1 ) 2 =0.01 of the loss at rated voltage and may be neglected in these 
measurements. R and X may be determined from: 


R=pj and ^=J(R 2 + X 2 ) 

Ms Ms 


(4.23) 


For most transformer calculations it is not necessary to subdivide R and 
X to represent the separate contributions of the primary and the secondary 
windings. 


Fig. 4.20. Circuit models for open and short circuit tests on the 
transformer. R and X are total resistance and reactance referred to the 
primary, as in fig. 4.18. 



(a) Open circuit test 


(b) Short circuit test 
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4.12 Voltage regulation 

An important characteristic of a transformer is the voltage 
regulation, defined as 


Regulation = ^ 20 (4.24) 

'2o 

where V 2o is the no-load output voltage and V 2 is the output voltage under 
a specified load. We shall derive an expression for regulation in terms of the 
transformer properties and the phase angle of the load. We use the circuit 
model of fig. 4.21 where resistance and reactance are referred to the 
secondary. In fig. 4.21 

R' = R 2 + (N 2 /N l ) 2 R l X' = X 2 + (N 2 /N l ) 2 X l 


If 

* 2 = 0 , 

then 

V 2o = (N 2 /N l )V l 

If there is a load current I 2 such that the phase angle for the secondary is <j>, 
the appropriate phasor diagram is as shown in fig. 4.22. In fig. 4.22 

a = / 2 R'cos</> ; b=I 2 R'sm(t> 

c = I 2 X'cos<j> ; d = I 2 X'sm(j) 


Then 



= (V 2 +a+d) 2 + (c-b) 2 


Fig. 4.21. Circuit model for calculation of regulation. 
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In a well-designed transformer the losses are small (the voltage drops l 2 R' 
and I 2 X' have been greatly exaggerated in relation to V 2 in fig. 4.22) and so 
we neglect the difference term (c— b) 2 . Then 

Vi = V 2 + I 2 (R’cos(p + X 'sin <p) 

therefore 

~ Vi - V 2 = 1 2 (R’cosj) + X 'sin <p) 

N i 

But 


(N 2 /N l )V 1 = V 2o , hence from (4.24) 

„ . I 2 (R'cos<p +X’sirup) 

Regulation =-—- 

V2o 


(4.25) 


It is often convenient to express regulation in terms of quantities referred 
to the primary. Multiplying numerator and denominator of (4.25) by 
(N JN 2 ) 2 gives 


Regulation = 



cos cp + X ' 



sirup 


Ni 

Ni 


N i 
N 2 


Now from (4.21), V 1 = (N l /N 2 )V 2o and, if the exciting current is small, we 
have I x =(N 2 /N 1 )I 2 . Furthermore, RiiNJNrf = R and X’(NJN 2 ) 2 = X. 
Hence, 


Fig. 4.22. Phasor diagram, corresponding to fig. 4.21, for determining 
regulation. 
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Regulation = 


1 1 (Rcos<p + Xsitufi) 

Vi 


(4.26) 


For a lagging power factor, <j> (as defined in fig. 4.22) is positive and so the 
regulation is positive meaning that the voltage falls with increasing load 
current. However, for a leading power factor <p is negative in (4.26). There is 
then the possibility that the regulation may be negative, corresponding to 
an increased output voltage under load. 


4.13 Conditions for maximum efficiency 

The efficiency of a transformer can be expressed as 

output power input power —losses 
^ input power input power 


or 


losses 

ri — 1—7 - 

input power 


(4.27) 


Losses are of two kinds: core losses (hysteresis and eddy current) and 
copper losses. The core losses depend on the magnitude of the flux in the 
core, which in turn depends on the applied voltage, and on the frequency. 
For fixed voltage and frequency the core losses in a transformer will be 
substantially constant irrespective of load conditions. The copper losses 
depend on the current carried by the windings of the transformer and will 
vary with the load. 

Let the fixed core losses be P 0 , and the variable copper losses be i, 2 R, 
where R is the total equivalent resistance referred to the primary and I x is 
the primary current. 

Then if the primary voltage is V^ and the power factor is cos</>, (4.27) 
becomes 


P° + /i 2 R _l P 0 IjR 
F^cosejf) Fi/icos^) F,cos(/> 


(4.28) 


Clearly, when the transformer is unloaded, the input power will be P 0 
(neglecting the small copper loss due to the exciting current) and the 
efficiency will be zero. As the load is increased from zero the efficiency 
improves but copper losses become an increasingly large proportion of the 
total losses. Eventually, the third term in (4.28) predominates and the 
efficiency falls. The load current at which maximum efficiency occurs is 
obtained by differentiating (4.28) and equating to zero: 


d n _ P 0 _ R 

dfi Fi/i 2 cos<£ V iCoscf) 
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whence 


Po = h 2 R 


(4.29) 


Therefore, at a given power factor, maximum efficiency is obtained when 
the fixed core losses equal the variable copper losses. Under these 
conditions the primary load current is, from (4.29), I x =J(P 0 /R) and the 
efficiency is then 


, 2 V(P 0 R) 
' /max F lC os </> 


(4.30) 


The maximum possible efficiency is attained when the power factor, cos<p, 
becomes unity in the above expression. 

In practice, transformer efficiencies range between 95% for small, single¬ 
phase units to better than 98% for large, three-phase units of the type 
employed in power distribution systems. 


4.14 The autotransformer 

Figure 4.23(a) shows a conventional two-winding transformer, 
with a primary/secondary turns ration of 2. We assume that the transformer 
is ideal. The primary is supplied from the 240 V a.c. line. The voltage across 
the secondary winding B'C 1 is then 120 V and a 10 ohm load resistor will 
draw a secondary current of 12 A. The corresponding primary current is 
6 A. The primary current is downward and the secondary current is upward 
as indicated by the arrows. 

Now let point C and C' be connected together and let point B' be 
connected to point B , which is located midway between points A and B (so 
that the number of turns between A and B is equal to the number of turns 


Fig. 4.23. Currents in a two-winding transformer, and an 
autotransformer with identical input and load conditions. 


240 V 



120 V 


jgfi’ , 

12 A ^ 
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A, N 2 (JV,/JV 2 = 2) 


(a) Two-winding transformer 


240 V 



(b) Autotransformer 
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between B and C). These connections will cause no change in the circuit 
because V BC = V BC ’ and the two voltages are in phase. Let winding B'C be 
removed. The new situation is shown in fig. 4.23(h) with currents as 
indicated; the net upward current in BC is now 6A. By using the 
connections of fig. 4.23(h), we have replaced two windings carrying, 
respectively, 6 A and 12 A by a single winding carrying 6 A. We have 
eliminated the weight and cost of the secondary winding without affecting 
the transfer of energy from primary to secondary. (In addition, we have 
eliminated the loss of energy resulting from the resistance of the secondary 
winding, although this was assumed to be negligibly small in this case.) The 
transformer shown in fig. 4.23(h) is an autotransformer. 

Because the currents are in opposite directions in the two halves of 
winding AC, it is the traditional approach to call section AB the primary 
and section BC the secondary. With these definitions it follows that for fig. 
4.23(h) 

Power in primary = (120 V)(6A) = 720 W 
Power in secondary = (120 V)(6 A) = 720 W 
Load power = (120 V)(12 A) = 1440 W 

Thus we may say that for this transformer ratio half the power is 
transformed and half the power is supplied conductively from the input 
directly to the load. 

Let us now generalize our approach by considering the autotransformer 
of fig. 4.24, where the two segments of the winding have, respectively, N, 
and N 2 turns. Let N 2 /(N l +N 2 )=m. The two segments of the winding carry 
the same flux, hence by the arguments leading to (4.13) the voltage ratio 
will be 


V 2 _ n 2 
Vl Ny+N 2 


(4.31) 


Fig. 4.24. Circuit model for an autotransformer with variable output 
voltage. 
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Also, from the arguments leading to (4.14) we have 

I I 2 N 2 = (I L — I i)N 2 


or 


Ii(N 1 + N 2 ) = I l N 2 

Hence the current ratio is: 

Il_ N 1 +N 2 _ 1 
I, N 2 m 

The current I 2 in the N 2 turns may be written 
I 2 = I L -I 1 =h-mI L = (l-m)I L 


(4.32) 


(4.33) 


As m-> 1 the current I 2 becomes smaller and is zero when m= 1, 
corresponding to a direct connection between terminals A and B. As m gets 
smaller, I 2 ->I L , and the saving resulting from the use of the auto¬ 
transformer becomes negligible. 

If the point B in fig. 4.24 is moveable, then the autotransformer is a 
convenient source of variable alternating voltage. A common type of 
autotransformer designed for use in electronics laboratories has the 
winding configuration shown in fig. 4.25. By adjustment of the moveable 
tap the user may obtain output voltages from zero to a few volts above the 
line voltage. 

Although the circuit diagram of the autotransformer resembles that of 
the resistance-type voltage divider, the principles of operation of the two 
circuits are quite different. In the voltage divider a substantial fraction of the 
input power appears as heat in the resistor. Except for small losses all the 
input power to the autotransformer appears in the load. 

Care must be exercised in using the autotransformer because there is a 
direct connection between input and output. When they are used in the 


Fig. 4.25. Autotransformer connections to provide output voltage 
greater than input voltage. 
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laboratory, autotransformers often are supplied from a unity turns ratio 
isolating transformer as a safety measure. 

Autotransformers find applications in power systems where small 
voltage changes are required. For example, if it is desired to get 2000 volts 
from a 2400 volt line, one may use an autotransformer with 
m = 2000/2400 = 5/6. Such a transformer is considerably cheaper in first 
cost and in operation than a conventional two-winding device. The lack of 
isolation between primary and secondary is of no concern in this 
application. 

4.15 Maximum power transfer 

The transmission of an a.c. signal through an electrical network is 
accompanied inevitably by a loss of signal power, and it is often important 
to ensure that the loss is as small as possible. We now consider the factors 
affecting the transfer of power from one section of a network to another, and 
derive the conditions for which the power transfer is a maximum. 

In fig. 4.26 a practical voltage source is shown connected to a load. The 
source may represent an actual signal source, for example, some form of 
inductive or capacitive transducer, or it may be the Thevenin equivalent of a 
section of a complex network. Likewise, the load Z may be the equivalent 
impedance at the terminals of a complex network to which the transducer 
or first network is connected. It is shown below that the efficiency of power 
transfer depends only on the relative values (magnitudes and angles) of the 
source and load impedances. 

For the circuit of fig. 4.26 


Z 0 +Z (R 0 +R)+)(X 0 +X) 


Fig. 4.26. Basic circuit for derivation of the maximum power transfer 
theorem. 
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so, 


/=- 


JIR 0 + R) 2 + (X 0 + X) 2 1 
Therefore, power to the load is 
V 2 R 


P = I 2 R =- 


(Ro + R) 2 +(X 0 + X) 2 


(4.34) 


We now assume that Z 0 is fixed while Z is variable. There are three cases 
to consider appertaining to the way in which the load Z is constrained to 
vary. 

Case 1: R and X are independently variable. 

In this case, since X appears only in the denominator of (4.34), the value 
of X that maximizes P is 


X=-X 0 (4.35) 

This means simply that the circuit must be brought to a state of 
resonance to maximize power transfer. 

The power is then 

V 2 R 

P ~(R 0 +R) 2 

To find the optimum value of R, we differentiate this expression, set 
dP/di? =0 and solve for R. This gives 

R = R 0 (4.36) 

So, if both the resistance and reactance of the load are adjustable, 
maximum power is delivered to the load when the load impedance Z is the 
complex conjugate of the source impedance Z 0 , that is, 

Z=Z 0 * (4.37) 

The relationship (4.37) is referred to as the maximum power theorem, and 
the load is said to be matched to the source. For this condition, equal 
amounts of power are absorbed by the load and the internal resistance of 
the source, and the efficiency of the system is at best only 50%. It will be 
obvious from (4.35) that, if the source contains reactance, matching can be 
achieved only at one particular frequency. 

Case 2 : R is variable, X is fixed. 

To find the optimum value of R we may differentiate the expression (4.34) 
directly, however, it is somewhat easier to rearrange this expression so that 
R appears in the denominator only; thus 
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_ V 2 _ 

i[(K 0 + K) 2 + (*o + *) 2 ] 


(4.38) 


The value of R that maximizes the power is then found from 


dR 


+ 2 R 0 + R +—(X 0 + X ) 2 


= 0 


or 

R=JIRo 2 + (X 0 + X) 2 1 (4.39) 

In this case the efficiency of power transfer is less than 50%. 

Case 3: magnitude of Z is variable, angle of Z is fixed. 

The angle of Z is tan " 1 (X/R )=constant, therefore X/R= constant = a, say, 
or X = aR. Substitution in (4.38) gives 


i[(R 0 + R) 2 + (* 0 +aR) 2 ] 

Setting the differential of the denominator of the above expression to zero 
(as in Case 2 above) yields 

r 2 +x 2 =r 0 2 +x 0 2 


or, taking the square root of both sides of the expression, 

Z = Z 0 (4.40) 

For this case we see that we must set the magnitudes of the source and load 
impedances equal to obtain maximum power transfer. Again the efficiency 
is less than 50%. 

The impedance transforming property of the transformer (equation 
(4.15)) may be utilized to achieve the condition specified by (4.40). For 
example, if the generator impedance is 8 + j6 so that Z = 10 Q, and if the load 
is a pure resistance of 2100 Q, then maximum power will be delivered to the 
load if a transformer is employed such that: 


N 2 V 2100 
-ST 


or —=J2 10 =14.49 


In practice the turns ratio must be a whole number so we choose a ratio of 
either 14 or 15. The curve of P versus Z has a broad maximum rather than a 
sharp peak, therefore, either ratio would be equally satisfactory. For the 
same reason the assumption of an ideal transformer (implicit in the use of 
(4.15)) will not in practice give rise to any significant error. 
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Matched conditions may also be achieved by inserting between source 
and load a two-port network the elements of which are arranged to provide 
the requisite impedance transformation. If the elements are purely reactive, 
no power will be absorbed by the network itself. An ‘L-section’ combination 
of inductance and capacitance may, for example, be used to match a 
resistive load to a resistive source, as indicated in fig. 4.27. Values of L and C 
may be found such that the impedance Z AB looking into terminals AB will 
equal the source resistance R 0 when the two port is terminated by load 
resistance R. For this matched condition we have 


Z AB =R 0 =jcoL + 


fill /JoiC) 
R+ 1/jct )C 


which gives 

R 0 +}(oCRR 0 = R — (o 2 LCR + j coL 
Equating real and imaginary parts: 

^ 

R 0 = R-co 2 LCR or LC = — 5 —^ 

(o R 


and 


„ L 

coCRRq =<dL or — = RR 0 

Combining these expressions we obtain 



(4.41) 


Fig. 4.27. Matching source and load by means of a reactive two-port 
network. 
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Note that these expressions are functions of to; matching is achieved, 
therefore, at one particular frequency only. A result identical to (4.41) is 
obtained by putting Z CD =R. 


f4.16 The transformer bridge 

Impedances of like kind may be compared by means of a 
conventional four-arm, a.c. bridge (section 3.10) using the circuit shown in 
fig. 4.28(a). Resistances R r and R 2 form a voltage divider across the a.c. 
source and the standard impedances Z 3 and the unknown impedance Z 4 
are placed in opposite arms. If the impedances can each be represented by a 
series combination of resistance and reactance, the balance conditions are: 


R-i _ %3 _R-3 +j^3 

R 2 Z 4 R 4 +jX 4 


which gives 

« 1 = «3 = A 1 

R 2 R 4 K 4 


(4.42) 


Two difficulties arise in connection with the use of such a bridge in 
practice. Firstly, from (4.42) we see that in order to evaluate the unknown 
reactance X 4 and resistance R 4 , the ratio Ri/R 2 must be known accurately. 
If, however, the bridge is to be used for comparing a wide range of values of 
impedance against a single standard impedance this ratio must be 
adjustable over a correspondingly large range. But it is technically difficult 
and expensive to manufacture precision resistance ratio arms that can be 
made variable over a wide range, and in practice the range of the bridge 


Fig. 4.28. A.C. bridges using: (a) resistance ratio arms: ( b ) inductively 
coupled ratio arms. 
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must be extended by providing a large number of different standard 
impedances. 

The second difficulty that arises in connection with the circuit of fig. 
4.28(a) is the presence of stray capacitances across the two resistance arms 
(indicated by the dotted components) which will have the effect of altering 
the balance conditions in an unpredictable way. 

Both of these difficulties may, to a very large extent, be circumvented by 
the arrangement shown in fig. 4.28(b) in which R y and R 2 have been 
replaced by a pair of coupled coils. The coils are closely wound on a core of 
high permeability so that the coupling coefficient closely approaches unity. 
If for the moment we assume that the windings have negligible resistance, 
the two coils will behave like an ideal transformer and the voltages £j and 
E 2 across the coils will be in direct ratio to their turns, that is, 


£ i = iV i 
E 2 n 2 


(4.43) 


Now with corresponding ends of the coils arranged as shown, and taking 
£ t and £ 2 as phase reference, we may write 

/ 1 Z 3 + (/ 1 -/ 2 )£ d =£ 1 

(/ 2 -/ 1 )£ d +/ 2 Z 4 = £ 2 (444) 


Where R D is the resistance of the detector. 

At balance the current in the detector is zero, that is, /1 and / 2 must be 
equal in magnitude and phase, hence from (4.44) and (4.43) we obtain 

Z3 = £ i = N i 
Z 4 E 2 n 2 


or 


Ni _R 2 

N 2 “r 4 “x 4 


(4.45) 


We see from this expression that the balance condition is dependent only 
upon the ratio of the turns on the two coils, which can be fixed in 
manufacture to very high precision and which, unlike resistance ratio arms, 
is not subject to the influence of temperature changes or ageing of the 
components. Moreover, by providing tapping on the two windings at 
suitably arranged intervals the bridge ratio may be changed in precisely 
defined steps over a very wide range. 

An impedance connected across either of the windings will draw current, 
but because the ratio of the voltages across the two windings is fixed by the 
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turns ratio, the bridge balance will remain unchanged. Stray capacitances 
across the windings will, therefore, have no effect on the operation of the 
bridge. Also, at balance, both points P and Q will be at the same potential so 
if P is connected to earth, stray capacitances from these points to earth will 
also have no effect. 

So far we have assumed that the resistances of the two coils are zero and 
that the coupling between them is perfect. In practice there will be resistance 
and leakage reactance associated with both windings so that current drawn 
by an additional impedance connected across one coil will produce a 
voltage drop. This drop however will, by transformer action, cause a drop 
in the other coil and by proper design the two can be made to compensate 
so that the ratio of the voltages across the coils remains virtually 
unchanged. 

A practical form of the transformer ratio-arm bridge is shown in fig. 4.29. 
In this circuit two transformers are used each having an additional winding, 
to which source and detector are connected. This arrangement avoids earth 
loops which might affect bridge balance, and allows the various sections of 
the bridge to be more efficiently screened from one another. 

At balance the two currents flowing through Z 3 and Z 4 create equal and 
opposite ampere turns in the transformer on the detector side of the bridge. 
Thus, by arranging a series of tappings on this transformer the bridge ratio 
may be further multiplied, and an overall ratio ranging from 1 to 10 6 may be 
readily achieved. A single adjustable standard usually suffices for this type 
of bridge. A further advantage of this arrangement is that by connecting the 
standard to the opposite side of the transformer on the detector side, as 
indicated by the dotted line, it is possible to compare unlike impedances; 
thus, an inductive impedance may be measured using a capacitance 
standard. The parameters of three-terminal networks, both active and 
passive, may also be conveniently measured with this type of bridge. 


Fig. 4.29. Practical form of transformer bridge. 
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The transformer bridge allows impedances to be compared in the 
frequency range 1-10 kHz with a precision typically of 1 part in 10 4 , and a 
precision of better than 1 in 10 6 is achievable. By the use of ferrite cores in 
the construction of the transformer, measurements may be made at 
frequencies of up to 250 MHz with a precision of a few per cent. 

4.17 Summary 

In a network containing reactive as well as resistive elements the 
voltage V and the current / at a pair of terminals will, in general, differ in 
phase by some angle </>. The current may be resolved into two components: 
a component Icoscf), called the in-phase current, and a component Isincf), 
called the quadrature current. The product of voltage and in-phase current, 
gives the power at the terminals: 

Power = VIcos<p watts (4.3) 

This quantity is called the real (or active) power to distinguish it from two 
other related quantities: 

Reactive power = Vising vars (4.4) 

and 

Apparent power = VI volt-amperes (4.5) 

The real power is simply the apparent power multiplied by cos 4> - the 
power factor. For a purely resistive network the power factor is unity while 
for a purely reactive network it is zero. The relationship between real, 
reactive and apparent powers may be shown diagramatically by means of 
the power diagram or power triangle (fig. 4.4). It is also sometimes 
convenient to express the relationship in complex form: 

S = P+iQ (4.10) 

where S is the apparent power, P the real power, and Q the reactive power. 

The principle of conservation of energy applies to both real and reactive 
powers, which implies that the total real power flowing into a network must 
equal the sum of the powers dissipated in the individual resistances within 
the network; likewise the total reactive power must equal the sum of the 
reactive power associated with the reactances within the network. (Prin¬ 
ciple of conservation of watts and vars, equation 4.9.) Reactive powers 
associated with inductance and capacitance carry opposite sign for the 
purposes of calculating total reactive power. 

When energy is drawn from a distribution system, it is desirable to 
operate at unity power factor because the current requirement for a given 
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power delivered is then a minimum. Industrial loads are predominantly 
inductive and, therefore, draw a lagging current. Connection of a capacitor, 
drawing a leading current from the supply, will reduce the total reactive 
power thereby improving the power factor. Such improvement is often 
economically justifiable in the case of large industrial power consumers. 

The transformer is of fundamental importance as a component in power 
distribution systems; it is also used in electronic and communications 
equipment of all kinds. The analysis of the transformer as a circuit element 
is greatly simplified by reference to the loss-free ideal transformer in which 
the voltage ratio is in direct proportion to the turns ratio between primary 
and secondary windings and the current ratio is in indirect proportion to 
the turns ratio (equations (4.13) and (4.14)). Real transformers may then be 
characterized by circuit models based on the ideal transformer with 
components added to account for winding resistances, leakage inductances 
and an exciting current. By employing the impedance transforming 
properties of the transformer, a simplified circuit model may be derived in 
which all elements are referred to either the primary circuit or the secondary 
circuit. This results in a circuit model consisting of just two series elements 
and two shunt elements (fig. 4.18). These elements may be determined 
experimentally from simple short-circuit and open-circuit tests. 

In electrical and electronic circuits intended for signal transmission it is 
important to ensure that the loss of signal power is as small as possible. 
Optimum power transmission between a source of impedance Z 0 and a 
load impedance Z is achieved by matching source to load according to the 
maximum power theorem: 

Z= Z 0 * (4.37) 

where Z 0 * is the complex conjugate of Z 0 . For purely resistive circuits this 
condition implies that source and load resistances should be the same. The 
impedance transforming properties of the transformer or combinations of 
reactive elements can be utilized to achieve matched conditions. 

4.18 Problems 

1. For the circuit of fig. 4.30 determine. 

(a) the power dissipated in each branch of the circuit. 

(b) the watts and vars to the whole circuit. 

(c) the power factor of the circuit. 

2. Find in the circuit of fig. 4.31 the pure reactance or reactances X that will 
make the overall power factor 0.8. 

3. A load which takes 3 MW at 0.6 power factor lagging is fed by a line 
whose inductive reactance is five times its resistance. In order to provide a 
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load voltage of 75 kV it is found that the input to the line must be 90 kV. 
Find the line current. 

If a capacitor is connected in parallel with the load to bring the power 
factor to 0.9 lagging, what must then be the input voltage to the line? 

4. Two impedances, Z, and Z 2 , are connected in parallel. The resistive 
component of the first branch is 5 Q. When the parallel combination is 
connected to a supply voltage of 240 V, the first branch takes a lagging 
current of 21.5 A and the second branch takes a leading current at power 
factor 0.6. The total power supplied is 3.69 kW. 

Determine: 

(a) the branch and total currents. 

(b) the impedances of the two branches. 

(c) the impedance of the parallel combination. 

(London University) 

5. If the alternating voltage across a certain load is represented by the 
complex number Land the alternating current through the load is given by 
/, demonstrate that the power is the real part of either VI* or V*I. 

A voltage of (100sincor + 20sin(2a)f + n/2)) is applied to a circuit consist¬ 
ing of a resistor and a capacitor in series. The impedance of the circuit at 
angular frequency o> is (10—j20) ohms. Calculate the r.m.s. current, the 
power dissipated and the reactive power. 

(Oxford University) 


Fig. 4.30. Circuit for problem 1. 
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6 . In the circuit shown in fig. 4.32 the transformer is to be assumed ideal 
with turns ratio 1 : 2 . 

(a) Show that at angular frequency co = 10 2 rad/s the current I 2 is in 
phase with the voltage across the transformer secondary winding. 

(b) Given that f 0 = 2A at 100 rad/s determine the magnitudes of the 
currents I u I 2 and I 3 and their phase angles relative to the current / 0 . 
(London University) 

7. Describe briefly how an equivalent circuit for a power transformer can 
be derived from measurements made in open- and short-circuit tests. 

A 415/240 V, 50 Hz, single-phase transformer has winding resistance 
0.15 Q and leakage reactance jl.OQ, both referred to the high-voltage 
winding. 

Estimate the terminal voltage on the low-voltage winding when the 
transformer supplies the following load from a 415 V source: 

(a) a resistance of 6 Q. 

(b) a resistance of 6 Q in parallel with a 500 /iF capacitor. 

(Cambridge University: First year) 

8 . The maximum efficiency for a single-phase, 50 Hz transformer rated at 
1000 kVA, 2000/250 V is obtained when it is supplying, at the secondary 
side, 70% of full load at unity power factor and 250 V. The following data 
are available for the transformer: 

Turns ratio, 8 :1. 

Primary winding resistance, 0.04 Q. 

Secondary winding resistance, 0.001 Q. 

Leakage reactance referred to the primary winding, 1.04 Q. 

Estimate the maximum efficiency and calculate the magnitude of the in- 
phase component of the current when the secondary winding is on open 
circuit. Estimate also the readings on the measuring instruments used in a 
test on the transformer with full-load current in the primary and secondary 
short circuited. 

(Cambridge University: Second year) 

Fig. 4.32. Circuit for problem 6. 
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9. How are the Thevenin and Norton equivalents of a two-terminal 
network related to each other? Show that if a load is connected at the two 
terminals, the calculated load current is the same, whichever equivalent 
circuit is used. 

In the circuit of fig. 4.33 the resistor R is adjusted until it dissipates 
maximum power. Find: 

(a) the ohmic value of R. 

(b) the current and power in R. 

(c) the total power drawn from the 8 V and 2 A sources. 

(Newcastle University) 

10. A vibration measuring instrument is equivalent to a 10 mV source in 
series with an impedance of (900 + j 1200) £1 What is the maximum power it 
can supply to an amplifier whose input impedance is an adjustable resistor? 

What would be the maximum power if a suitable capacitor were 
connected in series with the input? What should be the value of this 
capacitor if the vibration frequency is 1 kHz? 

11. A practical voltage source has an output voltage of E on open circuit 
and an internal impedance of = /?!+jA r 1 . It is connected to a load 
impedance Z 2 = R 2 +jX 2 , whose magnitude may be changed without 


Fig. 4.33. Circuit for problem 9. 
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Fig. 4.34. Circuit for problem 12. 
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change of angle, i.e. 0 = tan 1 (A' 2 /R 2 ) = constant. Show that maximum 
power transfer from source to load occurs for the condition: 

|Z 2 | = |Z, |. 

An electromechanical vibration transducer has an impedance of 
(500+j600)0 and an output of 0.2 mV on open circuit. It is to be 
transformer-coupled to an amplifier having an input resistance of 100 kQ. 
Determine the transformer turns ratio required to establish the maximum 
voltage at the input of the amplifier. What is the magnitude of this voltage? 
It may be assumed that the transformer is ideal. 

(Cambridge University: Second year) 

12. In the circuit shown in fig. 4.34, a variable load impedance Z L is 
supplied through a transmission line Z T = (5+jl2)0 from a voltage 
generator V g = 10 /60° and a current generator / g = 5/0. 

(a) Determine the value of impedance Z L to absorb maximum power. 

(b) Calculate the power absorbed by the load calculated in part (a). 
(Sheffield University: First year) 

13. A 1.0 MHz generator having an open-circuit voltage of 10 V and an 
output resistance of 50Q supplies a variable impedance R +jX, as shown in 
fig. 4.35(a). Derive an expression for the maximum power P m which can be 
supplied to the load, and find the corresponding values of R and X. 


Fig. 4.35. Circuit for problem 13. 
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Show that the circuit shown in fig. 4.35(h) can be so designed that the 
power delivered to the 5.0 kQ resistor has the same value P m . and determine 
the appropriate values of L and C. 

(London University) 

14. In the circuit of fig. 4.36 the network of pure reactors Z i and Z 2 is to be 
used to transfer maximum power from the signal generator of output 
resistance 100 Q on the load of resistance 10 Q at an angular frequency of 
10 5 rad/s. Find the components required for Z, and Z 2 . 

In what ratio is the power supplied to the load reduced if the Z 1; Z 2 
network is omitted? 

(Cambridge University: Second year) 

15. In the circuit of fig. 4.37 impedances are given in ohms at the operating 
angular frequency co of the signal source S. Find the reactance of the 
capacitor C which will give maximum power transfer to the 30 Q load. 
(Cambridge University: Second year) 


Fig. 4.37. Circuit for problem 15. 






coL , = 15 
coL 2 = 20 
coM = 16 



5 


Three-phase alternating 
current circuits 


5.1 Introduction 

In chapters 3 and 4, circuits were considered in which the 
alternating energy sources possess the same frequency but, in general, 
different voltages and internal impedances, and arbitrary phase relation¬ 
ships. Each voltage source in such circuits may be thought of as being 
generated by the interaction between a stationary coil of wire and a 
properly shaped rotating magnetic field, as shown schematically in fig. 
5.1(a).* Now, suppose that instead of a single coil (generally referred to as a 
winding) there are n windings symmetrically disposed on the stator of the 
machine. If the windings are identical, their impedances are equal and the 
amplitudes of their induced voltages are equal. The voltages will all be of the 
same frequency, determined by the angular speed of the rotating magnet, 
and the phase relations among them will be fixed. The phase difference 
between the voltages of two successive windings will be 2n/n radians or 
360/n degrees. A machine constructed in this fashion is an n-phase 
generator. 

The majority of power systems throughout the world utilize the three- 
phase generator, shown schematically in fig. 5.1 ( b ). In fig. 5.2 are shown (a) 
a phasor diagram for the three-phase generator, and ( b ) graphs of voltage v. 
time for the three phases. The three voltages differ in phase by 360/3 = 120°. 

The generators in a power system are connected to a series of step-up and 
step-down transformers that provide voltage levels appropriate for the 
efficient transmission, distribution and consumption of the power gene¬ 
rated. The three-phase transformers used possess primary and secondary 
circuits each consisting of three identical windings electrically (although 

* A discussion of rotating a.c. machines is beyond the scope of this text; see 
reference 12 for a general introduction to the theory and practice of electrical 
machines and associated equipment. 
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not mechanically) similar to those in the three-phase generator. Generator 
and transformer windings are connected phase-to-phase, the voltages 
impressed across the phase windings of any transformer in the system being 
of similar form to those shown in fig. 5.2. 

An important feature of any polyphase generator is the fact that at any 
instant the sum of the individual phase voltages is zero. An examination of 
fig. 5.2 shows the validity of this statement for three phases. In fig. 5.2(a) the 
resultant of the three phasors is obviously zero. In fig. 5.2(b), at any instant, 
the sum of the three voltages is exactly zero. 


Fig. 5.1. Schematic representation of an a.c. generator or alternator. 


a 



a' 


(a) Single-phase (b) Three-phase 


Fig. 5.2. The phase voltages of a three-phase generator. 



(a) Phasor diagram 


(b) Instantaneous values 
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5.2 Advantages of three-phase systems 

Among important advantages of three-phase systems for power 
distribution may be numbered the following. 

(1) Economy in energy conversion equipment. 

The generation and utilization of electrical energy in a large-scale 
power system depends on the efficient operation of large numbers 
of rotating a.c. machines. Polyphase windings make better use of 
the space available in a machine of a given physical size and 
therefore capital costs are lower. The load capacity of a two-phase 
machine is some 40% greater than that of a single-phase machine 
while that of three-phase machines is 50% greater. Polyphase 
machines with four or more phases offer a negligible increase in 
load capacity over the three-phase case which, therefore, rep¬ 
resents the optimum arrangement. 

(2) Economy in transmission equipment. 

The transmission of power in a single-phase system requires two 
conductors, two- and three-phase systems both require three 
conductors, and a four-phase system four conductors. The three- 
phase system has only two-thirds of the transmission loss of the 
single-phase system for the same power delivered to a load, 
consequently it offers the greatest economy among the possible 
polyphase systems. 

(3) Provision of constant power and torque. 

Polyphase systems provide constant instantaneous power to a 
load, which implies that both generators and motors exhibit a 
constant torque characteristic. By contrast, in a single-phase 
system power goes to zero twice every cycle so that the torque of a 
single-phase machine is pulsating. 

This characteristic of polyphase systems, shared of course by the 
three-phase system, is essential for large-scale power generation 
since it allows the use of constant-torque prime movers such as the 
steam and water turbine. The provision of constant torque is also 
essential in many industrial applications of electric motors. 

5.3 Three-phase circuits 

5.3.1 Phase and line voltages 

To begin our study of three-phase circuits consider the arrange¬ 
ment shown in fig. 5.3 in which a three-phase generator or transformer is 
represented by three identical, ideal voltage sources. Each source is joined 
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to a load impedance through two wires each of impedance Z x . It will be 
apparent that nothing is lost if we form a common point by connecting 
together the three ends x, y and z, of the individual sources. We may also 
join points x',y ' and z'. Then we have reduced our circuit from a 6-wire to a 
4-wire system (fig. 5.4), with the common points n and n' joined by a neutral 
wire of impedance Z„. 

Fig. 5.3. Source-to-load connection using 6 conductors. 



Fig. 5.4. Source-to-load connection using 4 conductors. 
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With the interconnections shown in fig. 5.4, the phasor diagram 
representing the three source voltages is as shown in fig. 5.5(a). The three 
phasors each have magnitude V p ; thus, a voltmeter connected between the 
neutral point n and any of the points a, b or c, will read V p volts. The voltages 
V a , V b and V c are called the phase voltages. If V a is taken as the reference 
phasor, we may write the phase voltages as 



V b = Vptr r . 1 .2 0 
V c = V JL +12Q 


(5.1) 


Other voltages of significance in fig. 5.4 are the line-to-line (or simply line) 
voltages v ab ,v b , and V ca . The relationships among line and phase voltages 
are readily determined with the aid of fig. 5.5(h). With V a as the reference 
phasor we have 


V*=K-V b =V. + (-V h ) 


Fig. 5.5. Phasor diagrams for the source shown in fig. 5.4. 




(a ) Phase voltages 


(, b) Line voltages 


c 



a 


b 


(c) Line and phase voltage relationships 
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or 

v ab =V p lO + Fp/60 = vj^ 1 + i + = V3 Fp/30 

Similarly it may be shown that V bc = Jl V J — 90 and V ca = y/3 V J 150 . Let K, 
be the magnitude of the line voltage, then we may write (with V a = VjQ as 
phase reference) 

v ah =vm 

(5.2) 

v ca =v,/+m 

where 

v,=Jiv p 

A compact (and easily remembered) form of phasor diagram, showing the 
relationships among the complete sets of line and phase voltages, is shown 
in fig. 5.5(c). 

5.3.2 Balanced load 

We now assume that the three load impedances in fig. 5.4 are 
identical so that 

Z a = Z b = Z c — z 

Such an arrangement is referred to as a balanced load.* In fig. 5.4, the line 
currents are designated I a , I b and I c . By applying Kirchhoff’s voltage law 
around the appropriate loops we obtain 

V a =I a Z t + I a Z + (l a +I b +I c )Z„ 

V b =I b Z l+ I b Z + (I a +I b +I c )Z n (5.3) 

V c =I c Z l +I c Z + (I a +I b +I c )Z n 

We have already shown that V a + V b + V c = 0. It follows then that the sum of 
the terms on the right-hand side of equations (5.3) is zero. The result of this 
summation is 

(/ a +/ 6 +/ c )(Z, + Z + 3Z„)=0 
Therefore, 

/ a + /(i + /c = 0 (5.4) 


* Much of the electrical equipment used in industry (three-phase motors for 
example) constitutes a balanced load, and it is possible in a large power 
distribution system to maintain conditions where loads on generators and 
transformers are essentially balanced. 
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So, for the balanced load, there is no current in the neutral wire and, 
consequently, no voltage drop across the impedance Z„. 

From (5.3) and (5.4) the line currents under balanced conditions are 
given by 


V p/0 V j — 120 V j+ m 

° Z, + Z’ 6 Z, + Z ’ c Z, + Z 


(5.5) 


In practice it is not possible to maintain perfect balance among loads in a 
power distribution system, particularly so at the local distribution level 
where loads drawn by small commercial and domestic consumers, dis¬ 
tributed between the three separate phases of the system, are continually 
varying. A neutral wire is always provided in this case to carry the small 
out-of-balance currents that arise. This neutral wire is connected to earth at 
some point (usually at the sub-station transformer) and provides a 
common reference for the whole of the local distribution network. 

The provision of a neutral wire has the further advantage of providing 
consumers with two alternative voltages: line voltage and phase voltage 
differing, as shown above, by a factor of J3. In the UK these voltages are 
415V and 240V respectively. The higher of these is more suitable for 
commercial and industrial consumers operating, for example, machine 
tools powered by three-phase induction motors. For a given installed load 
the higher voltage results in a lower current, which reduces the capital costs 
associated with wiring and switchgear. These considerations are of less 
importance for the domestic consumer where a single-phase supply (one 
phase of the three-phase supply) is adequate for low-power lighting and 
heating purposes. The lower voltage is also safer in situations where 
portable electrical apparatus is used extensively. 

As mentioned previously, the average load on a large-scale power system 
is always arranged to be as nearly as possible in balance. The generators in a 
power station operate under essentially balanced conditions, as do the main 
distribution transformers and overhead lines. In the case of long-distance 
lines the neutral wire is dispensed with, although an additional wire is 
necessary to connect the transmission towers together and to earth. (This 
normally carries no current except in the event of a lightning strike.) 


5.3.3 Worked example 

For the three-phase system shown in fig. 5.4 the line voltage of the 
source is 415 V, and the load consists of three equal impedances 
Z = 20 + i 10( = 22.4 /26.5 10. The line impedance Z, = 2+j4 
( = 4.47 /53.4 10. (Note that in this example the line impedance Z, 
is chosen to be unrealistically high compared with Z so that its effect will 
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not be negligible in the calculations.) Find the line current, the voltage 
across the load, the power delivered to the load, and the power lost in the 
transmission line. 

Solution. Because this is a balanced system, we may make calculations for 
one phase alone and find all the required information from the results of 
these computations. 

The magnitude of the phase voltage is, from (5.2), F p =415^/3 = 240 V. 
We may choose any phasor to be our reference, i.e. to have phase angle zero, 
so letting V a = 240/01: 


K 

z,+z 


240Z0 240/0 

22 4-jl4~2.fi. 1 /32.5 


= 9.2 /-32.5 


The load voltage is 


V a . = l a Z = (9.2 / — 32.5 1(224 / 26.5 ) = 206 L=L 


Because the system is balanced, the three line currents all have magnitude 
9.2 A and the three load voltages have magnitudes 206 V. Furthermore, the 
angle between adjacent voltages and between adjacent currents is 120°. We 
may therefore write 

1„ = 9.2. / -152.5 V b , = 206 / -126 
/, = 9.2 / 87.5 V c , = 206/1M 


The relationships among currents and voltages are shown in the phasor 
diagram of fig. 5.6. 


Fig. 5.6. Phasor diagram for worked example (section 5.4). 
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The power factor for one element of the load is the cosine of the angle 
between /„ and V a -. This is cos( — 6° — (-32.5°))=cos26.5°=0.895. So, the 
average power supplied to one element of the load is 

P a = V a -I a cos26.5° = 206 x 9.2 x 0.895 = 1696 W 

The total power to the load is P = 3P a = 5088 W. 

The power loss in one line is I a 2 R line = 9.2 2 x 2 = 169 W. 

Then the total line loss is 3 x 169 = 507 W. 

As a check, let us calculate the power delivered by the source. For one 
phase of the source, the phase of the angle is ( — 32.5°); so the power 
delivered by phase a is 

Pa = V a I a cos(-32.5°) 

= 240x9.2x0.843 = 1861 W 

The total power supplied by the source is 3P a = 3x 1861= 5583 W. The 
total power absorbed is the sum of the line loss and the power delivered to 
the load, that is, 5088 + 507 = 5595 W. Within the limits of error of our 
calculations, this equals the power supplied by the source. 

5.3.4 Star and delta connections 

In general, for an n-phase system the configuration in which one 
end of each element (either source or load) is tied to a common point is 
called a star connection. For a three-phase system this configuration is also 
called a Y connection (sometimes spelled out as wye). In fig. 5.4 both the 
source and the load are Y connected. 

An alternative way of connecting the elements of the source or load is one 
in which they are joined to form a closed path. In the case of the voltage 
sources this connection is possible because, as we have seen, the sum of the 
phase voltages is zero, consequently, such an interconnection will not result 
in a circulating current through the sources. For a three-phase system this 
interconnection is called a delta, often written A. It is represented in fig. 5.7. 

It is usual for the alternators in a large power station to be connected in 
Y, but transformers are connected in Y or A depending on their particular 
function in the system. When sources are connected in A there is, of course, 
no neutral point. 

A three-phase load may be connected in either Y or A regardless of how 
the source is connected. Indeed, in connecting a three-phase load one may 
have no information concerning the source. The usual situation is that one 
has three lines (plus, perhaps, a neutral wire) and information about the 
phase sequence, that is information concerning the order in which the line 
voltages (or phase voltages, if there is a neutral) reach their maximum 
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Fig. 5.7. Delta connection of three-phase voltage sources. 



Fig. 5.8. Relationship among line and phase currents for a balanced 
delta-connected load. 
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values. One also knows, or can measure the magnitude of the line voltage 
(or of the phase voltage, if appropriate). The consumer who connects a load 
to the three-phase line usually is not concerned about losses in the 
transmission line or voltages and currents at the source; it is rather the 
authority responsible for supplying the power that is interested in these 
quantities. 

Fig. 5.8(a) shows a A-connected balanced load in which the load 
impedances carry currents /„, I p and l r Because the load is balanced these 
phase currents are of equal magnitude and mutually spaced on the phasor 
diagram at 120°, as shown in fig. 5.8(h). Let the magnitudes of the phase and 
line currents be I p and /, respectively, and let I a be the phase reference. Then 
at node a' 

/„=/«+(-/,)= i P io+i P um=i P (i +i - j ^ j =sJ3i p l=m 

The three line currents must also be at mutual phase angles of 120°, hence, 
we may write 

!„ = /, /—30° ; /„ = /, /-150° ; I=lJ 90° (5.6) 

where 

W3/ P 

The relationship among line and phase currents for the balanced A- 
connected load is shown in fig. 5.8(c). This relationship is similar to that 
which exists between line and phase voltages in a balanced Y-connected 
system (see fig. 5.5).* 

5.3.5 Worked example 

For the balanced three-phase system shown in fig. 5.9 the line 
voltage at the source is 415 V, the line impedance Z, = (2+j4)Q, and the 
load impedance Z=(20+jl0)Q. (These parameters are identical to those 
in the previous worked example.) Find the line currents, the voltage across 
the load, the power delivered to the load and the power lost in the 
transmission line. 

Solution. In fig. 5.9 we have defined three mesh currents / 1; l 2 and l 3 . The 
currents that we wish to find; namely, the line currents /„, I b and I c and the 
three load currents, / a , l p and l y are readily expressed in terms of these mesh 
currents. Before substituting numerical values, expressions for I u h and l 3 
are found. 


* The Y- and A-connected systems are duals. 








242 Three-phase alternating current circuits 


Using mesh analysis we obtain: 


Zi(2 Z, + Z) 

l,Z x 

l x Z 


I 2 Z t 


-hZ 


= K-K 


+I 2 (2Z, + Z) 


l x Z = K— K 


l 2 Z 


+/ 3 (3Z) = 0 

Simultaneous solution of these equations yields 


2(K-v„)+(Vc-K) 

Zo 

(K-V b )+2(V C - K) 


/ 3 = (/ 1 + / 2 )/3 = 


(V a -K) + (Vc-K) 

Zo 


where 


Z 0 = 3Z, + Z 


But 

(K-V b )=V ab and(V c -V a )=V ca 

hence 


I 1 =(2V ab +V ca )/Z 0 
I 2 — (V ah + 2V ca )/Z 0 
h = (Vab+ Ka)/Z 0 


If K is chosen to have zero phase angle then, by (5.1), 


(5.7) 


Fig. 5.9. Wye-connected generator with balanced delta-connected load 
(worked example, section 5.3.5). 


Z/ 
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V ab = 415/30=415(0.866 + j0.5) 

F ca =415^15Q=415(-0.866+j0.5) 

Also, 

Z 0 = 3(2 +j4) + 20 + j 10 = 26 + j22 = 34. l/JMfl 
Substituting these numerical values in (5.7) gives 

/ 1 =21.lZl9JA; / 2 = 21.1/79/7 A; f 3 = 12.2/49.7 A 

From fig. 5.9: 

h = h-h /,=/ 1-/3 

/,= -/, /,= -l 3 

f t = 12 ly~l 2 ~ I3 

Substituting values of I u I 2 and / 3 in these equations gives 

f„=21.1 / -40.3 A /,= 12.2 / —10.3 A 
l b =7.1.1 / -160.3 A = 12.2 /- 130.3 A 
f c =21.1 /79.7 A I.. = 17-2 / 109.7 A 

A considerable saving in the amount of calculation required to find the 
line and phase currents may be achieved by utilizing (5.6) and the 
relationship shown in fig. 5.8(c). Specifically, a knowledge of either /, or I 2 
makes it possible to write down line and load (phase) currents directly. 
Thus, having solved (5.7) for current / 1; then 

/„=-/,= —21,1 /19.7 = 21.1 / -160.3 

and we may write 

#, = 21.1 /-160.3 + 120 = 71 1 / -40.3 
/. = 21.l / —160.3— 120 = 21.1/79/7 

Furthermore, the phase current I a is given by 

la = (4/V3 )/_±3 0 = (21.1/73)/_-4 0 .3^.3 0 = 12.2/_^lQJ. 

from which it follows that 

l p = 17.7 /-10.3-120 = 12.2 /-130.3 
1 = 12.2 / -10.3+120 = 12.2 /109.7 

Now that the load currents have been found, the load voltages are readily 
obtained 


V a , y = l a Z= 112.2 / -10.3 1(22.4 /26.5 1 = 273/ 16.2 V 
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Similarly, 

Hv = 273 / — 103.8 V, and F rV = 273 / 136.2 V 

Because the load is balanced, the total power delivered to the load is three 
times the power in one load impedance. For example, the power delivered 
by current /„ is / st 2 K| 0ad , where P load is the resistive part of the load 
impedance, in this case 20 ohms. The total power delivered to the load is 
then 

P load = 3 x 12.2 2 x20 = 8930W 

The power loss is three times the loss in one line. Therefore 
P line = 3 x 21.1 2 x 2 = 2671 W 

Finally, we calculate the power supplied by the source. Again the fact that 
we have a balanced load makes it possible to calculate for one phase and 
multiply the result by three. Thus the total power supplied by the source is 

3 x V a I a cos( -40.3) = 3 x 240 x 21.2 x 0.763 = 11 591 W 

This checks with the sum of the load power and line loss: 
8930 + 2671 = 11601 W (within the limits of error of the calculations). 

5.3.6 Use of Y — A transformation 

An alternative approach to the solution of the above example is to 
use a Y-A transformation (section 2.9.2) of the load impedance. The result 
of this transformation is shown in fig. 5.10. Because the system is balanced, 
points n and n' are at the same potential and may, for purposes of 
calculation, be connected by a conductor of zero impedance. Then from fig. 
5.9, 


Fig. 5.10. Load of fig. 5.9 after delta to wye transformation. 



Load 
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K 240Zfl 3 x 240/0 

a_ Z ( + Z/3 _ (2+j4) + (20+jl0)/3~6+jl2 + 20+jl0 
= 21.1 / —40.3 

The remaining line currents and the three load currents are found, as 
before, by invoking (5.6) and the relationship shown in fig. 5.8(c). 

The Y-A transformation is especially useful when there are mixed Y- or 
A-connected loads that must be combined to find the total line current. It is 
convenient then to use the transformation so that the loads will be all A- 
connected or all Y-connected. After line currents and line voltages at the 
load have been calculated, the transformation may be used in the opposite 
direction to permit calculation of individual load currents. 

5.3.7 Unbalanced load 

If the individual load impedances are not identical (that is, if the 
load is unbalanced ) then in general neither the line currents nor the line 
voltages at the load will have equal magnitudes. Moreover, the phase 
sequence will affect both the magnitudes and phase angles of currents and 
voltages in the circuit. 

The worked example that follows outlines a procedure for analyzing an 
unbalanced Y-connected load. A similar procedure may be used for a A- 
connected load if the load is first converted to a Y-configuration by means 
of the Y-A transformation. 

5.3.8 Worked example 

Fig. 5.11 shows a Y-connected source, supplying a Y-connected 
unbalanced load. The source has a phase voltage of 240 V, and the load and 
line impedances have the following values: 


Fig. 5.11. An unbalanced wye-connected load (worked example, 
section 5.3.8). 
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Z a = 20 +j 10 = 22.4Z26J. Z, = 2+j4 = 4.47/614 

Z/( = 8 + j2 = 8.25/J4J, Z„=0+jl = lM 

Z..= 1S-jS = 15.8 /-18.5 

Calculate the line currents (a) if the source has phase sequence abc; (b) if 
the source has phase sequence acb. 

Solution. Since the load is unbalanced there will be a current in the neutral 
line and, consequently, the impedance Z„ now appears in the calculations. 
We may find the line currents directly using the method of mesh analysis, 
but this involves the solution of three simultaneous equations with complex 
coefficients. The use of nodal analysis to find the voltage at the node n' 
provides a somewhat easier approach. 

Let V„' be the voltage of node n' with respect to the neutral point n, then 
the nodal equation at n' is 

M + M + ^ + ^ =0 

z* + Z/ + Z, Z y + Z, Z„ 


V "lZ a + Zi + Z ll + Z l + Z y + Z l + Z n \ 

Zfl + Zj Z^ + Z, Zy + Z, 

Inserting numerical values for the impedances: 

./ T 1 , 1 , 1 , 1 

K "t22+jl4 + 10+j6 + 17-jl + 0+jl_ 

t , H | 

22+jl4 10+j6 17-jl 

(a) With phase sequence abc* the source phase voltages are 

V a = 240Z0 = 240 + jO (reference) 

V„ = 740 / -120 = - 120—j 208 
I^ = 240ZJ2Q= — 120+j208 


* Note that the phase sequence specified refers to the cyclic order in which the 
voltage phasors must appear in the stationary phasor diagram when moving 
round the diagram in a clockwise direction. The rotating phasor diagram (see 
section 3.5) will then cause phasors to sweep past a given reference direction in 
the correct order. 
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Inserting these values in (5.8) gives 
— — 88.8 ~0—j!7 

The line currents are then given by 


h = 


V — V 

w n r n 


, = (240 ± j0HH17 ) = ^ a 


Z a + Z, 22 + j 14 

V b -V n . (— 120 —j208) — (0 —j 17) 


h Z B +Z , 


10+j6 


= 19.3 / —1^3 A 


/,= 


V-Vn' 


+ 


(-I20 + jl ff)-(q-j l 7) = ^ 

17+jl 


The current in the neutral wire is simply 


In 



17/ - _8S,S 
ilm 


= 17 / —179 


(b) With phase sequence acb the source phase voltages are 

K, = 240/H=240+j0 (reference) 

V b = 240/12Q= —120 +j208 
K = 240 L^m.= - 120 —j208 


Inserting these values in (5.8) gives 


V n . = 3.29/i4M= - 2.54 + J2.09 


The line currents and the neutral current are found as in part (a): 

/„ = 9.3 / -32.9 A; /, = 20.3/88.7A; 

J,= 14.1 / — 116 A; /„ = 3.32/5035A 


We note that the different phase sequences produce different magnitudes 
and phase angles for the line currents. Phasor diagrams for the two phase 
sequences are shown in fig. 5.12. Fig. 5.12(h) and (d) demonstrate that in 
each case the sum of the line currents is equal to the current in the neutral 
wire. Such diagrams provide an approximate graphical check on the 
calculations. 

It may be remarked, finally, that calculations for three-phase circuits, 
whether balanced or unbalanced, are considerably simplified if line 
impedances, or the impedance in the neutral wire, can be assumed to be 
zero. For instance, in the above example involving an unbalanced load, if 
Z„ in fig. 5.11 is zero, then the source phase voltages appear directly across 
the series combinations of line and load impedances and expressions for the 
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line currents can be written down directly, without recourse to nodal 
analysis (see problem 5.2). 

Similarly, in fig. 5.9, if the line impedances Z, are zero, then the source 
line voltages are applied directly to the loads and, again, expressions for the 
load currents can be written down directly without recourse to mesh 
analysis. In this case, since the load is balanced, only one current need be 
evaluated; all other currents can be deduced from the known relationships 
between line and phase currents (see problem 5.1). 

5.4 Power, reactive power and apparent power in 
balanced loads 

It has been shown in section 5.3 that for a balancedY-connected 
load the voltage across one phase is equal to K,/^/3, where V x is the line 
voltage. The apparent power in one phase is therefore ( VJ^J3)1 b where /, is 
the line current (equal to the phase current in a Y connection). If (f) is the 
phase angle between the phase voltage and current, the average power in 
one phase will be (ky,/3)/ ( c os<j), and the reactive power will be 
{V { /yj3)I,sin(t>. Multiplying by a factor of 3 gives totals for all three phases, 
hence using the notation of section (4.3) we may write: 

Power P=-j2> F,/,cos</> 

Reactive power Q = ^/3 l^/jsin^) (5.9) 

Apparent power S = ^/3 V,i l 


Fig. 5.12. Phasor diagrams for the circuit of fig. 5.11. 



= 20.3 /88.7 



Reactive Power (= 7.35 MVAr) 
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These expressions apply also to a balanced A-connected load. In this case 
the full line voltage is applied to one phase of the load, but the phase current 
is IJJ 3 consequently the product of voltage and current in one phase is the 
same as for the Y-connected load. 

It will be observed that the expressions (5.9) are, except for the factor of 
J3, the same as the expressions (4.3), (4.4) and (4.5) appertaining to the 
single-phase case. The power diagram of fig. 4.4 is equally applicable to 
balanced 3-phase systems provided the factor of J3 is taken into account. 
Problems involving power factor correction may be solved using the 
expressions (5.9) together with the power diagram. 

5.5 Worked example: power factor correction 

An industrial plant draws a balanced electrical load of 9.8 MW at a 
lagging power factor of 0.8. The plant is supplied over a 3-phase, 50 Hz line 
having a maximum rating (load carrying capacity) of 660 A at 11 kV (line 
voltage). 

(a) Calculate the apparent power and reactive power drawn by the load. 

(b) Additional equipment drawing a load of 1.5 MW and 0.7 MVAr 
lagging is to be installed in the plant. Find the minimum rating in MVAr of 
the power-factor correction capacitor that must be installed if the rating of 
the line is not to be exceeded. What then is the system power factor? 

(c) If the capacitor is to consist of three sections connected in delta across 
the line, calculate the capacitance required in each section. 

Solution 

(a) The power diagram for the original load condition is shown in Fig. 
5.13(a). The phase angle 4>i is cos -1 0.8 = 36.87°, therefore from (5.9) 


Fig. 5.13. Power diagrams for worked example (section 5.5). 



(a) Original load conditions 


(b) Load including additional equipment 
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power 9.8 

Apparent power=-12.25 MVA 

FF F cos<£, 0.8 

Reactive power = (power) x (tan</>!) = 9.8 x 0.75 = 7.35 MVAr 

(b) With the additional load installed 

Total power=9.8+ 1.5 = 11.3 MW 
Total reactive power = 7.35+0.7 = 8.05 MVAr 
Total apparent power = N /(11.3 2 + 8.05 2 )=13.874MVA 

The maximum load that the line can carry is 

V3K,/, = V3 x 11 x 10 3 x 660= 12.575 MVA 

The power diagram for the plant plus additional load is shown in Fig. 
5.13(6). To bring the total apparent power within the load carrying capacity 
of the line a capacitor must be installed drawing leading vars equivalent to 
length BC on the diagram. 

Now 


BC=AC—AB=%.05—j (12.515 2 —11.3 2 ) 
hence, rating of capacitor = 2.53 MVAr. 

11.3 

System power factor=cos(p 2 =0.9. 


(c) Since the capacitor is in three sections, each section will account for 
2.53/3 =0.843 MVAr. The capacitor sections are connected in delta and so 
will carry the full line voltage of 11 kV. If X c is the reactance of each section, 
then we have, using (4.7), 


vl 

X c 


(11 x 10 3 ) 2 

X 


= 0.843 xlO 6 


which gives X c — 143.5 £2 
The capacitance C is given by 


X r =- 


1 


271 x 50 x C 


143.5 


whence 


C = 22.2 pF 
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5.6 Three-phase power measurement 

5.6.1 Alternating current meters 

A moving-coil instrument that is used frequently at standard 
power frequencies (50-60 hertz) is the electrodynamometer. In this 
instrument the magnetic field is supplied by the current that flows in a fixed 
coil of a few turns of wire of large cross-sectional area. There is no magnetic 
material. The moving coil, which carries a pointer and is held in the zero 
position by a spring, is supported in the field of the fixed coil by jewelled 
bearings so that it is free to rotate in response to any torque that it 
experiences. Fig. 5.14 is a schematic representation of an electrodynamo¬ 
meter type movement. 

A meter movement of this type may be used as a voltmeter. The two coils 
are connected in series and an external resistor is provided to limit the 
current. Since the same current is in both coils the instantaneous torque will 
be proportional to the square of the applied voltage. The mechanical 
constants of the moving coil are such that it cannot follow variations of 
torque for power frequencies. Instead, the coil assumes a deflection 
proportional to the average torque and thus proportional to the average of 
the square of the voltage. If therefore a square root scale is used, the pointer 
will read effective voltage. 

The electrodynamometer cannot be used directly as a high current 
ammeter because the moving coil can carry only a small current. It is 
possible by using shunts to accommodate large currents. Care must be 
exercised to make sure that no phase shift is introduced by the use of shunts. 


Fig. 5.14. Schematic diagram of electrodynamometer meter movement. 
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When the electrodynamometer movement is adapted to power measure¬ 
ment, the resulting instrument is called a wattmeter. The wattmeter has two 
pairs of terminals, one for each coil. Fig. 5.15 shows the wattmeter 
connected to measure power supplied to a single-phase load, Z L . The fixed 
(current) coil (terminals labelled /, /') carries the load current, i, while the 
moving (potential) coil (terminals V, V') carries a current proportional to 
the potential difference, v, across the load. Thus the torque on the moving 
coil is proportional at any instant to the product vi, which is equal to the 
instantaneous power. 

If v and i are exactly in phase, the torque is never negative. If there is a 
phase difference between v and t, the torque will be negative for part of each 
cycle. Because the coil cannot follow variations of torque at power 
frequencies, the coil assumes a deflection proportional to the average 
torque and so proportional to the average power in the load. It is possible, 
therefore, to calibrate the meter directly in watts. 

One terminal of each terminal pair is marked with the symbol ±. These 
two terminals must be connected to the same side of the power line as 
shown in fig. 5.15 so that the two coils will be at essentially the same 
potential. If, in fig. 5.15, the connection of the potential coil is reversed then 
the full line potential difference exists between the coils. Electrostatic forces 
may then introduce errors in the meter reading. In addition, the high 
potential difference may damage the coil insulation. 

Ideally, the current coil has zero resistance and the potential coil has 
infinite resistance. Then it makes no difference whether the voltage coil is 
connected to the line or the load side of the current coil. In practice the 
voltage coil is usually connected to the load side as shown in fig. 5.15. Then, 
even with no load, the meter will indicate the power drawn by the potential 
coil. This power is small and can usually be neglected. For the highest 


Fig. 5.15. Wattmeter connected to single-phase load. 



Series resistor 
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accuracy it is possible to obtain a compensated meter so constructed that its 
reading is corrected for meter loss. 

5.6.2 Methods of power measurement 

In a three-phase system where the load is Y-connected and there is 
a neutral wire, three wattmeters are required to measure the load power. In 
the special case of a balanced load the three load currents deliver identical 
amounts of power and so it is necessary to measure power in only one phase 
and multiply by 3 to get the total power delivered. 

In the case of a three-phase system with no neutral, only two wattmeters 
are required to measure the load power, regardless of whether or not the 
load is balanced. We now justify this statement. 

Wye-connected load 

Fig. 5.16 shows a wye-connected three-phase load. Two wattmeters are 
shown: wattmeter 1 carries line current i c in its current coil and has voltage 
v ca ‘ across its potential terminals; wattmeter 2 has line current i b in its 
current coil and has potential difference v b -„- across its potential terminals. 
The total instantaneous power to the load is 

P v a ' n ’i a T v b ' n 'i b -I - v c ' n 'i c 

At node ri , by Kirchhoff’s current law, 

i ,j + + i c =0 

Fig. 5.16. Two-wattmeter method for measurement of power in a wye- 
connected load. 
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so 

L= -db + ic) 

then 

p=-v an i b -v a . n 4 c + v b .„.i b + v c .J c 

= UV C „- ~ V a n ) + i b (Vy„' V a '„') 

Now, 

Vb'n' Va'n‘ ^ b'n' “b ^ n'a' ^b'o' 

and 

Vc'n' Va'n' ^ c'n' "h Vn'a' ^ c'a ' 

therefore 

P = i c + V b ' B 'i b 

But wattmeter 1 responds to v c ' a d c and wattmeter 2 responds to v b a i b , hence 
the sum of the responses is equal to the instantaneous power. 

If voltages and currents are sinusoidal then, by (4.3), the average power 
measured by each wattmeter will be: 

W, = F cV / c COS0! 

(5.10) 

W 2 = V ba I b cos0 2 

where 0, and 0 2 are the phase angles between voltages and currents. The 
average power supplied to the load (balanced or unbalanced) is 

p=W l ±W 2 

We now explain the reason for the ± sign in the above equation. 

In our study of the Y-connected source (section 5.3.1, figs. 5.4 and 5.5) it 
was found that line and phase voltages differ in phase by 30°. It follows from 
this that if the load is purely resistive, line currents will be out of phase with 
line voltages at the load by 30°. This is shown in the phasor diagram of fig. 
5.17. It is seen that current I c lags F cV by 30° and current I b leads V b a ' by 
30°. Equations (5.10) are then 

Wi = F cV / c cos(—30°) 

W 2 = V ba I b cos( + 30°) 


Suppose now that the loads are complex and balanced. Then equations 
(5.10) become 
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W t = V ca I c cos( — 30 + 0) 

W 2 = V b . a J b cos(30+6) 

where 6 is the angle of the load impedance. No matter whether the load is 
capacitive or inductive, if the magnitude of 8 exceeds 60° (corresponding to 
a power factor of 0.5) one wattmeter will read negative. Then, if both 
wattmeters are connected to read up-scale, the net power to the load will be 
the arithmetic difference of the two wattmeter readings. 

Delta-connected load 

Fig. 5.18 shows a delta-connected load with two wattmeters connected in a 
similar fashion to those shown in fig. 5.16. The total instantaneous power in 
the load is 

P laPa'b' "b Ip^b'c' ~b lyV c ' a ' 

By Kirchhoff’s voltage law 

tW + tVc' + *W=0 
or 

Vb'c' ~ (tVb' “b V c ' a r ) 


Fig. 5.17. Phasor diagram for a balanced wye-connected resistive load. 
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Then 

P=Vc'Aiy -ip) +1>a-b-(i* - ip) 

But 

i y —ip = i c &nd ip—i x =i b 
so 


P — V c a i c + v b 'a i b = Wi + w 2 

The average power supplied to the load is, therefore 
p=Wi±W 2 

The choice of sign is made just as in the case of the Y-connected load. 

The construction of a wattmeter is such that it deflects up-scale or down- 
scale depending upon the direction of power flow. Since the meter reads in 
only one direction, it is necessary to determine which direction of power 
flow causes up-scale deflection. Such a determination may be made by 
connecting the meter to a resistive load and recording the connections that 
give an up-scale deflection. Now, if the two wattmeters are connected so 
that they indicate, by up-scale deflections, power flow to the load and if 
either the current connection or the voltage connection must be reversed for 
one of them in order to get an up-scale reading, the wattmeter readings have 
opposite signs. 

Fig. 5.18. Two-wattmeter method for measurement of power in a 
delta-connected load. 
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With regard to power measurement, two points should be emphasized. 
First, in a three-phase, three-wire system two wattmeters will measure the 
power to the load whether or not the load is balanced; however, as has 
already been stated, care must be exercised to determine whether the 
individual meter readings indicate power supplied to or drawn from the 
load. The second significant fact is that in any polyphase system using n 
conductors, the load power may be measured by the use of (n — 1) 
wattmeters so arranged that all the potential coils are connected together to 
the one conductor into which no wattmeter coil is introduced. 

5.6.3 Worked example 

In the circuit of fig. 5.9 two wattmeters are used to measure the 
power delivered to the load. The wattmeter current coils are arranged to 
carry the currents I h and I c while the potential coils share a common 
connection at the node a'. Determine the readings of the two wattmeters, 
and verify that the sum of these readings equals the total power in the load. 
The voltages of the source and the load impedances are as given in the 
worked example of section 5.3.5. 

Solution 

From (5.10) the wattmeters will read 
in phase b 

Wi = V ya I b cos6 l 

and in phase c 

W 2 = F cV / c cos0 2 

where 8 X and 0 2 are in each case the phase angles between voltage and 
current. 

From the results of the previous worked example we have 
/(, = 21.lZ. -1 6Q.3 and f t = 21.l /79.7 
and for the line voltages at the load 

V av = 273/16.2 and V c , a . = 273 /136.2 and 

therefore 

F hv = - Vg-y— —273 / 16.2 = 27 V - 163.8 

and the angles 6 l between V b . a , and l b is (163.8 - 160.3) = 3.5°. The angle 9 2 
between V c . a - and I c is (136.2-79.7) = 56.5°. (Note that it is the absolute 
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difference between phase angles that is required for evaluation of the power 
factor in (5.10).) 

The readings of the wattmeters are then 

Wi =273 x 21.1 xcos3.5 = 5750; 

W 2 =273 x 21.1 x cos56.5 = 3179 

and 


(W l + W 2 )=S929 W. 

The current in each load is, from previous results, 12.2 A and the resistive 
component of each load impedance is 20 Q. The total power in all three 
phases of the load is, therefore (3 x 12.2 2 x 20) = 8930 W, which agrees with 
the power measured by the two wattmeters. 

5.7 Transformers for three-phase systems 

5.7.1 Applications 

Transformers are important components of all electric power 
distribution systems. They make it possible to raise or lower the voltages at 
various points in a system efficiently, thereby permitting economical 
transmission over long distances and safe distribution to industrial and 
residential users. The fact that transformers allow such control of 
transmission and distribution voltages was responsible for the decision, 
near the turn of the century, to use alternating rather than direct voltage for 
power systems. 

When electric power is to be transmitted over great distances it is 
advantageous to use high voltage and low current. Heating loss in the line is 
proportional to the square of the current. Thus, the conductor size that is 
required to keep this loss to a desired fraction of total power transmitted 
decreases with the square of the current. Small conductors require less 
material. In addition, because they are lighter in weight, the cost of the 
supporting structures for overhead lines is correspondingly reduced. 

The output voltage of a generator in a large power system is typically 
22 kV; transformers then raise this voltage to several hundreds of kilovolts 
(fig. 5.19). In the U.K., power is transmitted over long distances using 
overhead lines operating at 400kV; in North America, where greater 
transmission distances are encountered, overhead lines operate at up to 
735 kV. Such high voltages are not practicable for the distribution of power 
in an urban area. Transformers are, therefore, again used to reduce the 
voltage to values suitable for power distribution to various categories of 
consumer. The voltage reduction is accomplished in several stages. Feeder 
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circuits operate at tens of kilovolts, the final step being a reduction, in the 
U.K., to 415/240 V. In most parts of North America the final distribution 
voltage is 208/120 V. Industrial consumers are usually supplied at 33 or 
22 kV, further stages of reduction being accomplished by transformers 
situated within the industrial complex itself. 

In a three-phase system one may use either three single-phase power 
transformers (as described in chapter 4) or a single transformer having three 
separate sets of primary and secondary windings. A single three-phase unit 
has some advantages in size and initial cost. In addition, the windings of the 
three phases may be connected internally, thus reducing the number of high 
voltage leads that must be brought out. A disadvantage of the single unit is 
that if one phase fails (and this is the way in which three-phase transformers 
often do fail) then service is interrupted while the whole unit is replaced. If 
single-phase units are used, then failure of one unit does not necessarily shut 
down the service completely. Replacement of one single-phase transformer 
is cheaper than replacement of a three-phase unit. Also, especially in small 
systems, less capital is invested in the inventory of spares if single-phase 
transformers are employed. The three single-phase units should be 
identical, otherwise, the transformers may introduce unbalance even in a 
system with balanced loads. 

Regardless of the choice of transformers, there are four possible 
interconnections of the three pairs of phase windings leading to various 
combinations of primary and secondary voltages as shown in table 5.1. 


Fig. 5.19. Schematic showing arrangement of transformers in a power 
supply system. 


Transmission line Sub-transmission lines 
(long distance) 


Generating 

station 


132 : 33-22 kV 
A -Y 


22 : 400 kV 400:132kV 
A -Y Y -A 



Consumers 
Large industrial 


Small industrial 

Commercial and 
domestic 


11 kV : 415/240 V 
A-Y 
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Table 5.1 


Connection 

Primary voltage 

Secondary voltage 

Primary 

Secondary 

Line 

Phase 

Line 

Phase 

A 

A 

1 


N 2 /N l 


A 

Y 

1 


(Afj/N.K/3 

N 2 /N i 

Y 

Y 

1 

1/V3 

N 2 /N 1 

(W 2 /N,)%/3 

(N 2 /N 1 )/ s /3 

Y 

A 

1 

1/V3 


(^ 2 /^! ) = secondary/primary turns ratio. 


Three phase transformers may be of the shell type, with the windings 
surrounded by the iron, or of the core type, where the windings surround 
the magnetic material. These two designs correspond to the two single¬ 
phase designs illustrated in fig. 4.11. The shell design has the slight 
advantage of providing more nearly identical flux paths for the three 
phases. Furthermore, in the shell configuration the magnetic paths of the 
three phases are more nearly independent than is the case with the core 
design. 

On occasion, one phase of a three-phase transformer connection may 
develop a short circuit or an open circuit. If the connection consists of three 
separate units, or if it is a single unit of the shell type, it is possible to operate 
with only two phases and still supply 58% of the rated load. This 
arrangement is called an open-delta or V-connection. (A core-type three- 
phase unit may operate in open-delta if the fault is an open circuit. 
However, if the fault is a short circuit the other two phases cannot operate 
because the return paths for their fluxes are through the core of the 
damaged winding. The short-circuit currents in the damaged winding 
effectively block the fluxes of the other two phases.) Occasionally in the 
United States when the initial demand for power from a new installation is 
small, service will be provided by use of only two single-phase transformers 
connected in open-delta. When demand increases, a third transformer is 
installed. 

When a Y-Y connection is used, certain constraints exist that do not 
arise in single-phase operation. One constraint is that with the Y-Y 
connection it is not possible, unless the primary neutral is connected to the 
system ground, to obtain any significant amount of power if only one phase 
of the secondary is loaded. With the Y-Y connection current for one phase 
of the secondary is supplied by currents in all three phases of the primary. A 
load on only one secondary phase leaves the other two phases with open 
secondaries and therefore with high primary impedances. Since only the 
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magnetizing current flows in the primary of these phases, no appreciable 
primary current is available for the single phase from which it is desired to 
draw power. 

A second constraint upon operation with the Y-Y connection is related 
to the requirement for third harmonic current to maintain a sinusoidal flux 
in the core; this is discussed later in section 5.7.4. 

5.7.2 Equivalent circuit parameters 

Calculations on three-phase transformers are usually concerned 
with balanced loads, and circuits are analyzed on a per-phase basis using a 
transformer equivalent circuit essentially the same as that derived for the 
single-phase case in section 4.9. The parameters of this equivalent circuit are 
found similarly by open- and short-circuit tests. Values of series resistance 
and leakage reactance per phase are derived from the short-circuit test, and 
values of shunt resistance (or conductance) and reactance (or susceptance) 
per phase, accounting for core losses and magnetizing current, are derived 
from the open-circuit test. For the short-circuit test it is usual to short 
circuit the low-voltage heavy-current windings of the transformer, measur¬ 
ements being made on the high-voltage side of the transformer. Conversely, 
for the open-circuit test it is usual to open circuit the high-voltage windings 
and make measurements on the low-voltage side. These procedures 
minimize the required current and voltage ratings of the test supplies and 
measuring instruments used. 

Parameters derived from these tests are referred to either side of the 
transformer, as convenient, by multiplying by the square of the turns ratio. 
Care must be exercised, however, when interpreting test data, particularly 
where phases are connected differently on the two sides of the transformer 
(for example A-Y) and where the open- and short-circuit tests are 
performed on different sides. In such cases the conversion factor 
between line and phase values operates differently on the two sides of the 
transformer. 


5.7.3 Worked example 

A 6600/22 000 V,* three-phase transformer, rated at 2500 kVA, has 
its low-voltage windings connected in delta and its high-voltage windings 
connected in wye. Open- and short-circuited tests conducted on the 
transformer produced the following data. 


* Unless stated otherwise, voltages specified for three-phase systems are always 
line voltages. 
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Short-circuit test 
(LV side short circuit) 
Line voltage = 712 V 
Line current = 64 A 
Total power = 38.34 kW 


Open-circuit test 
(HV side open circuit) 
Line voltage = 6600 V 
Line current =6.52 A 
Total power = 35.1 kW 


(a) Deduce the per-phase values of equivalent series resistance and 
reactance referred to the HV and LV sides. 

(b) Deduce the per-phase values of the equivalent shunt conductance 
and susceptance referred to the LV and HV sides. 

(c) If the transformer supplies a load of 1500kW at 22000 V and 
0.8 p.f. lagging, calculate the line voltage and line current on the LV 
side. 

(d) Calculate the efficiency and regulation at the above load. 

(e) Estimate the unity power factor load for which the transformer 
efficiency will be a maximum; compare the efficiency at this load 
with the efficiency at full rated output. 


Solution 

(a) In the short-circuit test, the LV side is short circuited and measure¬ 
ments are made on the HV side. Let subscripts 1 and 2 denote the LV side 
and HV sides respectively. Since the HV side is connected in wye the phase 
current I p2 and line current I l2 are the same, but the phase voltage V p2 will 
be V l2 /y/3. Therefore, from the short-circuit test data, we have 


^p2s _ ^(2s _ 64 A; 



712 

73 


= 411.1 


V 


Power per phase P p2s = ^7i = 12.78 kW. 

Using (4.23), with appropriate subscripts, the equivalent series resistance 
and reactance referred to the HV side are given by 


^(HV) = 


r p2s 

(W 


12.78 x 10 3 
647 


= 3.120 


and 


yj (R(HV ) 2 + 


(HV) 


2 ) = 


' p2s 
fp2s 


411.1 

= ~64 


= 6.420 


-V(hv) — 5.61O 


whence 
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Values of resistance and reactance referred to the LV side are found by 
multiplying the above values by the square of the phase-to-phase (LV/HV) 
turns ratio which is given by 


JVpi 

N p2 


hi 

V P 2 


6.6 x tO 3 
(22 x 10 3 )/V3 


= 0.5196 


Therefore R (LV) =3.12x0.5196 2 = 0.84n; X (LV) = 5.61 x 0.5196 2 = 1.51ft. 
(b) Values for the equivalent conductance and susceptance are found from 
the open circuit test. In this test the HV side is open circuit and 
measurements are made on the A-connected LV side, for which the phase 
and line voltages are the same but phase and line currents differ by a factor 
of J 3. The test data give 


V plo =V no = 6600Y; / pl0 =%=^?= 3.764 A 


V 3 V 3 


35.1 


Power per phase P pl0 =—^—= 11.7kW. 

Using (4.22), with the appropriate subscripts, the equivalent conductance 
and susceptance referred to the LV side are given by 


Lv> = 


P pl0 11.7 x 10 3 


(F plo ) 2 ( 6.6 xlO 3 ) 2 


= 0.269 mS 


and 


V(3(Lv ) 2 + 6(LV) 2 )-^-^ : ^3-0.5704mS 


whence 


lv) = 0.503 mS 

Values of conductance and susceptance referred to the HV side are found by 
dividing by the square of the (HV/LV) phase-to-phase turns ratio, which is 
the same as multiplying by the square of the ratio (N pl /N p2 ) found above 
(see section 4.9, fig. 4.17). Performing this operation gives 

0 (HV ,=0.0726 mS and f> (HV) =0.136mS 

(c) The equivalent circuit for one phase of the system is shown in fig. 5.20(a) 
(subscripts referring to phase values, and HV and LV sides are unnecessary 
here and have been omitted for simplicity). The load is supplied at a line 
voltage of 22 kV, hence, V 2 = (22x 10 3 )/^/3 = 12.7 kV. For one phase the 
load power is 1500/3 = 500 kW at 0.8 p.f. lagging, therefore, 
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F 2 / 2 cos(/> = 12.7 x 10 3 x 1 2 x 0.8 = 500 kW 
from which 

1 2 =49.2 A 

The phasor diagram appropriate to the HV side is shown in fig. 5.20(h). It 
is convenient in this type of problem to select l 2 as the reference phasor. 
Then the voltage E 2 is given by 

E 2 = T 2 cos (f> +j V 2 sii\(j) -t- RI 2 + '}XI 2 

where <p is the angle between V 2 and / 2 . 


Fig. 5.20. Diagrams for worked example (section 5.7.3). 


V 1 \ 




Load 

(500kW at 
0.8 p.f. 
lagging) 


(a) Equivalent circuit for one phase; series 
resistance and reactance referred to the HV side. 




(. b ) HV side 


(c) LV side 
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Inserting numerical values obtained from part (a) for the equivalent 
resistance and reactance referred to the HV side, the above expression 
becomes 


E 2 = (12.7 x 10 3 x0.8)+j(12.7 x 10 3 x 0.6) + 49.2(3.12 +j5.61) 

= (10.16 x 10 3 )+j(7.62 x 10 3 ) + 153.5+j276 
£ 2 = (10.313+j7.896) x 10 3 = 12.99/il44kV 

Now, the calculated LV/HV turns ratio is 0.5196, therefore, the line voltage 
on the LV side is 

V l = E l = 12.99 x 0 5196 /37.44 = 6.75 / 37.44k V 


The magnitude of the line voltage is therefore 6.75 kV since the LV side is A- 
connected and line and phase voltages are identical. 

The phasor diagram for the LV side is shown in fig. 5.20(c). The current 
fj is simply / 2 divided by the (LV/HV) turns ratio: (see section 4.7 for 
properties of the ideal transformer) 


49.2/0 

0.5196 


= 94.69 l£L 


and the main phase current is 

/ 1 =/i'+/ o =/i' + Ei(0-jfc) 

Inserting numerical values for conductance and susceptance referred to the 
LV side, obtained from part (b), this expression becomes 

ly = 94.69 + (6.75 x IQ 3 / 37.44 )(Q.269 -j0.503) x 10“ 3 


whence 


f, =98.2 —il.59 = 98.2 / —0.9 

The magnitude of the line current is 98.2^/3 = 170 A. 

In the above calculation we have used values of g and b derived in an 
earlier part of the problem, however, it is possible to obtain the current I 0 , 
and consequently Iy, directly from the test data without finding g and b 
specifically. 

From the test data we have: 


Magnitude of line (phase) voltage = 6600 V 


Magnitude of phase current 


6.52 

35.1 


3.764 A 
11.7kW 


Power per phase 


3 
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If 8 is the angle between line voltage and phase current, then 
6.6 x 10 3 x 3.764 x cos 8 = 11.7 x 10 3 


and 

6=61.9° 

The current will lag the voltage by 61.9° since the system is inductive. 

Now, the open-circuit test was carried out at an applied voltage of6600 V 
whereas our calculations have shown that, under the given load conditions, 
the actual voltage on the LV side is 6750 V. The magnitude of the current / 0 
will, therefore, be 3.764 x (6750/6600) = 3.849 A. Its angle with respect to 
the line voltage (i.e. with respect to E t ) is - 61.9° so, with E t as the reference 
phasor, we may write / 0 = 3.849 /—61.9 . Also the current / j , which lags E l 
by angle 37.44°, may be expressed as f t =94.69 /—37.44 . Hence, 

/ 1 =/ 1 + / 0 = 94.69 / -37.44 + 3.849 /-61.9 


or 

/ t =98.2 / - 38-3 

which agrees with our previous calculation. 

(Note that the phase angle of the current given here is with respect to E t not 
// as before.) 

(d) From the open-circuit test data the core loss is 35.1 kW at an applied 
line voltage of6600 V. The actual line voltage at the given load condition is, 
from section (c), 6750 V. Since the power is proportional to the square of the 
applied voltage we have 

/6750V 

Total core loss = 35.1 x (=36.7kW 
\6600/ 


Likewise, the copper loss, which is proportional to the square of the load 
current, is 


Total copper loss = 38.34 x 



22.66 kW 


Therefore, 


Efficiency = 


output 

output + losses 


1500 

1500 + 36.7 + 22.66 


= 96.2% 


Note that the small change in the core loss between the no-load (test) 
condition and the loaded condition has an insignificant effect on the 
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calculation of efficiency; for most practical calculations the core loss can be 
assumed constant. 

From (4.25) the regulation is expressed by 


Regulation = I 2 


(Rcos<t> + Xsin<p) 

vZ 


where (in this problem) R and X are the per-phase values of the equivalent 
series resistance and reactance of the transformer referred to the H V side. At 
the specified load condition, I 2 =49.2 A and, (with 6.75 kV on the LV side) 
V 2o = 12.99 kV. The values of R and X have been calculated in part (a) 
above. Hence, 


Regulation = 


49.2(3.12x0.8 + 5.61 x 0.6) 
12.99 x 10 3 


2 . 22 % 


(e) The transformer efficiency will be a maximum (according to (4.29)) when 
the core losses and copper losses are equal. Assuming that the core losses 
are constant at the value given by the open circuit test, namely, 35.1 kW, the 
load current I 2 for which the efficiency will be maximum is given by 

31 2 2 R = 3I 2 2 x 3.12 = 35.1 x 10 3 

whence, 

I 2 =61.24 A. 

If the load voltage is 22 kV, then the power delivered is 
J3 x 22 x 10 3 x 61.24 = 2333 kW 

Efficiency = . 2 ^ 3 , = 97.1 % 

2333 + (2x 35.1) 


At the full rated output of 2500 kVA at unity power factor, the load current 
is given by 

J3 x 22 x 10 3 x / 2 = 2500 x 10 3 

whence 


/ 2 =65.6 A 

The total copper loss is then 3 x 65.6 2 x 3.12=40.29 kW and 


Efficiency = 


2500 

2500 + 40.29 + 35.1 


=97.1% 
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It is evident from these results that although the maximum efficiency occurs 
at a load rather less than full rated load, the difference in efficiency is 
insignificant. The efficiency of a transformer remains very nearly constant 
over a wide range of load conditions. 

The principle of conservation of watts and vars (see section 4.3) may be 
used with advantage in this type of calculation. The method is particularly 
rapid if it can be assumed that the core loss current and magnetizing 
currents are constant under change of load conditions. In the following 
calculations this assumption introduces a negligible error in the value for 
the line current at the input terminals of the transformer. 

The real power in the load is 1500 kW at 0.8 p.f. lagging, from which it 
may be deduced that the reactive power is 1125 kVAr. The load is supplied 
at 22 kV, therefore the line current I l2 is, by (5.9) 

73 x 22 x 10 3 x I l2 x 0.8 = 1500 x 10 3 

whence 


/, 2 = 49.2 A 

The real and reactive powers in the referred series resistance and reactance 
per phase are I l2 2 R and I n 2 X respectively. The total real power P, and the 
total reactive power Q t are, therefore, 

P t = 1500 + 3(49.2 2 x 3.12)/10 3 = 1523 kW 

and 

Q t = 1125 + 3(49.2 2 x 5.61 )/10 3 = 1166kW 

By (4.6), the apparent power is ^J(P 2 + Q 2 ) + 1918 kVA and since there is 
no loss in the ideal transformer, this must be the apparent power on the LV 
side of the transformer. But the line current on the LV side is 
49.2 x (22/6.6) = 164 A, therefore the line voltage on the LV side is given (by 
(5.9)) as 

73 x V n x 164= 1918 +10 3 

whence 


F n = 6.75 kV 

Also, from the open-circuit test data, the real and reactive powers 
associated with the transformer core are 35.1 kW and 65.75 kVAr respect¬ 
ively; adding these components to the values of P, and Q t obtained above 
we obtain 

Total apparent power = 7[(1523 + 35.1) 2 + (1166 + 65.75) 2 ] = 1986kVA. 
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Therefore, ^3 x 6.75 x 10 3 x I n = 1986 x 10 3 from which I n = 170 A. It will 
be noted that this method avoids the necessity of converting between line 
and phase valves during the calculations. 

f5.7.4 Harmonic currents 

We recall from section 4.9, that when a sinusoidal voltage is 
applied to an iron-cored transformer the resulting magnetic flux will be 
sinusoidal, but, because of the non-linear character of the magnetic core 
material, the magnetizing current is non-sinusoidal. It includes odd 
harmonics of which the third has much the greatest amplitude (see fig. 
4.13(c)). 

Now consider the separate phase voltages of a three-phase generator. It is 
quite likely that these output voltages will contain odd harmonics of the 
fundamental frequency, but because of the symmetrical construction of the 
alternator, even harmonics are not likely to appear. The three voltages of 
fundamental frequency are mutually 120° apart in phase, as explained in 
section 5.1. Except for the third harmonic and multiples thereof, all the odd 
harmonics will likewise be 120° out of phase with one another, although the 
phase sequence of some will be opposite to that of the fundamentals. It will 
be readily appreciated that, because of the 120° phase differences among the 
fundamentals, the third harmonic voltages (and the 9th, 15th and so on) will 
be in phase. 

Let the three lines from the generator be joined to Y-connected 
transformer windings with no neutral connection, as shown in fig. 5.21. 
Now suppose third harmonic currents exist in the three lines as shown in 
the figure. These currents must add to zero at point N. This, however, is 
impossible for three currents that are in phase. It follows, therefore, that 
third harmonic currents cannot exist in the transformer windings. 


Fig. 5.21. Third harmonic currents. 
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Because no third harmonic current can exist in the connection of fig. 5.21, 
the magnetizing currents in the three windings will be sinusoidal (if we 
ignore the higher harmonics that are of very small amplitude). Then 
because of non-linearity in the iron core, the flux will contain appreciable 
third harmonic. This non-sinusoidal flux induces third harmonic voltages 
in the transformer windings that are significantly greater in magnitude than 
the fundamental voltages and these may damage the transformer 
insulation. 

It can be shown that if the transformer is a three-phase core-type then the 
flux will be essentially sinusoidal even in the absence of third harmonic 
currents. For other transformer configurations there are several ways to 
provide the required third harmonic currents. One way is to supply the Y- 
connected primary with a connection to the system neutral. Then there will 
be return paths for the third harmonic currents in fig. 5.21. However, even if 
the system neutral were available at the transformer, the third harmonic 
currents that result from a neutral connection could be great enough to 
interfere with nearby telephone circuits. 

A second possibility is to connect the three secondary windings in delta, 
thus providing a closed path for circulation of the third harmonic current. 
As far as the iron is concerned, it is immaterial what path the third harmonic 
current takes; it simply is necessary that a path for it exist. Of course, this 
solution to the problem is not available if the transformer is arranged in a 
Y-Y connection. 

A common method of supplying a path for the third harmonic current is 
that of including a third, delta-connected set of transformer windings. The 
third harmonic currents induced in these windings will be in phase, and 
there will be a short-circuit path for them in the delta connection. If each 
component of the ‘tertiary’ winding has a number of turns equal to that of 
its primary then the third harmonic currents in these windings will be just 
equal to the current that would exist in the primary were it not suppressed 
by the Y connection of the primary winding. 

t5.8 Phase transformation 

Transformers may be used to convert a set of polyphase voltages to 
another set with a different number of phases. A practical application of this 
property of transformers is in producing six-phase voltages for large 
mercury or semiconductor rectifiers. Successive voltages of the six-phase set 
differ in phase by 60°. Rectifiers supplied from such voltages show 
significantly less ripple than exists when three-phase power is used. The 
required connection is shown in fig. 5.22(a). The primaries of the three 
transformers are connected in delta. Each secondary winding is centre 
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tapped to provide a common node as shown. The output voltage phasors 
are shown in fig. 5.22(h). By using transformers with more windings one 
may get 12 output voltages equal in magnitude and having 30° phase 
difference between successive voltages. 

A second example of phase conversion is the Scott connection between 
three-phase and two-phase systems. (Two-phase voltages are equal in 
magnitude and differ in phase by 90°. Unlike other polyphase voltages, they 
do not form a symmetrical pattern when represented as phasors. Sometimes 
the designation ‘quarter phase’ is used for these voltages.) Two trans¬ 
formers are required for the Scott connection, as shown in fig. 5.23. 
Transformer A has primary and secondary windings A A' and aa' 


Fig. 5.22. Transformer connection for three-phase to six-phase 
conversion. 



6-phase supply to rectifiers 
(a) Transformer connection 
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respectively. Transformer B has primary winding BB', which is centre 
tapped at C, and secondary winding bb'. The tap C is connected to A', and 
the ends of the two secondary windings a' and b are also connected 
together. The turns ratios of the two transformers are different and 
provided these are correctly arranged a balanced three-phase set of voltages 
applied to AB'B will result in a balanced two-phase voltage set at abb' or 
vice versa. We now determine the two transformer ratios required. For the 
purposes of the following argument it will be convenient to consider the 
secondary side energized with balanced two-phase voltages, the phasor 
diagram for which is shown in fig. 5.24(a). Phasors V aa ■ and V bb - have equal 
magnitudes. 

On the primary side the three voltages appearing at terminals AB'B are 

Fib- = Fcc+ V CB = Ktc+ ^bc 1 

V BB = V BC + V CB =2V CB > (5.11) 

V B a = V bc + Vca J 

These are shown in the phasor diagram of fig. 5.24(h); if they are to form a 
balanced three-phase set, their magnitudes must be equal and angles <p 
must be 30°. It follows that 


Vac 

V A b - 


Vac 
V b'b 


=cos30 = 


n/3 


(5.12) 


We see from this expression that the voltages across the two primary 
windings, V AC and V BB , must be in the ratio of ^3/2=0.866. This implies 
that if transformer B has a primary-to-secondary turns ratio of N 1 /N 2 , 
transformer A must have a turns ratio of 0.&66Ni/N 2 in order to produce 


Fig. 5.23. Scott connection for three-phase to two-phase conversion. 



Primary 

3-phase 


Secondary 

2-phase 
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balanced voltages on the three-phase side. It may be shown that for such an 
arrangement, if the load is balanced on one side of the system, then it will be 
balanced on the other. 

A point properly chosen on the primary of transformer A provides a 
neutral point N for the three-phase side. To locate N we observe that the 
magnitude of the voltage V AN must be equal to the phase voltage of the 
three-phase balanced set, that is V AN =V A B'lj 3. Therefore, from (5.12), 



So, the tap N must be located two-thirds of the way from A to A'. 

The Scott connected transformer arrangement has found application in 
the foundry industry where it is used in connection with certain types of 
induction channel furnace. 

|5.9 Instantaneous power to balanced load 

In section 5.2 it was stated that an advantage of a three-phase 
system is that power to a load is constant and therefore the torque produced 
by, for example, a three-phase motor is uniform. It is for this reason, as well 
as ones of efficiency, that almost all industrial machine tools are powered by 
three-phase motors. 

To show that the power in a balanced three-phase system is constant we 


Fig. 5.24. Phasor diagrams relating to the Scott connection shown in 
fig. 5.23. 



CA ~ ~ y AC 


(a) Secondary Phasors 


( b ) Primary phasors 
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form the products of the instantaneous voltages and currents in the three 
separate phases of the system. 

Let the amplitudes of the phase voltages and currents be V m and / m 
respectively. Then the r.m.s. magnitudes will be V p = V m /J 2 and 
l P = Vm/yJ'2" Let the phase voltage in phase a be the phase reference. Then 
the instantaneous power in phase a is given by: 

Pa = L m sinojf x / m sin(o)t + 4>) 

where <j) is the phase angle. 

Similarly in phases b and c 

Pb = F m sin(cot —120) x I m sin(cot + <f>- 120) 
p c = F m sin(cut + 120) x I m sin(a>t + 4>+ 120) 

Now, using the identity sim4sin£ = J[cosb4-B)-cos(.4 + B)], we may 
obtain: 


Pa =- *" *" [C0S(<Wf — CUt — <))) — COS(t Ot + 0)t + <£)] 

= Fp/ p [cos( — <f>)— cos(2cut + (/>)] 

Similarly, 

Pt = F p / p [cos( -(/>)- cos(2cot + (j) - 240)] 
p c = Fp/ p [cos( — <p)~ cos(2 cot + (p + 240)] 

Let 6 = (2(ot + (j)) then, using the identity cos(/l — 6) = cos/lcosB + 
sin/lsinB, we have 

J3 

cos(2o)t + 4> — 240)= -^cos0+^-sin0; 


and 


J 3 

cos(2 cot + <f) + 240) = — ^cos0 - sin# 
The total power p, may then be expressed as 


Pt=Pa + Pb+P c =V p I f 


3cos( — <f>)—cosd 


-( — £cos0 + ^sin0 )— 


J 3 

—|cos0-^y-sin0 


Therefore, p, = 3 V p I p costfi =constant 


(5.13) 
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5.10 Summary 

Three-phase systems possess important economic and technical 
advantages over single-phase and other polyphase systems, and they are 
employed universally for the generation, transmission and distribution of 
electrical energy. The generators in a three-phase system produce a three- 
component set of voltages, equal in magnitude and differing in phase by 
120°. Two basic circuit configurations are encountered in three-phase 
systems: 

(a) the wye (or Y) connection in which generators (or loads) are connected 
together at a common or neutral point; 

(b) the delta (or A) connection in which generators (or loads) are 
connected to form a closed path. 

Generators, or transformer secondaries, connected in the wye configur¬ 
ation provide a four-wire system (three lines plus neutral) which is widely 
used for local power distribution because it offers the choice to consumers 
of two voltages: line-to-line or line-to-neutral. These voltages differ by a 
factor of J3. 

If the loads on the three phases of a system are equal, then the system is 
said to be balanced. Under balanced conditions no current flows in the 
neutral wire of a Y-connected system. Large-scale power distribution 
systems are operated as closely as possible to balanced conditions, and 
long-distance power transmission lines utilize only three-wires, a neutral 
wire being unnecessary. The analysis of three-phase circuits is often 
considerably simplified if loads are balanced since then it is necessary to 
analyze only one phase of the complete circuit. 

The power in a balanced three-phase system is governed by the relations: 



(5.9) 


where V x and /, are the magnitudes of the line voltages and line currents 
respectively, and cos</> is the power factor. The relations (5.9) are 
particularly useful for calculations concerning power factor correction. 

The accurate measurement of power in a three-phase system is of 
considerable importance. Wattmeters of the electrodynamometer type, 
which read the time average of the product of the instantaneous voltage and 
current applied to their terminals, are commonly employed for this 
purpose. For a balanced Y-connected system a single wattmeter in one 
phase of the system will suffice to measure total power, it being necessary 
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only to multiply the wattmeter reading by a factor of 3. For an unbalanced 
system with a neutral wire, three wattmeters, one in each phase, are 
necessary to measure total power. In a system with no neutral, two 
wattmeters only are required, regardless of whether the load is balanced or 
unbalanced. 

Transformers constitute essential elements in a three-phase power 
system. A variety of technical and economic factors govern the choice of a 
transformer for a given application in the system. An important consider¬ 
ation concerns the requirement for a third-harmonic circulating current in 
the windings of transformers used in the system. This is necessary in order 
to maintain purity of the sinusoidal voltage waveforms throughout the 
system. 

Transformers are also employed in a variety of configurations to provide 
three-phase to polyphase conversions, a technique used in power control 
and in a.c.-to-d.c. converter systems. 

5.11 Problems 

1. In the circuit of fig. 5.9 the line impedance Z, is zero, and the 
load impedance Z is (20 + j 10) £2. The phase voltages are 1^ = 240Zfi; 
K = 240 / — 120 : F c = 240/i2Q. 

Determine: 

(a) the load currents /„ Ip and I y ; 

(b) the line currents /„, I b and / c ; 

(c) the load power factor; 

(d) the power in the load; 

(e) the impedance per phase of an equivalent Y-connected load that draws 
the same power at the same power factor. 

2. In the circuit of fig. 5.11 the impedance Z„ is zero. Find the magnitude of 
the current in the neutral wire. The phase voltage of the source is 240 V and 
the phase sequence is abc. The line and load impedances are as given in the 
example of section 5.3.8. 

3. Three identical impedances form a Y-connected balanced load on a 
415 V, 3-phase power line. By ammeter and wattmeter measurements it is 
determined that the line current is 8 A and the total power taken by the load 
is 3kW. Find the resistive and reactive components of the phase 
impedances. 

4. Three equal impedances, (2 - j 1) D, are connected in delta across a 240 V, 
3-phase circuit. At the same point, three other equal impedances, 
(1.5+jl)Q, are connected in Y across the circuit. 

Calculate: 

(a) the line current; 
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(b) the power factor of the two loads together; 

(c) the total power supplied. 

5. Three impedances are connected in delta to lines ABC of a 415 V, 3- 
phase system. From A to B the impedance ( Z AB ) is 24 Q with p.f. 0.5 lagging; 
from B to C the impedance ( Z BC ) is represented by (8^/3 +j8)f2; and 
between C and A there is a capacitor of 24£2 reactance (Z CA ). The phase 
sequence is ABC. Wattmeters are connected with their current coils in lines 
A and B, their potential coils being connected from A to C and from B to C 
respectively. Find the readings of the wattmeters. 

(Liverpool University) 

6. In the system shown in fig. 5.25 the line voltage is 440 V at 50 Hz. 

(a) Determine the line and phase currents. 

(b) Sketch a complete phasor diagram of currents and voltages. 

(c) Determine the voltage across the inductor and its phase relationship to 
V ab . 

7. A wattmeter measuring power into a load containing some reactance is 
connected as shown in fig. 5.26. It indicates power equal to W. The meter is 
a type that can be switched also to be an ammeter or a voltmeter to measure 


Fig. 5.25. Circuit for problem 6. 




Fig. 5.26. Circuit for problem 7. 


© 


Load 
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the current and voltage respectively as / and V. How can the true power 
taken by the load be determined if the internal resistance and reactance of 
the wattmeter between the voltage measuring terminals is known? 
(Cambridge University) 

8. A 3-phase transmission line has impedance (3 + j 12)0. It supplies a load 
of 80MVA at 0.8p.f. lagging at 132kV. Calculate: 

(a) the power loss in the line; 

(b) the power input; 

(c) the voltage required at the sending end. 

(Liverpool University: Second year) 

9. (a) Show that the total power flow from 3 power lines to a 3-phase load 
may always be measured by using only two wattmeters. 

(b) Explain why low power factors are objectionable in the operation of 
high power plants. 

A factory is supplied with 3-phase 50 Hz power at 11 kV. The factory 
loading can be represented by the following balanced loads: 

(i) 3.0 MW at 0.9 lagging p.f. 

(ii) 0.7 MW at unity p.f. 

(iii) 4.0 MVA at 0.9 lagging p.f. 

(iv) 1.0 MVA at 0.8 leading p.f. 

A star-connected capacitor bank is required to correct the overall p.f. to 
0.98 lagging at full load. Find the capacitance per phase of the bank. 
(Cambridge University: Second year) 

10. Explain, briefly, the nature of the losses in a power transformer and 
describe the steps taken in the design of transformers to minimize these 
losses. 

A 2 MVA 3-phase transformer, ratio 33/6.6 kV, delta/star, has a primary 
resistance of 8.3 £2 per phase and a secondary resistance of 0.08 Q per phase. 
The regulation at full-load current, unity power factor, is 1.2%. If the 
primary is supplied at 33 kV, estimate the secondary voltage at full-load 
current, 0.75 power factor lagging. If the iron losses at rated voltage amount 
to 18 kW, estimate the efficiency at full load, 0.75 power factor lagging. 
(Cambridge University: Second year) 

11. A transformer supplies a variable current to a load at constant voltage 
and power factor. If the iron losses in the transformer remain substantially 
constant show that the transformer is most efficient when the copper loss is 
equal to the iron losses. 

A 3-phase, 11000/415 V, 50 Hz, star/delta connected transformer gave 
the following results for tests carried out on the high voltage winding. 
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Line Line 

voltage current 

Open circuit test 11000 V 1.5 A 

Short circuit test 650 V 26.3 A 


3-phase 
power 
5000 W 
8000 W 


At what value of line current on the low voltage side will the efficiency be a 
maximum? Calculate the secondary terminal voltage when supplying this 
current at 0.8 p.f. lagging, the primary voltage being maintained at 11000 V. 
(Cambridge University: Second year) 


6 


Transient and steady-state 
analysis 


6.1 Introduction 

In chapters 2 and 3 we found the steady-state response of linear 
circuits when they are driven by direct (d.c.) or sinusoidal (a.c.) voltages or 
currents. In this chapter we shall look at the conditions arising in a circuit 
during the time required for it to reach the steady state. What occurs is 
called the transient behaviour of the circuit. 

Consider the simple series circuits of fig. 6.1, and assume that the switches 
have been closed for a long time so that the circuits have reached steady- 
state conditions. For the d.c. circuit (fig. 6.1(a)) the voltage across the 
inductance is zero; therefore, the steady state current is i ss = V/R. For the 
a.c. circuit (fig. 6.1(h)) the inductive reactance is coL and the steady-state 
current is 

where < 61 > 


Fig. 6.1. Inductive (RL) circuits with direct and alternating voltage 
driving sources. 



(a) Direct 


(b) Alternating 
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Now consider again the circuits of fig. 6.1, but this time assume that the 
switches are initially open so there is no current in either circuit. At time 
t =0 let the switches be closed. What will be the current in each circuit the 
instant after the switch is closed? The answer is zero for both circuits. We 
have seen in section 1.9 that the energy stored in an inductance cannot 
change instantaneously. Since the initial stored energy is zero in both 
circuits, and since the stored energy depends upon the current in the 
inductance, it follows that for both circuits the current immediately after the 
switch is closed must be zero. It will be convenient to use t =0 + to designate 
the time immediately after a switching operation has been completed and 
before there has been any change in energy storage in any circuit element. 


6.2 Qualitative analysis of the RL circuit 

Let us examine in detail how the current in the circuit of fig. 6.1(a) 
rises from zero to its final steady-state value. At t>0, 

d i 

Vr + v l =V or iR+L—=V 


But at r=0 + , i=0, and so v R = iR= 0, hence 



d i_V_ 

dt~T 


and i is increasing. As i increases, v R is no longer zero, so for t>0 


di_V R 


We see then that the rate of change of current depends upon the current 
already in the circuit. When i = V/R, di/dr =0 and the current is no longer 
changing, having reached its steady-state value. Thus there is an interval of 
time during which the current rises at a decreasing rate toward its final 
value. Because di/df depend upon i, the current cannot reach the final value 
in a finite length of time; therefore, i approaches the value V/R 
asymptotically. 

The information that we now have enables us to sketch qualitatively the 
curve i v. t. This is shown in fig. 6.2(a). The voltage across the resistance has 
exactly the same time dependence as i. At every instant v L =V—iR. 
Therefore, the voltage across the inductance starts at V and approaches 
zero asymptotically as shown in fig. 6.2(h). 

The currents in and the voltages across the circuit elements during the 
interval while the current rises from zero to V/R are referred to collectively 
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as the transient response of the circuit. It represents the smooth transition 
from the initial state (i=0) to the final state (i = V/R ). In some circuits, for 
example the lights in a building, or motors operating household appli¬ 
ances, the transient response is probably of no interest; in other circuits the 
transient response is the only feature of interest. Transient voltages and 
currents may, for example, generate useful waveforms or they may be used 
to provide precisely known time delays in circuits. 

There is also a transient response if, after the steady state is reached, the 
switch in fig. 6.1(a) is opened. When the conducting path is completely 
broken, i must be zero. However, at t =0 + , i = V/R because current in the 
inductance cannot change instantaneously. When L is large, the rapid 
decrease in current as the switch contacts part results in a large induced 
voltage in the coil, a voltage that may be high enough to make the air 
between the contacts become conducting. Thus, the current path is not 
broken in zero time, but in a time determined by the rate at which energy 
initially stored in the coil is dissipated in the resistance and in the 
conducting arc established between the switch contacts. Again, the 
transient response provides a smooth transition from the initial state of 
i = V/R to the final state i = 0. 


Fig. 6.2. Qualitative analysis of the circuit of fig. 6.1(a). 



(a) Current through inductance 


( b ) Voltage across inductance 
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6.3 Mathematical analysis of the RL circuit 

Now let us find an explicit expression for the current in the circuit 
of fig. 6.1(a). Assume that the switch is initially open and is closed when 
t =0. Then for f>0, 



( 6 . 2 ) 


Obviously, the steady state current, i ss = V/R is a solution of (6.2). The 
complete solution, however, contains another term that goes to zero as t 
increases. The complete solution describes the transient and reduces to the 
steady state solution as t-* oo. 

It is easy to write the solution of (6.2) by separating the variables, 
integrating, and using the initial condition i=0 at t=0 + . The result is 



(6.3) 


The current then is the sum of two terms. The first term is the steady state 
current that is independent of time. The second term represents an 
exponentially decaying current. The two terms and their sum are shown in 
fig. 6.3. We see that the total current has the type of time dependence that 
was predicted in the qualitative analysis of the circuit. 

When there is a sinusoidal driving voltage as shown in fig. 6.1(f)), the 
differential equation is 


L — + iR = TmSincof 


(6.4) 


Before finding a solution for (6.4) we add a phase angle to the driving 
voltage. This is convenient because the solution will depend upon the value 
of the driving voltage at the instant the switch is closed. With the phase 
angle included in the voltage, switching can always occur at t = 0. The phase 
angle k may then be used to specify the value of the applied voltage at t = 0. 
With this addition, and putting R/L = ix, (6.4) becomes 



d t L 


(6.5) 


To solve this equation we multiply by the integrating factor 


fadr at 

e —e 
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Then, 


e*‘—+e““a i= e®‘ — sin(cot +1) 
d t L 


Integration gives 
- Kn 

L J 


le = 


e““sin(cot +A)df 


The right-hand side of the equation may be integrated by parts or by 
consulting tables. 


k m e* 


it 


L(cr+or) 


[asinfcot + A) — cocos(cot + A)] + K 


Now multiply through by e ““and simplify the trigonometric expression 
in brackets by using the identity 

g 

Asin/3 — BcosP= s /(A 2 + B 2 )sin(j?-0) where 0 = tan~ ’ — 

/i. 

Then 


i = 


V[R 2 + (cuL) 2 ] 


sin(<uf + A - 9) + Ke 


Fig. 6.3. Quantitative analysis of the circuit of fig. 6.1(a): equation 
(6.3). The current is the sum of a steady-state term V/R and a 
transient term — (V/R)e~ Rt,L . 
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To evaluate K, use the condition i=0 at t=0 + . Then 


and 


K=- 


V m 

V[R 2 + (coL) 2 ] 


sin(A-0) 


‘- Vt^ ' +W] ^ ,+x - e) - sina ~ l>) (6 ' 6) 

As in the case with d.c. driving voltage, i is the sum of a steady-state term 
and a transient term that decreases exponentially and eventually becomes 
zero. The two terms on the right of (6.6) and their sum are shown in fig. 6.4. 
Except for the arbitrary phase angle A the first of these terms is identical to 
( 6 . 1 ). 

As the circuits under consideration become more complex it is useful to 
take advantage of the fact that the complete solution of the differential 
equation for a linear circuit is the sum of two responses. That is, 

i = i ss + i„ (6.7) 

where i ss is the steady-state response or forced response, which we know how 
to find for d.c. and sinusoidal driving sources, and i„ is the transient response 
or natural response of the circuit. (The steady-state response and the natural 
response correspond respectively to the particular integral and the 
complementary function in the mathematical solution of the circuit 


Fig. 6.4. Response of an RL circuit to a sinusoidal driving source: plot 
of equation 6.6 with 1=90°, 6=45°. 










286 Transient and steady-state analysis 


differential equation.) The natural response describes the behaviour of the 
circuit as energy initially stored in one or more elements is dissipated in the 
resistive elements of the circuit. To find the natural response one simply 
finds the solution to the differential equation for the circuit when the driving 
force is set equal to zero. For linear circuit elements the forced response has 
the same time dependence as the forcing function, and its amplitude (and in 
the case of a.c., its phase) is completely determined by the circuit 
parameters. In contrast, the time dependence of the natural response is 
independent of the forcing function; all currents and voltages have the same 
time dependence, which is always of the form r n =Ae st . In this expression, s 
is determined by the circuit configuration and the values of the circuit 
elements; the constant A depends upon the conditions obtaining at the 
instant the change occurs (e.g. the throwing of a switch) that initiates the 
transient behaviour. 

Our procedure will be first to find the natural response of some simple 
circuits. The natural response will then be added to the forced response to 
obtain the total response. Initial conditions are applied to the total response 
in order to evaluate the constants that appear in the natural response. For 
any circuit, then, the natural response provides the smooth transition 
between the initial state of the circuit and the steady state response to a time 
dependent driving function. 

6.4 Time constant 

Consider time dependence of the form 

y = Ae~ c “ (6-8) 

Here, y has value A at t =0 and decreases exponentially approaching zero 
asymptotically as t-* oo. The constant a is a measure of how rapidly y 
decreases from its initial value. When t= 1/a, y=Az~ l =0.368/1. 1/a is 
called the time constant and represents the time required for y to fall to 
36.8 % of its initial value, A. The time constant usually is designated by t and 
is commonly expressed in seconds. (There are however some systems for 
which the time constant is more appropriately expressed in minutes or 
hours.) If for (6.8) we plot the ratio y/A against time, expressed as multiples 
of t, we have a relation between two dimensionless quantities that is 
applicable to any equation of the form of (6.8). This is shown in fig. 6.5(a). 

The concept of time constant is applicable also to 

m = B(1 —e _(/t ) (6.9) 

when t = t, u = B( 1 -0.368)=0.632 B. So for this time dependence, the time 
constant represents the time required for u to reach 63.2% of its final value. 
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Fig. 6.5. Illustrating the time constant t : dimensionless plots of 
exponential waveforms. 



I 

T 


(a) Exponential decay 



jf 

T 


(.b ) Exponential rise 
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The curve of u/B v. t/z is shown in fig. 6.5(h). 

The initial slope of the curve represented by (6.8) is 


d (y/A) 
d t 



1 = 0 


1 

Z 


liy/A continued to decrease linearly at the initial rate it would reach zero in 
time equal to z. This is shown in fig. 6.5(a) where the tangent drawn at t =0 
is extended to intersect the f-axis. Similarly, in fig. 6.5(h) the initial slope is 
+ 1 /t. Then the tangent drawn at t = 0 intersects the line u/B=\ at time 
r = T. 

For both (6.8) and (6.9), when t = 5t, the dependent variable is within less 
than 1 % of its final value. Therefore for practical purposes one may assume 
the final value has been achieved when t > 5r. 


6.5 Natural response of some basic series circuits 

6.5.1 RL circuit 

In fig. 6.6 switch S! has been closed for a long time and S 2 is open. 
The current through R and L in series is, therefore, / 0 = F/(ft, + R). 

At t =0, S 2 is closed and, simultaneously, S, is opened. Current now flows 
in the part of the circuit completed by S 2 , and the energy initially stored in 
the inductance ( = JL/ 0 2 ) is dissipated over a period of time in the 
resistance. Since the driving source voltage V is disconnected, the forced 
response in the part of the circuit which is active for t>0 must be zero. 

For t>0, Kirchhoff’s voltage law gives 

Vl + Vr = 0 


or 


L^+Ri=0 

dt 


( 6 . 10 ) 


The solution must be such that i and di/dr have the same time dependence; 
the only appropriate function is the exponential. 

Let i=Ae“; substitution in (6.10) then gives: 

sLAe st + RAe s ‘= 0 


or 


sL + R= 0 (6.11) 

(In the mathematical theory of differential equations this equation is 
referred to as the auxiliary equation.) 
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From (6.11) we obtain 

s = - R/L, hence 
i=Az~ RtlL 

The current therefore decays exponentially with time constant L/R. 
The constant A is evaluated from the initial condition 


i=-/o=- 


R^+R 


at t =0 + 


Note that the negative sign appearing, in this expression, arises because of 
the assignment of current in a clockwise direction in fig. 6.6. 

The solution is then 




Ri+R 


- e - R " L 


( 6 . 12 ) 


This equation is represented by the dimensionless plot of fig. 6.5(a) with 
X = |-F/(R 1 + R) | and t = L/jR. 

Equation (6.12) gives the natural current response of the circuit. The 
natural voltage response across either JR or L may be written immediately 
using (6.12). For the voltage across R we have 

VR 

v * =iR= -R^R e ~*‘ IL ( 613 ) 


and for the voltage across L we have 


v l = L 


di 

dr 



V 

(Ri+R) 



VR 

Ri +R 


e~ Rl/L 


(6.14) 


This expression also follows from the fact that v L = —v R . 


Fig. 6.6. Circuit for calculating natural RL response. /„ is the 
magnitude of the initial current through L (S x closed, S 2 open). 
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6.5.2 RC circuit 

Referring to fig. 6.7, the voltage source F 0 is connected to the 
capacitance C and S 2 is open. At f=0, S 2 is closed and Si is opened. At this 
instant the voltage across the capacitance remains unchanged at V 0 since 
the stored energy cannot change instantaneously. If we assign current i in a 
clockwise direction, then v c will have the polarity indicated and initially (at 
t = 0 + )v c =-V 0 . 

From Kirchhoff’s voltage law, 

r c + r R = 0 


or 


1 

C. 


idf + Ri=0 


(6.15) 


Note that, after S! is opened, there is no driving source in the circuit so the 
right-hand side of this equation is zero. (The initial voltage V 0 on the 
capacitor is not to be confused with a driving source voltage.) 
Differentiating (6.15) we obtain 


di 1 

—I-1=0 

dr CR 


Following a procedure similar to that in the previous section for the RL 
circuit, the solution of this equation is found to be: 

i=Ae~ ,IRC (6.16) 

Now, referring to the directions of current and voltage shown in fig. 6.7, it is 
seen that 


. v R v c V 0 

i=—= ——=— at t=0 + 
R R R 


giving A = V 0 /R■ The natural current response is therefore 


Fig. 6.7. Circuit for calculating natural RC response. V 0 is the 
magnitude of the initial voltage on C (S] closed, S 2 open). 



= '- v cf~T^ \^2 
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(6.17) 


This equation is also represented by the dimensionless plot of fig. 6.5(a) 
with the time constant t = RC. 

The natural voltage response is given by 

Vr= —v c =iR = V 0 e~‘ IRC (6.18) 

The RL circuit and the RC circuit each contain one energy storage 
element and, for this reason, are called single-energy circuits. They are also 
referred to as first-order circuits because their behaviour can be described 
by a first-order differential equation. 

Commencing at t=0 + there is in each circuit a unidirectional current 
which continues, decreasing exponentially in amplitude, until all the energy 
that was initially stored is transformed into heat in the resistance. In the RC 
circuit, for example, the energy dissipated in the resistance is 

i 2 Rdt=~~[ e -2</« c d t _ijL(_ RC/2)[e~ 2tlRC ]$ 

Jo ” Jo R 

which is just equal to the energy initially stored in the capacitance. 


6.5.3 RLC circuit 

The circuit shown in fig. 6.8 has two energy storage elements and is 
referred to as a double-energy or second-order circuit; a second-order 
differential equation is required to describe its behaviour. 

Initially the switch is open and we assume that the capacitance is charged 
(by means of a circuit similar to that shown in fig. 6.7) to some voltage V 0 . 
For the polarity of V 0 indicated, v c = — V 0 initially. 

At t =0 the switch is closed, then for t>0 


Fig. 6.8. RLC circuit; V 0 is the magnitude of the initial voltage on C. 
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or 




l 


idt + Ri = 0 


(6.19) 


Differentiating removes the integral sign and produces a second-order 
differential equation of homogeneous form (RHS of equation identically 
zero): 


d 2 i R di 1 . n 

-r-y + — —+ r-J = 0 

dt 2 L dt CL 


Assume, as before, a solution of the form i=Ae“; then the auxiliary 
equation becomes 

S ' + f S + fL =0 ,6 ' 20) 

Solving this quadratic equation gives 



In general, there will be two distinct values of s so 


( 6 . 21 ) 


i = A 1 e Sl, + A 2 e S2 ' (6.22) 

giving the two arbitrary constants required by the original second-order 
differential equation. (The special case where Si=s 2 will be considered 
later.) 

Two initial conditions are required for the evaluation of these constants. 
Appropriate conditions are: 

(1) at t =0 + , i=0. 

This follows from the fact that current through the inductance 
cannot change instantaneously. 

(2) at t=0 + , di/dt = F 0 /L. 

This follows from the fact that when i =0, then v R =0 and v, = - v c . 
But Vi—Ldi/dt and vc- — Vo, so di/dt~V 0 /L. 

Use of these conditions in (6.22) enables us to evaluate A t and A 2 . Then the 
solution of (6.19) is 


1 


i = 


L (sj-s 2 ) 


( e 3it —e S2< ) 


(6.23) 


Now, referring to (6.21), the quantity 
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called the discriminant, determines which of three particular forms the 
solution (6.23) takes. 

If the discriminant is positive, that is, if (R/2L) 2 > l/LC,Si and s 2 are real, 
negative and unequal. (Remember that R, L and C are intrinsically 
positive.) 

Let s 1 = —m, s 2 = —n, and let | n |>| m\. Then (6.23) becomes 


i=-f- t - r (e~ mt —e“"‘) (6.25) 

L \n — m\ 

The solution is then the sum of two decaying exponentials, as shown in fig. 
6.9(a). 

If the discriminant is negative ((R/2L) 2 < 1/LC), Sj and s 2 are complex 
conjugate numbers. 

Let 


R , 1 R 

—=a and-1 — | =co n ‘ 

2L LC \2 L 


then, 


s, = —<*+]«„; s 2 — — a—ja>„ 

and, using Euler’s identity, (6.23) takes the form: 

2jcu n L c o„L 


(6.26) 


(6.27) 


(6.28) 


which is an exponentially damped sine wave as shown in fig. 6.9(b). 


Fig. 6.9. Natural current response for the RLC circuit of fig. 6.8. 
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When s ! and s 2 are real, the current starts at zero, increases in magnitude, 
and then decreases to zero, but it is always in the same direction. 

With complex values of s the current is oscillatory at a frequency 



(6.29) 


where a> 0 2 = l/LC. 

a>„ is called the damped natural frequency and it represents the frequency 
of the periodic transfer of energy between the two storage elements. oj 0 is the 
resonant frequency of the circuit (discussed in section 3.13.2). The damping 
constant a governs the rate at which the amplitude of the oscillations 
approaches zero as the initial stored energy is dissipated as heat in the 
resistance. For small values of a, a> n ~a> 0 and the oscillations last for many 
cycles. A circuit that has an oscillatory natural response is said to be 
underdamped. 

When s x and s 2 are real, the circuit is said to be overdamped. The 
condition s t =s 2 ({R/2L) 2 = l/LC) represents the transition between the 
overdamped and the underdamped states, and it is called the condition of 
critical damping. To get a complete solution of (6.19) for this case one must 
use 


i = (A l +tA 2 )e s ’ (6.30) 

in order to have the required two constants of integration. Although it 
represents the condition for which the current reaches zero in minimum 
time, critical damping is of no special practical significance in electrical 
circuits. It usually is not worthwhile to select circuit components carefully 
enough to achieve exact critical damping. Moreover, there is the distinct 
possibility that ageing of carefully chosen circuit components may cause 
their values to change in such a way as to make the circuit oscillatory. 


6.5.4 (^-factor and logarithmic decrement 

For the oscillatory RLC circuit whose current is given by (6.28) it is 
useful to have a number that relates the damping to the natural frequency 
co n of the circuit. We denote this number by Q„ (the g-factor) and we define 
it as* 


* This quantity is different from Q 0 the g-factor defined in the discussion of 
resonance in section 3.13.2. There we defined Q 0 =(d 0 L/R where a> 0 = l/(LC) i . 
Since large values of Q„ are associated with small values of R, it follows from 
(6.29) that when Q„ is large a is small, co„~co 0 , and Q n -Qo- 
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~ t&n _ tO n L 

^ n = 2 a~~R~ 


(6.31) 


R co n n 

2L = Wn = &J 


(6.32) 


where T is the period of the natural response as indicated on fig. 6.9. Then, 
putting I 0 = V 0 /o> n L, (6.28) becomes 

( = / 0 e -< ’ t/e,,r) 'sinco n t (6.33) 


We see from (6.33) that when t increases by one period, the amplitude 
decreases by the factor e“ nlQ «. So Q„ is a measure of the damping per cycle. 
Furthermore, the time required for i to decrease by a factor 1/e is equal to 
Q n T/n. Since Q„ is inversely proportional to R we expect that a large value 
of Q n is characteristic of a circuit that requires a long time for the 
oscillations to die out. 

We can determine the Q of the circuit by examining the oscillatory decay 
and measuring the amplitude of two successive peaks. In fig. 6.9 

», = / 0 e-(' t /Q» r >'i, I - 2 =/ 0 e-^c ,,r >' 2 

and 

iL_ e <*/Qnr)(t2-<i) (6 34) 

*2 

If (t 2 —1 1 ) = 7’, then i 1 /i 2 = e* IQ " 
and 


In (ii/i 2 ) = Jt/Q„. 

The quantity n/Q„ is the logarithmic decrement. 


6.6 Total response 

The natural responses of the circuits that we have considered so far 
are examples of transient behaviour for the special situation where the 
steady-state response is zero because there are no driving currents or 
voltages present. When such energy sources are part of the circuit the 
constants that appear in the natural response must be evaluated by 
applying the initial conditions to the complete solution. Depending upon 
the driving function and upon conditions that exist immediately after the 
switching operation (that is, at t=0 + ) the constants assume the values 
necessary to provide a smooth transition from the initial to the final state of 
the circuit. 
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6.6.1 RL circuit with sinusoidal driving voltage 

The usefulness of writing 

i=4s + 'n 

is well illustrated by a reconsideration of the circuit of fig. 6.1(b). The 
differential equation is (6.5) 

di R . V m . 

sin(ojf +1) 

di L L 

The steady state solution is 

,6 ' 35, 

The natural response is 

i B —Ae~ R>IL (6.36) 

The total response then is the sum of (6.35) and (6.36) 

' - + '■= V[K^W] sin< “ + i - e) + Ae ~ mi ,6 ' 37) 

Applying the initial condition (i=0 at t=0 + ), 





This is identical to (6.6). It is apparent that the approach just employed is 
more direct than that followed in deriving (6.6). 


Fig. 6.10. RC circuit with constant voltage driving source. 
R 



S 
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6.6.2 RC circuit with constant voltage source 

In the circuit of fig. 6.10 we are interested in the voltage v c on the 
capacitance after the switch is closed at t = 0. 

The natural response will, from the theory given in section 6.5.2, be of the 
form: 


v Cn = Ae ' /RC 

(6.39) 

For the steady state, 


II 

c 

(6.40) 


The total response is the sum of (6.39) and (6.40). 
v c = Ac~ ,IRC +V 

Assuming no initial charge on the capacitance, the constant A is evaluated 
from the initial condition: 

v c =0 at t=0 + , 

hence, 

A = -V 
and 

v c = F(1 —e _,/RC ) (6.41) 

This expression is represented by the dimensionless plot of fig. 6.5(h) with 
B = V and t = RC. 

The current is given by 

i = C^=^e-" RC (6.42) 

dr R ; 

6.6.3 Worked example 

A circuit designed to fire a laser flash tube consists of the following 
(see fig. 6.11): a 12 V battery of internal resistance 10Q is connected via a 
switch S! to a resistance of 80 fi in series with a relay coil of resistance 10 Q 
and inductance 2 H. The relay operates when the current in the circuit 
reaches 50 mA. The operation of the relay closes a switch s 2 in another 
circuit so that a capacitor bank of 100 pF is charged up via a resistor of 1 kQ 
in series with a 2 kV supply. 

If the laser fires when the capacitor bank is charged up to 1 kV, find the 
time taken from the closing of Si to firing of the laser. Neglect the time 
required for the relay to operate. 
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Solution. 

The diagrams for the two parts of the circuit are shown in fig. 6.11. 

Relay circuit (fig. 6.11 (a)): let R be the total resistance in the circuit and L 
be the inductance of the relay coil. The natural current response of the 
circuit is then, from section 6.5.1, 

i„ = Ae~ m/L 

The steady state, or forced response, is obviously 

_V 

hs ~R 

Hence, the total response is 
V 

i = Ae r " l +-r 

At t =0 + , i =0 therefore A = — V/R so the current in the relay circuit is given 
by 

l=j( 1 —e"*' 1 ) 

Inserting numerical values (R = lOOfi; L = 2H) we find the time for the 
current to reach 50 mA 

50 xl 0 ' 3 = M (1_e ' 5O ' ,) 

giving e - 50,1 =0.58 3 or tj = 10.8 ms. 


Fig. 6.11. Circuits for worked example (section 6.6.3). 
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Capacitor circuit (fig. 6.11(fi)): after the switch s 2 closes, the voltage on 
the capacitor is, from (6.41), 

v c =V(\ —e~‘ /RC ) 

If t 2 is the time for the voltage to reach 1 kV, then 
1 x 10 3 = (2x 10 3 )(1 —e~ 10 ' 2 ) 
giving e -10<:! =0.5 or r 2 =69.3 ms. 

So the total time from closing the first switch to the firing of the laser is 
10.8 + 69.3 = 80.1 ms. 

6.6.4 RLC circuit with constant voltage source 

In the circuit of fig. 6.12(a) the capacitor is initially uncharged. At 
f=0, S is closed. We require an expression for the current for t>0. The 
steady-state current i ss is zero and the natural response is, from (6.22), 

i n = A i e sl ‘ + A 2 e S2 ‘ 

The initial conditions are: 

i = 0 and v c =v R = 0, so v L = V, or di/df = V/L 

When these conditions are used to evaluate A x and A 2 , we obtain 

i=^—— (e Sl, -e S2 ') (6.43) 

L s, s 2 

This is identical with the expression contained in section 6.5.3 for the 
natural response of the circuit; a result which is to be expected since the 
forced response is zero in the present case. 

As discussed previously in section 6.5.3, the current will be either the sum 
of two decreasing exponentials or oscillatory with exponentially decreasing 
amplitude, depending upon the relative magnitudes of (R/2L) 2 and 1/LC. 


Fig. 6.12. RLC circuit with constant and sinusoidal driving voltages. 


i R 

/ R 

+ x> R - 


+ Ur- 

+ + 


+ , + 

O v r>c = 

-C ^ 

p V m sin (to t + K) v c T 

S -W + 


S - W + 

--'7RRP- 


-- qmp - 


L L 


(a) Constant (d.c.) driving voltage 


( b ) Sinusoidal driving voltage 
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6.6.5 RLC circuit with sinusoidal driving voltage 

When the RLC circuit is driven by a sinusoidal voltage, as in fig. 
6.12(h), the forced response is (from our a.c. theory) 

hs = -^r-sin(cur + A-0) (6.44) 

where 

Z =n /[R 2 + (X l -A:c) 2 ] and xm9 = X ^~ Xc - 

R 

Because the natural response can have different forms depending upon 
circuit constants, the transient response may exhibit wide variations. In 
every case, however, the form of the transient is determined by the circuit, 
and the amplitude is whatever is required to satisfy the initial conditions. 
These conditions depend upon the initial energy stored (if any) and upon 
the instant in the cycle of the applied voltage at which the switch is closed. 
If the RLC circuit is overdamped, the natural response is given by (6.22) 

i T , = A i e~ m +A 2 z~ ni (6.45) 

where —m and —n are the two appropriate values of s in (6.22). The 
complete solution is then 

i = i ss 4- i n = sin(cut + A — d) + + A 2 z~ nl (6.46) 

Two initial conditions are required for evaluation of the constants A , and 
Ai- 

For the underdamped case the natural response is, from (6.22), (6.26) and 
(6.27), 

i n = /4 1 e Sl ' + /4 2 e S2 ' =e" *XA l e i ° , ' f + A 2 e~ (6.47) 
Using Euler’s identity this can be written 
i„ = e _ 5, [B isinco n t + B 2 cosw n t] 
or 

i n = e~«Msin(co n t + 0) ( 6 - 48 ) 

M=7(Bi 2 + B 2 2 ); <t> = tan -1 ^ 


where 
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The complete solution is then 

i =-^sin (cot + A — 6) + e _a, 'Msin(cu n t + <fr) (6.49) 

Note that the evaluation of the constants B x and B 2 is often easier than the 
direct evaluation of constants M and 4>. 


6.6.6. RLC circuit with sinusoidal drive and to 0 ^ t» n 

Referring to fig. 6.12(h), if l/LC>(R/2L) 2 , the circuit is lightly 
damped, and the damped natural frequency a>„ and the resonant frequency 
<u 0 are very nearly equal. If there is no initial stored energy in the circuit, the 
transient response depends upon the phase angle A of the applied voltage 
and also upon how the applied frequency c o compares with u>„. 

Case 1. Let A=0. The initial conditions are then: 

(1) i=0 (current in inductor cannot change instantaneously); 

(2) di/dt=0 (t)=t)R + t)c4-yL, but v=0 and also v R =0 and v c =0, therefore 
v L =Ldi/dt=0). 

Case la:w=a> n . The circuit is resonant, therefore in (6.44) X L =X C ,Z = R, 
and 0 = 0. 

So, (6.44) becomes 


and (6.49) becomes 
V 

i=—sincor+e =t 'Msin(cot + ^>) 


(6.50) 


Differentiating (6.50) gives 

coscot + e“ a, M£ocos(cot + </>)—oce - “'Msin(cut + ^) (6.51) 

The first initial condition gives, by (6.50), 

Msin0 = O 

If M=0, there is no transient, so we take this condition to mean sin</> = 0. 
Hence, sin</> = 0 and so <£ = 0. 

The second initial conditions gives, by (6.51), 

V V 

0=<y —+ Mco, hence M= —~ 

R R 
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Then 

i=^-(l — (6.52) 

R. 

The current is sinusoidal inside an envelope that starts at zero and 
approaches asymptotically the values +VJR (see fig. 6.13). 


Case lb: <y g>a>„. The circuit is predominantly inductive and so to a close 
approximation we may write Z=a>L and 9 = n/2 rad. So (6.44) becomes, 

V m 

f ss =--coscut 

ojL 

Then 

V 

i= -- cos cot +e *‘Msm(a) n t + <£) 

coL 

and 

di V m 

—=-p-smcot—txe 5 “Msin(cu n f + <^>) + e x, o) n Mcos((o n t + <f>) 
dt L 

Substitution of the initial conditions yields 


lantfi = —, and since co„ !> a ,(f> ~ n/2 



Fig. 6.13. Response of RLC circuit driven at its natural frequency. 
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Therefore, 


i =-^(coscor—e "cosco n r) 

c oL 


(6.53) 


Case lc: (o<^co n . In the steady state this circuit is capacitive with current 
leading the voltage by 90°. So (6.44) becomes: 

i ss = (dC V m coso>t 

Following the same procedure as that used for Case lb, we obtain 

i=coCF m (cos«r-e""cos<u n f) (6.54) 

In neither Case lb nor Case lc does the current reach exceptionally high 
values; under no circumstances will it be greater than twice the steady-state 
value. 

Case 2. Let X = nil radians. Now the driving voltage has maximum value at 
t = 0 + . Initial conditions are: 

(1) i=0 

(2) di/dr = VJL 

These lead to the following expressions for the current 
Case 2a: co = co n . 

i=— (1 — e _ ")coscut+ -^re _ "sincut (6.55) 

R 2 col 

Case 2b: a> ><w n . 

i=—(sincof ——e'"sinm n r) (6.56) 

(oL a) 

The transient term is negligibly small because of the multiplying factor 
(cojco). 

Case 2c: <u<?<u„. 


i = — (oC F m (sincot — — e "sino» n t) 
a> 


(6.57) 


Now the ratio (cojco) is large and so the amplitude of the transient 
component may be many times the steady-state amplitude. 


6.7 The D-operator 

In our study of transient analysis so far we have considered circuits 
mainly of a simple series form containing not more than two storage 
elements, and driven by constant (d.c.) or sinusoidal (a.c.) driving sources. 
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For more complicated circuits with arbitrary driving sources, the circuit 
integro-differential equations can be complex, and their solution cor¬ 
respondingly difficult. For this reason ‘operational’ methods have been 
devised which greatly simplify the process of formulating the circuit 
equations and which, for some important practical cases, provide elegant 
methods of solution. One such operational method is presented in this 
section. Our procedure will be to describe the method and illustrate its use 
with examples. A more complete description and mathematical justifi¬ 
cation of the method will be found in ref. 15. 


6.7.1 The operators D and D 1 

We define the ‘differential operator’ D by 



so that we may write 



(6.58) 


(6.59) 


and we interpret D"x to mean d"x/df", that is the symbol D" operating on x 
signifies the process of differentiating n times. 

Extending the notation further we interpret 1/D = D _ 1 as signifying the 
process of integration, that is, 


— x = D *x= 
D 


xd t 


(6.60) 


so that 


_ 1 d r 

D —x=— Ixdf = ; 
D df J 


Using this notation the voltage-current relationships for inductance and 
capacitance, 


v l = L 


di 

dt 



become, 


v L = LDi 



(6.61) 


Similarly, the circuit equation appertaining to the general branch with a 
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sinusoidal driving voltage (fig. 6.12(b)), namely, 



1 

+ C 


i dt + Ri = F m sin(a)t + A) 


becomes 


LDi + 1 + Ri = F m sin(cot + A) (6.62) 

The use of D and D 1 to indicate respectively differentiation and 
integration, would appear to be but a modest extension of the process of 
symbolic representation, however, it can be shown that for linear differen¬ 
tial equations with constant coefficients the D-operator can be treated like a 
coefficient in an algebraic equation. Specifically, the operator obeys the 
distributive, commutative and associative laws of algebra. This implies, for 
example, that 

D(x+y) = Dx + Dy 

and 

(D — m^D — m 2 ) = (D — m 2 )(D — m l ) = T> 1 — (mi + m 2 )D + m 1 m 2 

Functions of D also obey the laws of algebra; for example, 

Fi(D) x F 2 (D) = F 2 (D) x F,(D)and F(D)(x+y) = F(D)x + F(D)y 

These algebraic properties allow us to multiply both sides of (6.62) by D 
(corresponding to differentiation term by term) to obtain 

LD 2 /+—i + D Ri = D F m sin(a>f + A) 
or 

^D 2 +^D+-^^i=^F m sin(tot + A) (6.63) 


6.7.2 Solution of differential equations by D-operator 

In general, the differential equations that characterize linear 
circuits are of the form: 

F(D)y = AT (6.64) 

where the function F(D) is a polynomial, y represents voltage or current, 
and X represents a time-dependent driving source (voltage or current). We 
have already seen that such an equation may be solved in two stages: first. 
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the complementary function (natural response of the circuit) is found from 
the homogeneous equation 

F(D)y =0 (6.65) 

Substitution ofy = Ae SI leads directly to the auxiliary equation F(s) =0. For 
example, putting i=Ae sl in (6.63) and using (6.65) we obtain 

( Dl+ i D+ i)- 4e '-° ,6 - 66) 

RA A 

As 2 c st H—— se st 4- —; Q st — 0 

jL Li\^ 


or 


, R 1 
! + L S + LC“° 


(6.67) 


Comparing (6.66) and (6.67) we see that the auxiliary equation may be 
written directly merely by substitution of s for D. 

The second stage in the solution of (6.64) is to find the particular integral 
(forced or steady-state response of the circuit). Now it can be shown that the 
D-operator method enables one to obtain the particular integral from 


1 

F( D) 


X 


( 6 . 68 ) 


A variety of methods exist for solving this equation, depending upon the 
particular form of X ; we consider three important cases. 

Case 1. X=x n (n=positive integer) 

In this case 

y = [F(D)]-V (6.69) 

and [F(D)] “ 1 is expressed as a polynomial in rising powers of D as far as 
D". (Any higher powers of D will yield zero.) 

Example: (D 2 -4D+4 )y=x 2 
The P.I. is 


1 


y= 


-x 2 = 


1 


D 2 —4D+4 4(1 — D + D 2 /4) 



1-D + 


D 2 

T" 



Expanding by the binomial theorem: 
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1 + |D-?Wd-?I ...pc 


y=i 


=i[l + D-~+D 2 ..Cjx 2 

y=l(x 2 + 2x+%) 

Case 2. X=e ax 

We have D e ax =ae ax ; D 2 e ax =a 2 e ax ; D n e ax =a n e ax hence, 
polynomial, 


Now 


but 


F(D)e ax =F(a)e a 


m F(D *“=m F(a *’' =F>a) m c ' 


F(D)e ax =e a 


F( D) 


therefore 


1 


1 


y = 


e =- 


F( D) F(a) 


(F(«)#0) 


Example: (3D 2 —2D+4)y = 36e" 
The P.I. is 


36e" 


36e' 


y = 


3D 2 —2D+4 3( — l) 2 —2( — l) + 4 


=4e" 


Case 3. X=e ax V(x) where V(x) is a function of x only. 
For this case it can be shown that 


y= 


1 


F( D) 


e ax F(x)=e“ 


1 


F(D + a) 


V(x) 


Example: (D 2 + D-2)y=xe x 
The P.I. is 


1 


y = 


D 2 + D —2 


xe 


if F(D) is a 
(6.70) 


(6.71) 


(6.72) 


Using theorem (6.72), the exponential is shifted to the left of the operator 
and D becomes D +1: 
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y =e 


1 


1 


(D+1) 2 + (D+1) —2 
- i 


- x=e 


D(D + 3) 


e* / D 
'3D\ + T 


e* . D 
X== 3D I 3 


>, = 3D (X “ 4) 

The D in the denominator means that the expression to its right is 
integrated once, thus 


e /x 


• V ‘3 V 2 3 

Theorem (6.72) allows us to deal with situations for which theorem (6.71) 
of Case 2 breaks down, for example 


1 


-2x 


D 2 +4D + 4 


Simply replacing D by -2 as required by (6.71), gives zero in the 
denominator of this expression. However, if we take V(x) = 1 in (6.72) we 
obtain: 

r- e ~ V-2)^(D-2)+4 (l >- e ~ 1 ‘i? (1) - e " ,, T 

Returning now to (6.62), appertaining to the general branch with 
sinusoidal excitation, we may use theorem (6.71) of Case 2 to derive the 
particular integral. Representing the RHS of (6.62) by the imaginary part of 
the complex exponential we may write 

(lD +^ + Rji = Im + 

Now, according to (6.68), the particular integral is given by 
V m 


i=- 


Ime j( “' +2) 


LD + l/CD + R 
and, by (6.71), D may be replaced by jco to give 


i = Im 


jcoL+ 1/j coC + R 


+ X) 


(6.73) 


(6.74) 


The denominator of this expression is recognized as the complex impe¬ 
dance, which may be written Ze ie where Z = [R 2 + (coL — 1/coC) 2 ]* and 
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9 = tan 1 (<dL — l/coC)/R, hence 


i = Im 


m H ot + A). 


Ze ie 


Im m e i(tl>i+A ~ 8) 
Z 


or 


V 

i—~^r sin(ft)t + X — 9) 

The derivation of this result should be compared with the methods used in 
section 3.4. 

6.7.3 D-impedance 

The concepts of complex exponential and complex impedance 
were introduced in sections 3.3 and 3.4 in connection with steady-state a.c. 
circuit analysis. A related concept which is useful in the context of transient 
analysis will now be considered. 

We observe that the ‘jco’ in the denominator of (6.74), which is the 
complex impedance, arise directly as a result of the ‘D’ in (6.73). This result 
follows whatever the combination of circuit elements under consideration, 
and by analogy we call the function of D appearing in the denominator of 
equations such as (6.73) the D-impedance. This concept offers a convenient 
approach to the setting up of circuit differential equations, which is exactly 
analogous to that used for setting up the steady-state a.c. circuit equations. 

First, write down the a.c. impedance (or reactance) of each circuit 
element but with D in place of jco. Then combine the impedances and derive 
the circuit equations in the usual way. The ratio of voltage v(t) to current i(t ) 
at any terminal pair of a network will be the D-impedance at that terminal 
pair. For pure inductive and capacitive elements the relations analogous to 
jwL and l/jcuC are LD and 1/CD. Notice that we place the operator D after 
the constant since in the full equations in which they occur, for instance 
(6.62), the D or 1/D will be operating upon a variable, either i or v, situated 
to the right-hand side of the operator. This convention need not be strictly 
adhered to in the course of algebraic manipulation but it makes for clarity 
in the interpretation of the end formulation of the circuit differential 
equations. This point will become apparent in the following worked 
example. 

6.7.4 Worked example 

For the circuit of fig. 6.14 derive differential (D-operator) equ¬ 
ations for the current i(t) and the voltage r(t). If K 1 = /? 2 =2MQ and 
C=0.5/iF, find explicit expressions for the steady state components of i(t) 
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and v(t) given that the driving function Vi(t) is: (a) F 0 (constant); (b) t; (c) 
e - '; (d) te~‘. 

Solution: 

Let Z(D) be the impedance of i? 2 //(l/CD) then 


Z(D) = 


*i(l/CD) 

K-.+ 1/CD 


*2 

1+R 2 CD 


Ri and Z(D) form a voltage divider, hence. 


Z( D) R 2 

R l +Z(D) Vl (l + R 2 CD)Ri + R 2 


or 


_ ^2 _ 

R^R 2 CD + R\ + R 2 

A differential equation for v is then 
{R\R 2 CT) 4* R i + R 2 )v = R 2 v i 


or 


D + 


Ri +R 2 

cr,r 2 J 


CRi 


Vi 


Current i and voltage v are related by r = (l/CD)i, hence substituting in 
the above expression gives a differential equation for i: 


D + 


R i + R 2 


D 


cr,r 2 J 

If R ! = R 2 = 2 Mfi and C= 0.5 fiF, the above equations for i and v reduce to: 


(D + 2)v = Vi and (D + 2)i = 


10 


-6 


-Dr l 


Fig. 6.14. Circuit for worked example (section 6.7.4). 
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The steady state responses are then given by 


1 . io - 6 ^ 

i> =-r—- Vi and l s = ———— Dr, 

D + 2 2(D + 2) 


(a) v t = V 0 


r„ = 


(« = 




2(1 +D/2) 

10“ 6 


2(D + 2) 


D V 0 = 0 [Alternatively i ss = CDr ss = 0] 


(b) vi=t 


10“ 6 _ 10~ 6 10~ 6 { D 

— DX=— 1 + 2 


2(D + 2) 


4( 1+y 


10 


-6 


D 


4 V 1 2 ’ ‘4 


10 


-6 


10~ 6 

[Alternatively i ss = CDr ss = —j-.] 


(c) r! =e ' 


1 1 _ 

r«=-e =-e =e 

ss D + 2 -1+2 




10~ 6 10“ 6 

De = — (— e ~ , ) = 


10 


-6 


2(D + 2) 2(D + 2) 


(d) v j = te ' 


1 1 

r ss = ——-te = e ——-—- 
ss D + 2 D-l + 2 

=e-‘(t-l) 


t=e~'(l + D) _1 r = e~'(l -D.. ,)t 


10 -6 10~ 6 
U = — Dte~ = _ (e~ f —fe~') 


2(D + 2) 2(D + 2) 
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Case (b) in this example may be used to illustrate an important point in 
connection with the response of circuits containing storage elements. For 
the component values given, the time constant of the circuit is \ second, and 
the complete solution for the voltage is 

- 7 , t 1 
v = Ae +--- 

2 4 

The initial condition is n=0 at f=0 + , therefore A=\ giving 

v =± e -»+L-± (6.75) 

The curve of v versus r, shown in fig. 6.15, is asymptotic to the line % — £ 
which is, of course, the steady state solution. 

Without the capacitance the response of the circuit would simply be j 
since R l =R 2 . We see then that the addition of the capacitance has the effect 
of shifting the steady-state response bodily to the right by one time 
constant. This result is true in general; a circuit containing a single storage 
element will introduce a time delay between excitation and response equal 


Fig. 6.15. Illustrating delay in the response of a circuit containing a 
single storage element. 





The D-operator 


313 


to the time constant of the circuit. Circuits containing multiple storage 
elements will introduce time delays of magnitude depending on the number 
and type of storage elements and on the circuit configuration. 

6.7.5 Thevenin’s theorem in transient analysis 

We have seen that in the solution of the circuit differential 
equations the superposition theorem plays a central role; it allows us to find 
the natural and forced response separately which can be then added 
together to give the complete solution. The other linear circuit theorems 
discussed in chapter 2 are occasionally useful in the transient analysis of 
circuits, particularly Thevenin’s theorem. The circuit of fig. 6.16(a) 
illustrates how this theorem can be used to simplify a circuit problem. In 
this circuit the capacitance is charged fully to the source voltage 
V 0 (constant); theswitch is then closed at t = 0. We wish tofind the current i(t) 
through R 2 . 

To apply Thevenin’s theorem the circuit is broken at A A' in fig. 6.16(a) 
and the equivalent circuit to the left of A A' is found. The Thevenin 
equivalent e.m.f. (equal to the open-circuit voltage across AA') will be 
V 0 R 2 I{R\ + R 2 ), and the resistance looking into AA' (with V 0 reduced to a 
short circuit) is RiR 2 /(Ri + R 2 )- Hence, for the component values shown, 
the circuit of fig. 6.16(6) is obtained. The circuit is now reduced to a simple 
series form and it will be obvious that the steady-state value of v (voltage 
across A A ') is VJ2. With a circuit time constant of 0.5 seconds the voltage v 
is given by 


Fig. 6.16. The application of Thevenin’s theorem to a transient 
problem. 



(a) Original circuit 


( b ) Thevenin circuit 
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v = Ae~ 2, + — 

2 

We have not changed the circuit to the right of terminals A A' so the initial 
condition is still v=V 0 at t=0 + , which gives A = V 0 /2, hence 

«>=y(e _2 '+l) 


Now the voltage v, which is that across C, is unchanged between circuits (a) 
and (b) in fig. 6.16 so that the current through R 2 will be v/R 2 giving finally, 


i = 


4x 10 6 


(e 


- 2t 


+ D 


The circuits of fig. 6.14 and fig. 6.16 are similar; the reader should compare 
the above approach with that adopted in section 6.14. 

Thevenin’s theorem is also useful if we wish to determine the effect of 
some modification to a circuit upon which an analysis has already been 
carried out. For example, suppose an additional resistance R 3 is switched 
into the circuit of fig. 6.14 at some instant t=t u as shown in fig. 6.17(a). We 
wish to find the voltage v across the circuit for t^t,. With both switches 
closed, the circuit becomes as shown in fig. 6.17(6). To apply Thevenin’s 
theorem the circuit is broken at A A' and the equivalent circuit to the left of 
AA' is found. The Thevenin equivalent e.m.f. e T , that is, the open circuit 
voltage, is given by the solution (6.75) previously obtained for the 
unmodified circuit: 


The equivalent impedance, in terms of the D-operator notation, is 

Z _ R(l/CD) R 
T R + 1/CD RCD+1 

where R=R 1 //R 2 . 

The circuit is thus reduced to the form shown in fig. 6.17(c) and the voltage 
is given by 

R 3 RCD +1 

v = -e T =- Ct 

r 3 +z t t rcd+i+r/r 3 t 

For the component values shown the differential equation for v is 

(D + 3)c = (D + 2)e T =(D + 2)^ c- 2 ‘-i j (6.76) 
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Performing the operation on the RHS we obtain 
(D + 3)n = t 

The steady-state solution is given by 


v = 


1 

DT3 



or 



9 


We are here interested in the transient conditions after closing the switch S 2 , 
that is, for r> ti. Clearly, from the LHS of (6.76), the effective time constant 
is ^ second so the complete solution may be written 


Fig. 6.17. Application of Thevenin’s theorem to a double switching 
problem. 




(b) 
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v = Ae 


- 3(1—1 j) 


+ 


3 9 


(t>h) 


The constant A is found from the condition of v at the instant t] 


v «=, 





1 

9 


hence 




5 

36 


and 



_5_ 

36 




For this particular example the use of Thevenin’s theorem does not effect 
a great saving in the amount of algebraic manipulation involved. This is 
because it would be particularly simple in this instance to incorporate the 
additional resistance R 3 within the formulation of the original circuit 
equation. However, for more complicated situations the Thevenin ap¬ 
proach can offer significant advantages. 

It may be remarked, finally, that for the simple circuits discussed in this 
and previous sections containing a single source, mesh analysis is not an 
efficient approach to the formulation of the circuit differential equations. 
The reader may care to consider, for example, the use of mesh analysis 
(rather than the ‘voltage divider’ approach) for the worked example of 
section 6.7.4 (fig. 6.14). 


6.7.6 Differentiating and integrating circuits 

The RC circuits of fig. 6.18 are frequently used to perform simple 
signal differentiation and integration. Consider the circuit of fig. 6.18(a); 
with voltage Vi applied at its input. The output v 2 is 

R RCD 

v-> =- V, =- V, 

2 R + 1/CD 1 RCD+1 1 


or 


(RCD+l)v 2 =RCD Vl 

For RC sufficiently small (RCDv 2 <v 2 ) we may write: 

d 

v 2 — RCDv l ^RC—(v 1 ) 
at 
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Thus, the output is approximately equal to the derivative of the input. Note 
that the accuracy of differentiation will depend both on the magnitude of 
RC and upon Ui and its rate of change, which implies that the accuracy is 
signal dependent. 

For the circuit of fig. 6.18(h) we may show that, if RC is sufficiently large, 



Because of the requirement in the integrating circuit that CR should be 
large, the output is generally small, and for this reason the circuit is usually 
used in conjunction with an active device which amplifies the signal and 
improves the accuracy of integration by ensuring that the capacitance 
receives, effectively, a constant charging current through the resistance (see 
page 131 of reference 5). 

6.8 The unit step and related driving functions 

In this section we introduce the concept of the step function and its 
relatives, the impulse function and the ramp function. These are members of 
a class of functions, called singularity functions, that are of fundamental 
importance to the development of more advanced aspects of circuit theory. 
The singularity functions allow us to describe the behaviour of circuits 
subject to driving waveforms of arbitrary shape and of a discontinuous 
nature. Examples of the latter have already been encountered in which the 
action of a switch impresses a driving voltage on a circuit at the instant f = 0. 
It is convenient to introduce the step function as a mathematical 
description of this discontinuous process although, as will be seen later, the 
concepts embodied in the step and its related functions extend far beyond 
this simple application. 


Fig. 6.18. RC circuits used for signal differentiation and integration. 

R RC » 1 
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(a) Differentiating circuit 


(b) Integrating circuit 










318 Transient and steady-state analysis 
6.8.1 Step function 

The unit step function (fig. 6.19) is defined by 

(6.77) 

=0 t<0j 

It should be noted that according to this definition the function is zero at 
t =0~ and unity at both f=0 and £=0 + . 

Fig. 6.20 illustrates the way in which the step function may be used to 
describe the action of a switch. The voltage source V and switch S of fig. 
6.20(a) are replaced by an ideal voltage source, permanently connected to 
the circuit as shown in fig. 6.20(h), producing a driving voltage: 

v{t)= Vu(t) (6.78) 

This expression signifies that for t < 0 the voltage impressed on the circuit 
is zero, for t >0 the voltage is V. It will be appreciated that the 
representation shown in fig. 6.20 refers to an ideal switch; that is, one which 
has infinite resistance before closure, zero resistance after closure, and for 
which the transition between these states is of infinitesimally short 
duration. An absence of inductive and capacitive effects is also implied. 


Fig. 6.19. The unit step function. 

«(0n 

I - 


1 t 

Fig. 6.20. Representation of switching action by means of the step 
function, (a) Original circuit with voltage source and switch. ( b ) 
Representation of circuit (a) by step-function source. 
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The representation of fig. 6.20 also assumes that the circuit is in the zero 
energy state at t =0; otherwise the voltage across the terminals to which V is 
applied may not be zero at t =0“, thus invalidating the definition (6.77). 

A current source switched into a circuit at t = 0 can be represented in like 
manner by the unit step function. If I is the amplitude of the constant 
current source, then the switching action may be represented by: 


(6.79) 


i{t) = Iu(t) 


Voltages or currents which arise in a circuit subject to a unit step driving 
function are called the step response. 

6.8.2 Impulse function 

The unit impulse function (also known as the Dirac or delta 
function) is the derivative of the step function, and is defined by 



(6.80) 


Now the slope of the step function is infinite at t=0, in other words the 
function is not, in the usual mathematical sense, differentiable at this point 
and is therefore singular. However, the meaning of (6.80) will become clear 
if we consider the approximate step function g(t) shown in fig. 6.21(a). This 
is zero at t = 0 and rises linearly to unit amplitude at t — A. The derivative of 
g(t) is the rectangular pulse shown in fig. 6.21(h). We see that as A is made 
smaller and allowed to approach zero, g{t)->u(t) (fig. 6.21(c)) while the 

Fig. 6.21. Illustrating relationship between unit step and unit impulse 

functions. 
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amplitude of its derivative l/A->oo (fig. 6.21(d)). However, although g'(t) 
becomes infinite for A->0, the area under the derivative curve remains finite 
and independent of A since 

— x A= 1 
A 

So, the unit impulse function is infinite at r = 0 and zero elsewhere, while its 
area is unity. The symbolism of fig. 6.21(d) is used to indicate these 
properties of the unit impulse. 

Since the impulse is the derivative of the step, the step must be the integral 
of the impulse. That this is so will be appreciated if we consider the area 
under the impulse function shown in fig. 6.21 (d). T o the left of the origin the 
function is zero so there is no contribution to the area. As we pass from 
t=0~ through to t =0 + we include unit area and the integral jumps to 
unity. There is no further contribution to the right of the origin so the value 
of the integral remains at unity. From this point of view the unit impulse 
may be defined by: 



<5(f)=0,f*0 (6.81) 

It follows from the definitions of the unit step and unit impulse functions, 
that the derivative of a step of amplitude E is an impulse of area £; that is 

|-[£«(»)] = £5(0 (6.82) 

at 

The impulse function of voltage has dimensions of volt seconds; the impulse 
function of current has dimensions of amp seconds (coulombs). Voltages 
or currents which arise in a circuit subject to a unit impulse driving function 
are called the impulse response. 

The importance of the impulse function lies in the fact that it can be used 
to represent functions and transforms of widely differing form. This will 
emerge fully when we deal with the theory of the convolution integral in the 
final section of this chapter. For the present we establish the circumstances 
under which the impulse function may be used to represent a single, short 
pulse of arbitrary shape. We begin by considering the response of a simple 
RC circuit (fig. 6.22) to: (a) a rectangular pulse, of duration A and unit area; 
( b ) a unit impulse. 

To find the response to the pulse we make use of the results obtained in 
section 6.6.2. There we found that the response of an RC circuit to an 
impressed voltage V was 
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v 2 (t) = V(l-e~" RC ) (6.41) 

For the case considered here the pulse has amplitude 1/A so, putting 
K=l/A in (6.41) we obtain 

^(f)pu,se = ^(l-e-' /t ) 0<t < A (6.83) 


where t = RC. 

We may make use of (6.41) also to find the response to the unit impulse 
(see also section 6.9.6). This equation, with V=u{t), gives the response to 
unit step; by differentiating this we obtain the response to unit impulse since 
the impulse is the derivative of the step. We have 

Mf)s t ep=u(t)(l-e-' /r ) (6.84) 


hence, 

V 2 (t)impu ise WOU - e~ ,/T )] 

= (l-e-" t )d(t)+—u(t) 

T 

Fig. 6.22. Response of an RC circuit to: (a) pulse input; ( b ) impulse 
input. 
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But <5(t) is zero for all t #0, and at r=0 the coefficient of <5(t) is zero, so the 
first term in the expression vanishes to give 

y 2 (f)impulse=^e“' /T u(f) (6.85) 

In this expression u(t) is to be regarded as a multiplying factor indicating 
that the response is zero for t<0 and (l/x)e - ‘ /r for t >0. 

Now let us compare the response of the circuit to the two inputs for times 
equal to or greater than the duration of the pulse, that is for t> A. For the 
pulse input the value of the output voltage at t = A will, according to (6.83), 
be 


^2(^)pulse ^ 1 ^ 


-A/z\ 


If it is assumed that the duration of the pulse is small in relation to the time 
constant of the circuit, this expression may be approximated by 


^2^)pulse — ^ 


A 1 / A 


— (1 — 1 +~ 7 i 

r 2 \ r 


+ .. 


1 / A 1 / A\ 2 
A l t 2 \t) + ' 


»2( A )puUe- 2 T + ’ ' ^ 


( 6 . 86 ) 


For the impulse input the output at r = A is, by (6.85), 


MA) i: 


impulse ‘ 


= l e -AA 


which may be approximated by 


MA)* 


impulse ' 




l 

T 



(6.87) 


Comparing (6.86) and (6.87), and neglecting second and higher order 
terms, we see that the difference e between the impulse response and the 
pulse response (at t = A) is 



The unit step and related driving functions 


323 


If, for example, the time constant of the circuit is a factor of ten greater than 
the pulse duration, then £=0.05. For t > A the difference between pulse and 
impulse responses will be less than that given by (6.88) since both response 
curves decay exponentially, with the same time constant, to zero and will 
therefore converge. 

We may conclude that it is possible to predict the response of a simple RC 
circuit to a rectangular pulse of unit area (for times greater than the pulse 
duration) by determining the response to the unit impulse function. The 
shorter the pulse duration in relation to the circuit time constant the better 
the accuracy of prediction. It also follows that the response to a pulse of area 
A may be found from the response to an impulse of magnitude A. Provided 
the condition x > A is fulfilled, the ratio of pulse height to pulse width is 
immaterial. Indeed, the pulse may be of any shape since the magnitude of 
the equivalent impulse function depends only upon the area of the pulse. 
Consequently, we are able to determine the response of a circuit to a pulse of 
arbitrary shape (including pulses which cannot be expressed analytically) 
simply by finding the area enclosed by the pulse, and then determining the 
response of the circuit to the equivalent impulse function. 

The foregoing argument has been developed on the basis of the simple 
RC circuit, but the same general conclusions are found to be true for any 
first order circuit. The conclusions are also valid for higher order circuits, 
but in such cases it is the shortest effective time constant of the particular 
circuit which must be used as the criterion. 

6.8.3 Worked example 

A photomultiplier tube, used in a scintillation counting system, 
produces at its output pulses of current of the form shown in fig. 6.23(a). The 
photomultiplier is connected to an amplifier whose input circuit can be 
modelled by a resistance of 1 MQ in parallel with a capacitance of 30 pF. 
Estimate the form of the voltage response at the input of the amplifier 
subsequent to the arrival of a single pulse. 

Solution : The photomultiplier can be regarded as having an infinite output 
resistance so that it behaves essentially as an ideal current source. The circuit 
model is therefore as shown in fig. 6.23 (b) where i(t ) is of the form shown in 
fig. 6.23(a). 

The time constant of the circuit is RC = 10 6 x 30 x 10~ 12 = 30/is whereas 
the pulse duration is approximately one microsecond; consequently the 
pulse may be replaced by an impulse function at the origin. 

The differential equation relating t?(t) and i(t) is 
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^ R(1/CD) 


or 


( D 




R + (1/CD) 

Putting i(t) equal to the unit step function of current u(t), 


D + 


1 

RC 


y step 




where r s i ep is the step response. 

The steady state response to unit constant current will clearly be t> ss = R , 
and the natural response will be v n =Ae~' IRC , hence 

V step = V„ + u ss = At-" RC + R 

The initial condition is u=0 at t =0 + giving A = —R, so; 
v step = R(l-e-‘i RC ) 

The impulse response is obtained by differentiating the step response. Using 
a procedure similar to that leading to (6.B5) we find 

UimpuUe=^e' ,/i{C U(r) 


This is the response to unit impulse; the response to an impulse of 
magnitude Q will be (Q/C)e~‘ IRC . With Q = 2.3 x 10~ 11 coulomb, the form 
of the voltage response at the input of the amplifier is 

t) = 0.76e"' /30x 10-6 


Physically, we may interpret the result in the following way. During the 
pulse, lasting for about 1 ns, a charge of 2.3 x 10" 11 C is delivered to the 
capacitance causing the voltage to rise to 0.76 V. The capacitance then 
discharges and the voltage decays with a time constant of 30 /is. 


Fig. 6.23. Diagrams for worked example (section 6.8.3). 



Amplifier 
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( b ) Circuit model 
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6.8.4 


by: 


or 


Ramp and other singularity functions 

The ramp function is the integral of the step function and is defined 



00 


u(t)dt = 


I 


dt 


(6.89) 


p(t) = t 
=0 



(6.90) 


The integral of a step function of amplitude E corresponds to a ramp 
function of slope E, that is, 



Eu(t)dt = Ep(t) 


(6.91) 


Other singularity functions, useful in more advanced network analysis, are 
obtained by further differentiation or integration of the basic impulse, 
step, and ramp functions. For example, differentiation of the unit impulse 
function produces the unit doublet consisting of positive and negative going 
unit impulses at the origin. Integration of the ramp function produces the 
unit parabola. 

The relationships among all of the functions mentioned in this section 
are shown in fig. 6.24. In this book only the impulse, step and ramp 
functions will be considered further. 


Fig. 6.24. Relationships among the unit singularity functions. 
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6.8.5 Delayed functions 

The singularity functions considered so far have a point of 
discontinuity at time zero; however, for some purposes it is useful to extend 
the concept to embrace functions having a discontinuity at some other, 
positive, value of time. This may be accomplished simply by changing the 
argument of the function. Thus, if the unit step function is defined by 

u(t — a )—0 — 

-I <,-a)*o} «“> 


Fig. 6.25. Delayed singularity functions. 
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Fig. 6.26. Use of delayed step function to provide time sectioning and 
time delay of a signal waveform. 



( a ) Continuous function (c) Function sectioned at t = a 



( b ) Function sectioned at / = 0 


( d) Function delayed by t = a 
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the step will be delayed until t = a. The impulse and ramp functions may be 
treated similarly, as shown in fig. 6.25. 

The delayed unit step function allows one to specify analytically the time 
at which a function commences; a process which is sometimes called 
sectioning of the function. For example, the sinusoid v = FmSincoft + rj) 
shown in fig. 6.26(a) is continuous for all negative and positive time. 
Multiplication by u(t ) sections the function at the origin (fig. 6.26(h)) while 
multiplication by u(t-a ) sections the function at t-a (fig. 6.86(c)). 

Changing the argument of a function f(t) to J\t-a) and multiplying by 
u(t — a ) shifts the original function bodily along the time axis so that it 
commences at t = a with the same value v 0 that it had at the origin. The 
result of this operation on the sinusoid is illustrated in fig. 6.26(d). 

6.9 The Laplace transform 

The method of analysis now to be described employs the Laplace 
transform by means of which functions of time are transformed into 
functions of a new variable s in such a way that what was initially a 
differential equation becomes an algebraic equation. For the functions of 
time normally encountered in linear circuit applications, these transform¬ 
ations are unique so that to each function of t there corresponds a function 
of s and, conversely, to each function of s there corresponds a function of t. 
Therefore, from the algebraic equation(s) we obtain a function of s that 
may, by the inverse Laplace transform, be converted to a function of t. This 
new function is the solution of the original differential equation. 

The Laplace transform has applications to situations such as we have 
considered in this chapter where a known driving function is applied at t =0 
to a circuit and it is desired to find the response of the circuit for all t > 0, 
having given the conditions in the circuit at t=0 (the initial conditions). 
The method has several features in common with the D-operator approach 
to circuit analysis, in particular the method by which the circuit equations 
are set up and manipulated is essentially the same, however, the greater 
mathematical generality of the Laplace transform allows it to be used for a 
wider variety and range of problems. An important advantage of the 
method is that initial conditions are included automatically in the 
transformed circuit equations; a disadvantage is that it can involve a 
formidable amount of algebraic manipulation, and it sometimes tends to 
obscure the underlying physics of the problem under consideration. 

The theory of the Laplace transform may be developed in relation to the 
Fourier series and Fourier integral which are used, respectively, in the 
representation of non-sinusoidal periodic functions and of pulses and other 
functions of finite duration. In our approach we shall simply define the 
Laplace transform; calculate the transforms for some functions of time that 
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are commonly encountered, and show how the results may be applied to the 
solution of some specific problems. We shall not go into the question of the 
conditions that a function must satisfy in order that a transform should 
exist; we assume (with justification) that all the functions we use meet these 
criteria. 


6.9.1 Definition of the Laplace transform 

The Laplace transform F(s) of a function /(f) is defined by* 


F(s)= £F{f(t)} = 


f(t)e s, dt 


(6.93) 


The symbol £F{f(t)} is to be read: ‘the Laplace transform of/(f)’. The 
variable s, which has dimensions of angular frequency, may be real or 
complex and is usually expressed by 


s = <x+j<y (6.94) 

a must be positive and sufficiently large to ensure that the integral 
converges. For the functions of r that we shall be concerned with, this 
condition is satisfied. 

The inverse Laplace transform is defined by 

/(f)=^- 1 {F(s)}=-^ f F(s)e 5 ' ds (6.95) 

^j J(T-j00 

where the symbol 1 indicates the process of finding the inverse of the 
function F(s). 

In the application of the Laplace transform to practical circuit problems, 
the integrals (6.93) and (6.95) are rarely used directly. The integral (6.93) has 
been evaluated for a large number of functions and one refers to tables of 
Laplace transform pairs to effect the appropriate transforms, both forward 
and inverse. We shall not, therefore, concern ourselves further with (6.95). A 
short table of transform pairs is given in Appendix D; we indicate below 
how some of the more useful of the entries in this table are derived. 


6.9.2 Laplace transforms for some functions of time 

Note that pair numbers given below refer to the table of Laplace 
transform pairs in Appendix D. 

(1 )f(t) = t n 

* The lower limit in the integral (6.93) is zero, and the definition used here is 
called the one-sided Laplace transform, which is applicable to functions that are 
zero for r<0. The two-sided Laplace transform, which we do not deal with in 
this book, is defined by a similar integral but with lower limit — oo. 
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Consider first /(r) = f then using (6.93) 

/* 00 


F(s) = 


re s ‘dr 


Integrate by parts: let t = u and e s 'df=dr, so dw=dr and v =—e ", 

s 


then 


So, 


udv = uv— udu = 




t 

--e 

s 


* f® 

+ | -e-"dr=0+- I 


0 s 


Repeated application of integration by parts gives the general result: 


^" 1=^17 


(6.96) 
[Pair No. 1] 


( 2 ) M=e a ' 

F(s)= 


e a 'e“"dr = 


- (s-a)« dr =- 


s—a 


For the integral to converge, s > a. In the applications considered here, a is 
negative, so this inequality obtains. Then 


2t{e m ) = - 


1 


s-a 


and 


,2°(e -a ') = 


s + a 


(3) /(r) = sincot. 

This is calculated conveniently by using the identity 
sincor =^7 (e J, '"-e~ j< ") 
together with the result (6.97) 


(6.97) 
[Pair No. 2] 


f<s 4 

_ i 

~2j 


[ e -(s-j«>i dr-e -(s+j “ ,, dr] 
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s— jcu s+ja>_ 
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So, 

^{sincof} — , W , (6.98) 

s +" rt> . ' ’ 

[Pair No. 6] 

(4) j\t)=coscot 

Again express the function as the sum of exponentials and use the result 
(6.97) 


^{coscur} =-*- j 

* ’ s 2 + co 2 


(5) f(t) = c (constant) 


F(s) = 


ce s 'dt = c 


— e 


Jo s 


(6.99) 
[Pair No. 8] 


So, 

^{c}=- (6.100) 

S [Pair No. 15] 

(6) /(f) = u(t) (unit step) 

Since u(f)= 1 for t >0 we may use the result (6.100) 

&{u(t)}=- (6.101) 

[Pair No. 16] 

(7) Transforms of ^/(t); f(t); ^/(t) 


So far we have simply shown how, by a mathematical manipulation, it is 
possible to obtain a function of s that corresponds to some given function of 
t. The use of the transform in circuit problems requires that we also obtain 
transforms of derivatives of functions of t. To find these we must know the 
values of/(r) and its derivatives at t=0 + . Let 

/t° +) =/o ; ^/(0 + )=/ i; ~/(0 + )=/ 2 . . . etc. 


Again using (6.93) 

& 


:>w; 




dt 


e _5 ‘dr 


d/. 


Integrate by parts: e s ‘=u and — dt = dt>; hence, 

dt 


du = — se 51 dt and v =/. 




fe s 'df 
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The first term on the right is (— /<>) and the second term is just s times the 
Laplace transform of/(r), therefore, 


&<-r-f(t)>=sF(s)-f 0 (6.102) 

1 J [Pair No. 24] 

So, to write the transform of the derivative of a function we write s times the 
transform of the function and subtract the value of the function at t=0 + . 

The voltage-current relationship for inductance provides an important 
example of the use of this operational transform pair. We have 


v = L 


di 

dt 


which, upon transforming both sides, becomes 
V(s)=L(sI(s)—i 0 ) 


(6.103) 


where i o ( = /(0 + )) is the initial value of the current in the inductance. 
The transform of the second derivative of a function is also found by 

d 2 / 

integrating by parts. With e " = « and — T df = dt>, then 

dr 




d/(0 + ) 


When limits are substituted, the first term becomes —^——= — U. The 

dt 

d if 

second term is s times the transform of—, which we have just found. So, 

dt 


2 


d 2 
d t 2) 


f(t)} = s 2 F(s)-sf 0 -f 1 


Generalizing the above results we obtain: 
d" 




(8) Transforms of 


j\t)dt and /(t)dt 




(6.104) 
[Pair No. 25] 


(6.105) 
[Pair No. 26] 


2 


* i r°°r r n 

f(t)dt ^=jo J/(t)dtJe-«dt 


Integrating by parts with j/df = u and e sl dt=dt> we obtain 


udv = uv — 


vdu = 


w-er-ps* 
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The second term is simply (l/s)F(s), and when limits are substituted in the 
first term we have 



But this is just (1/s) times the value of the integral at the moment of the 
switching operation and therefore represents the initial condition. The 
transform is often written 


X 


modthjW+jr 1 ^) 


(6.106) 
[Pair No. 27] 

where / wl (0 + ) represents the value of the integral at t=0 + . 

The above expression gives the transform of the indefinite integral; the 
transform of the definite integral is obtained as follows: 




fit 


= (/dt- 

( = 0 J 


r‘(o + ) 


Transforming term by term we have 


X 





&{r\ o + )j 


The first term is the transform of the indefinite integral, which is given by 

(6.106). The second term represents the transform of a constant which is 
obtained from (6.100). Hence, 


fdt\=-F(s)+-r l (o + )--r l (o + ) 

s s s 


So the transform of the definite integral is given by: 


X 


P 1 1 

f(t)dt\=-F(s) 
0 J S 


(6.107) 
[Pair No. 28] 


Using this expression we may find the transform of the voltage-current 
relationship for capacitance with an initial voltage v 0 (Table 1.1 equation 
(1.31)), 



I 


i dt + v 0 


Transforming term by term we obtain 



The Laplace transform 


333 


The same result may be obtained directly from (6.106) by noting that the 
initial value of the integral,^ 1 (0 + ), is just the charge on the capacitance 
(q 0 = Cv 0 ). 

As an example of the use of the transform relationships derived above, let 
us again consider the RL circuit of fig. 6.1. With the switch closed at t = 0 the 
circuit equation for fig. 6.1(a) is 

di 

L—+Ri=Vu(t ) 
at 


where u(t ) indicates that the constant voltage V is switched into the circuit 
at f=0. Using (6.102) we find that the first term transforms to 
L(sI(s)—i 0 ) = LsI(s) since i 0 , the initial current, is zero. The second term 
transforms to RI(s); and the term on the right, using (6.101), transforms to 
V/s. The complete transform equation is then 

V 

LsI(s)+RI(s)=— 

s 


or 



1 

Ls -f R 


V 

L 


1 

,s(s + R/L) 


(6.109) 


Now referring to our table of transform pairs (Appendix D), we see that 
transform pair number 3 allows us to find the inverse of the expression in 
brackets directly, that is. 




This result is identical to (6.3). 

In the case of the sinusoidal driving voltage (fig. 6.1(h)), the circuit 
equation is 

di 

L— + Ri = V m sinwtu(t) 
at 


which upon transformation becomes 

V a> 

LsI(s) + RI(s)= , m 2 
s 2 + a> 2 


Here we have used (6.98) to transform the sinusoidal driving voltage. 
Proceeding as before: 


/(s) = 


V m co 
L 


1 


(s + R/L)(s 2 + co 2 ) 


( 6 . 110 ) 
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Now we refer to our table of transform pairs but we discover that in this 
case the appropriate form of the function in brackets does not appear. More 
extensive tables are available (see for example reference 9), and such tables 
would include the function we require. However, it will be instructive to 
consider how a table containing a relatively small number of transform 
pairs may be extended to allow the inversion of functions such as (6.110); 
this is the subject of the following section. 


6.9.3 Partial fractions 

Because we are dealing with linear circuit elements we may use the 
following property of the Laplace transform in our calculations. 

^{C 1 / 1 (f) + C 2 / 2 (t)} = C 1 ^{/ 1 (t)} + C 2 ^{/ 2 (r)} (6.111) 

This equation means that if we have a function F(s) for which the 
corresponding f(t) is required, we may express F(s) as the sum of several 
terms, find the inverse transform of each separately, and add the resulting 
functions of time to get the complete solution of the original differential 
equation. In order to express F(s) as the sum of several terms we can often 
make use of the method of partial fractions. 

The functions of s that we are concerned with in this text are in general 
rational functions, that is, they can be expressed as the ratio of two 
polynomials: 


F(s) = 


N(s) 

m 


( 6 . 112 ) 


We assume that F(s) is a proper fraction (numerator of a lower order in s 
than denominator).* 

Now the fundamental theorem of algebra states that any polynomial in s 
with real coefficients may be expressed as the product of factors of one or 
both of the following types: 

(a) linear factors of the form, as + b 

(b) irreducible quadratic factors of the form cx 2 +dx + e, which does 
not have real, linear factors. 

The coefficients a, b, c, d , e are real. If, therefore, F(s) is the ratio of two 
polynomials, one may factorise the denominator. By the method of partial 


* An improper fraction may be reduced by division to a form consisting of a 
polynomial plus a proper fraction. For example, 

X 4 +3X 2 +2 


X 2 -2X 


-X 2 + 2X + 1 + 


14X + 2 
X 2 -2X 


However, for all the problems that will concern us. F(s) is a proper fraction. 
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fractions the original expression for F(s) may then be replaced by the sum of 
a series of fractions whose denominators are found from the factors of the 
denominator of F(s). The appropriate method of determining the numer¬ 
ators of the partial fractions depends upon the factors that appear in the 
denominator of F(s). We consider three different cases. 

Case A. If the denominator of F(s) contains only linear factors none of 
which is repeated, then, 

F(s)= _ m . . + j ^_ 

(s — a)(s — b)(s — c).. . (s — m) (s — a ) (s — b) (s — m) 

(6.113) 

To find the coefficient A, multiply through by (s — a) and let s=a. Then 

N(s)(s—a) 


(s-a)F(s) = - 


(s—a)(s—b)...(s — m) (s — b) 

When s = a, all terms on the right are zero except A. So, 

A = [(s-u)F(s)] J=a 
B = [_(s-b)F(s)-] s=b 

and so on. 

Example. Let 


B(s — a ) M(s — a) 

= A+— —rr~+ • • • + - 


(s~m) 


(6.114) 


F( s ) =- r~y~ 


Is —2 


A 


B C 
- + - 


s 3 — s 2 — 2s s(s +l)(s —2) s (s+1) (s — 2) 
Is —2 


A = i(s)F(s)-] s=0 - 


-=1 


(s+ l)(s —2) 

B = [(s + 1 )F(s)] s = -, = - 3 C = [(s - 2)F(s)] s=2 = 2 


and 



3 2 

(s + l) + (s-2) 


The reader may care to derive the corresponding function of t, that is the 
inverse transform, using the table of transform pairs in Appendix D. 
(Answer: 1 —3e“' + 2e 2 ') 


Case B. If a linear factor (s — b) is repeated p times in the denominator, 
then the partial fraction expansion must include p terms of the form: 


^1 ^2 
(s-b) (s-b) 2 


+ . . .+ 


(s-b? 


(6.115) 
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The coefficient A p is then found from 
^p = C(s-h) p F(s)] J = 6 

The other coefficients are found by repeated differentiation 

A p-i^[(s-bms)l= b 

y4p - 2= ^ C(S_6)Pf(S,L=fc 

A P -3=~^[( s ~ b ms)i^ 

and so on. 

Example. 

s 2 +4s — 15 s 2 + 4s — 15 ABC 
(s) ~s 3 -3s 2 +4~(s+l)(s-2) 2- (s + l) + (s-2) + (s-2) 2 

-u — 15 

X = [(s+l)F(s)] J= _ 1 = = —2 

L (s-2r Js = — i 

6 =ic< s - 2 m sa .- ! 4[^l. ! =3 

Therefore, 

, -2 3 -1 

F(s)=-——7T + --rr + 7 -Til 

(s + 1) (s —2) (s-2) 2 


(6.116) 


(6.117) 


Again the reader may care to find the inverse of this function (Answer: 
— 2e“‘ + 3 e 2 ' —fe 2 ‘) 


Case C. Suppose there is an irreducible quadratic term of the form 
s 2 + as + b 2 in the denominator of F(s). Because a and b are real numbers, 
this term gives two complex values of s that are complex conjugates of one 
another. That is 


s 2 + as + b 2 = [s + (a 4-jaj)] [s 4- (a — jco)] (6.118) 

where a and co are real and a —a/2, oj 2 = b 2 - (a/2) 2 . 

The partial fraction expansion then contains the following two terms: 
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At 


- + - 


s + (a+jo>) s + (a-jco) 

where A { and A 2 are, in general, complex. Then 

Ai = [{s + (a +jco)}F(s)] s = - (a+j0>) 

Ai = [{s + (a —jct> )}F(s)] s = - (ot - jc> ) 


(6.119) 


( 6 . 120 ) 


Because F(s ) is a rational function in s with real coefficients, A, and A 2 
must be complex conjugates, that is, A 2 = A X *. In polar form: 


A i =A 1 e i * 


and 


A 2 =A 2 e i ' l,2 = A 1 e- iH ( 6 . 121 ) 

Now the inverse transform of the sum of the two terms in (6.119) is 

fit) = A ,e (,+ ' le * + A 2 e - 

=y4 1 e j ' / ’ 1 e _la+j " , ' + /4 1 e _ -’ <# ’ 1 e _( ' : ' _j “ )( 


or 


f(t) — 2A t e - x, cos(cot — <t>i) 
Example. 

s 2 + 3s + 7 A 


( 6 . 122 ) 


F(s) = 


+- 








(s-hl)(.s + 2s + 5) s+1 5 + (l+j2) s + (l—j2) 


Then 


^ = [(* + l)F(s)] s = _, =4 = 1.25 
Bi = [{ s + (l+j2)}F( S )] s= _ 

(1 +j2> 

(~ 1 ~ j2) 2 + 3( — 1 — j2) + 7 _ 11 

(— 1 — j2 +1)( — 1 — j2+ 1 — j2) 8 J 4 

In polar form, B 1 =0.28 /116° . 

The inverse transform of the last two terms is from (6.122) 
2B 1 e~®'cos(cot — 4>i) = 2 x0.28e _ 'cos(2r— 116°) 
and the complete function of t is 

/(t) = 1.25e - '+0.56e _< cos(2t —116°) 

We may use the foregoing theory to derive two useful transform pairs. 
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(1) Let F(s) = 


1 


1 


s 2 +as+b 2 (s + a) 2 +co 2 

where a =a/2 and to 2 =b 2 — (a/2) 2 . 

By (6.118) and (6.119) we may write F(s) as 


A i A 2 

F(s)= . 1 . . +- 


then, 


s + (a+jco) .s + (a-jco) 


A t = [{« + (« + jco)}F(s)] s= - (or + jo>) 

1 =J_Z2Qi 


—j2co 2 a> 
and, using (6.122), we obtain 


J\t)=2A 1 e "cos(cot-0i)=—e "cos(cof-90°) 

CO 


or 


f(t )=—e "sincof 
co 


We then have 


^■{e "sincot} = 


co 


(s + a) 2 +co 2 
s s 


(2) Let F(s)=^- —2 

s 2 +as + b 2 (s + a) 2 +co 

By an argument similar to that given above 

= [{s + (a +jco)}F(s)] s = -(a + jo) 

a+jco _ 7(a 2 +co 2 ) /f) _ Q(V > 
j2co 2co 

where 0 = tan~ 1 (co/a). 

So, by (6.122), 

f(t) = 'l ( -* 2 + c ° 2) e“ "cos (cot — 0 + 90°) 

= N /(a 2 + c o^) e - a , si n( g _co ? ) 

CO 

= \A g ) e - a< ( s in0coscot — sincotcosfl) 
co 


(6.123) 
[Pair No. 10] 
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But sin6—co/J (oc 2 + co 2 ) and cos0=a/ N /(a 2 + co 2 ) hence 


f(t)=e “( coscor-sincot 


Hence 


! *'(< 


se *'( cos cot -sincot } = 




co 


(s + a) 2 + cu 2 


(6.124) 
[Pair No. 12] 


Let us now return to the problem of finding the inverse of (6.110), namely, 


/(s) = 


V m co 


1 


_(s + R/L)(s 2 +co 2 )_ 


( 6 . 110 ) 


The term in brackets may be expanded using the procedures detailed under 
Case C above. With a=0 in (6.119), and letting R/L=a, we have 


F(s) = 


1 


A B t By 
-+——+- 


(s + a)(s 2 -far) s + a s+jco s-ja> 


By (6.114) 


A = [(s + a)F(s )] s = _ a = a 2 + (0 2 

and the inverse of the first term is s~ a ‘/(a 2 +co 2 ). 

By (6.120) 

1 1 


=C(s+jco),F(s)] s= _ Jta = 
1 


J “ (—ja) + fl)( —2jcu) — 2co(co+ja) 


-~z — /; 3 where (/>!=tan * — 

2 00^1(00 + a*) co 

Therefore, the inverse of the last two terms is, from (6.122), 
1 


-COS (cot + cpi) 


<OyJ(co 2 + a 2 ) 

and the complete expression for the inverse of (6.110) becomes 


i(r) = 


V m co 


1 


_co 2 + a 2 coj(co 2 +a 2 ) 


cos (cot+ 4)^ 


Putting a — R/L 


i(t) = 


V m coL 


(c oL) 2 + R 2 


r e“ K '/ t — 


V[(cuL) 2 + F 2 ] 


cos(cof + <fii) (6.125) 


Now referring to (6.1), the phase angle for the circuit of fig. 6.1 (b) is given by 
tm6=coL/R, hence, sin 0=ooL/yJ[(a>L) 2 + R 2 ~\. Also, tan <pi=R/(oL, hence, 
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=90 — 0. So, putting coL/jKcoL) 2 + /? 2 ] = sin0 in the first term of (6.125), 
and (/>! =90-0 in the second term of (6.125) gives 


v e v 

i(t 1 = V[(^) 2 + « 2 ] Sm0 + VlW + 1? 2 ] 


sin(a>r —0) 


which is identical to (6.38) with 2=0. 

If one compares the above method of solving the circuit of fig. 6.1 (b) with 
that given in section 6.6.1, it will be seen that it is algebraically more 
complicated. In general, the Laplace transform method is not to be 
recommended for solving first order circuits with constant voltage or 
sinusoidal driving sources. However, as will become apparent in the 
following sections, the method has advantages when dealing with circuits of 
second or higher order and having finite initial energy states. The Laplace 
transform method can also be advantageous for first order circuits 
containing driving sources other than constant voltage or sinusoidal. 


6.9.4 Network analysis by Laplace transform 

In applying the Laplace transform method to circuit problems two 
approaches are possible. The first is to set up the complete circuit integro- 
differential equations and then transform these into algebraic equations in 
s. With this approach difficulties can arise when taking into account initial 
energy states of the circuit, particularly if the differential equations contain 
second or higher order derivatives. The second approach, which we adopt 
here, is to transform the voltage-current relationships for each circuit 
element before setting up the circuit equations. Using this approach it is 
often helpful to reconstruct the original time-domain circuit in the s- 
domain. This new circuit will contain complete information concerning the 
initial energy states of the original circuit. 

We have already found in section 6.9.2 (equation (6.103)) the transform 
corresponding to the voltage-current relationships for an inductance 
carrying initial current i 0 : 

Ldi(t) 

v(t)=—^-=>V(s)=sLI(s)-Li 0 (6.126) 

dr 

The corresponding current-voltage relationship is 

i(r)=-^- f t)(r)dr + i 0 =>/(s)=^^-i-— (6.127) 

L Jo sL s 

The circuit interpretation of these relationships is shown in fig. 6.27. In 
(6.126) we see that the voltage F(s) is the sum of two terms: (1) a voltage 
drop, sL x /(s), where sL is interpreted as a reactance (dimensions of ohms); 



The Laplace transform 


341 


(2) a constant voltage Li 0 . The s-domain circuit consists, therefore, of an 
inductance L in series with a constant voltage source, as shown in fig. 
6.27 (b). Likewise in (6.127) the current I(s) is the sum of two terms: V(s)/sL 
and i 0 /s. The s-domain circuit consists, therefore, of an inductance L in 
parallel with a constant current source (fig. 6.27(c)). 

It will be appreciated that the relationships (6.126) and (6.127) in the s- 
domain are mathematically identical; one can be derived from the other by 
simple algebraic manipulation. From the circuit point of view this 
manipulation corresponds to the Thevenin-Norton transformation (dis¬ 
cussed in section 2.9.1). Fig. 6.27 (b) is a Thevenin circuit (inductance in 
series with an ideal voltage source), while fig. 6.27(c) is a Norton circuit 
consisting of the same inductance in parallel with a current source the 
magnitude of which is given by Li 0 /sL = i 0 /s. It is of interest to note that the 
source Li 0 in the s-domain circuit of fig. 6.27 ( b ) corresponds to an impulse in 
the time-domain circuit since theinverse transform of a constant is an impulse 
(transform pair No. 18). Likewise, the source i 0 /s in fig. 6.27(c) corresponds to 
a step function in the time-domain circuit (transform pair No. 16). 

The transform corresponding to the voltage-current relationship for 
capacitance, charged to an initial voltage v 0 , was also derived in section 
6.9.2 (equation 6.108): 


Fig. 6 . 27 . Time- and s-domain circuits for inductance and capacitance. 
i 0 and v 0 are initial values of current and voltage. 
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v(t)=~ \mdt + Vo^V(s) = I ^-+^ (6.128) 

C J sC s 

The corresponding current-voltage relationship is: 
dn(r) 

,(t) = C—^=>/(s)=sCF(s)-Ci;o (6.129) 

df 

Figures 6.27 (d), (e) and (/) show the circuit interpretation of these 
relationships; again it will be evident that the circuits of figs. 6.27(c) and (/) 
are related through the Thevenin-Norton transformation. 

The relationships shown in fig. 6.27 enable one to transform any circuit 
into the s-domain. Once the s-domain circuit is established any of the 
formal procedures and techniques of steady-state circuit analysis may be 
applied. For the inexperienced reader it is recommended that inductive and 
capacitive elements with initial current and voltages be transformed using 
the series forms given in figs. 6.27(6) and (e). The Thevenin-Norton 
transformation can always be applied subsequently according to the 
demands of a particular problem. 

As an example of how the relationships shown in fig. 6.27 are applied to 
derive the transform of a circuit, consider the time-domain circuit of fig. 
6.28(a). The switch has been closed for an appreciable time so that C is 
charged to the source voltage V 0 , and a constant current i 0 ( = V 0 /R l ) flows 
through L. At t =0 the switch is opened. We wish to find an expression for 
the current i(t ) in the circuit for t>0. 

To derive the s-domain circuit of fig. 6.28(6) we consider each of the 
storage elements in turn. The inductance with its initial current i 0 is, 
according to fig. 6.27(6), transformed to an inductance connected in series 


Fig. 6.28. Example of circuit transformation using the relationships 
shown in figs. 6.2.7 (a), (6) and (d), (e). 



(a) time-domain 


(b) s-domain 
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with an ideal voltage source. The capacitance with its initial voltage V 0 also 
transforms to a series combination of capacitance and ideal voltage source. 
We choose the series (Thevenin) circuit transformations in each case 
because this leads to the simplest possible single-mesh circuit in the s- 
domain. Note that care must be exercised to ensure that the correct 
polarities are assigned to the voltage sources in the s-domain. For the 
inductance, the polarity of its associated source must be such as to drive 
current in the same direction as that of the initial current in the time-domain 
circuit. For the capacitance the polarity of the s-domain source must be 
identical to that of the initial voltage in the time-domain. These observ¬ 
ations apply irrespective of the directions of the assigned currents i(t) or 

m 

Applying Kirchhoff’s voltage law to the s-domain circuit we have 

{ sL+ ^c +Ri+R2 ) m= ~^T +Lio ) 

or 

— (Fo/s + Lip) 

^ sL+ 1/sC + Ri +R 2 

Inversion of this expression yields the required function of current in the 
time domain. 

A further example of the application of the Laplace transform method is 
shown in fig. 6.29. In fig. 6.29(a) C is charged to an initial voltage 
v 0 ( = I 0 R i ). The switch is closed at t = 0; we wish to find the voltage v (t) for 
t>0. 

In this case it is slightly more convenient to use the parallel transform¬ 
ation of fig. 6.27(/) since this leads directly to an s-domain circuit with one 


Fig. 6.29. Example of circuit transformation using (for the capacitance) 
the relationship shown in figs. 6.27 ( d ), (f). 




(a) time-domain 


(b) s-domain 
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independent node for which a nodal analysis, to find F(s), is clearly 
appropriate. (The choice of the series transformation of fig. 6.27(e) would 
have led, albeit indirectly, to precisely the same nodal analysis.) Note that 
the ideal current generator of magnitude I 0 in the f-domain circuit 
transforms to I 0 /s in the s-domain (transform pair no. 15). 

Applying nodal analysis to the s-domain circuit we obtain: 



+ sC + 


1 


sL -t- R 2 


F(s)—— — Cu o = 0 
s 


or 


V(s) = 


Iq/s + Cvq 

l/Ri + sC + 1/(sL + R 2 ) 


Inversion of this function yields u(f). 

The transform relationships for inductance expressed by (6.126), and 
illustrated in figs. 6.27(a) and (b), may be readily extended to the case of 
mutual inductance. We have seen that an initial current i 0 in an inductance 
gives rise to a constant voltage source Li 0 in the s-domain. Referring to the 
circuit of fig. 6.30(a), in which there are two coils of inductances L, and L 2 
coupled by mutual inductance M, if the first coil carries initial current i 01 , 
then in the s-domain circuit this will give rise to a voltage source of 
magnitude L t i 0 i in series with L t . In addition, a source of magnitude Mi 01 
will arise in series with L 2 . This follows from the theory of mutual 
inductance presented in section 1.10. The polarity of this source will depend 
upon the way in which the two coils are wound with respect to one another. 
This information is provided by the dot convention (see sections 1.10 and 
3.12). Notice that in fig. 6.30(6), the polarities of the two sources Li 0i and 
Mi 0 ! bear precisely the same relationship with the corresponding ends of 


Fig. 6.30. Time- and s-domain circuits for mutual inductance. 


' 2 (0 Ms) 
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(a) time-domain 


(b) s-domain 
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the two coils; that is, the negative side of the Li 0i source is joined to the non- 
dotted end of L u and the negative side of the Mi 0l is joined to the non- 
dotted end of L 2 . (Of course, the same end result would be obtained if the 
positive sides of either or both sources were connected to the dotted ends of 
the coils.) 

Finally, it follows that if there is an initial current i 02 in L 2 , this will 
produce in the s-domain circuit a source L 2 i 0 2 in series with L 2 and, 
additionally, a source Mi 02 in series with L 1 . 

6.9.5 Worked example 

The circuit of fig. 6.31(a) is in equilibrium with the switch open. At 
t =0 the switch is closed. Find the current i 2 (t) for t>0. 

Solution : Since the circuit is in equilibrium for r<0, the current through Li 
at the instant of closing the switch must be i 0 = V 0 /Ri =5 A for the given 
circuit values. The direction of i 0 is from left to right in the circuit diagram. 
In the s-domain circuit (fig. 6.31(h)) this current gives rise to the voltage 
source L { i 0 with its polarity such that it drives current from left to right 
(into the dotted end of L t ). In addition, i 0 gives rise to the source Mi 0 , with 
polarity such that it also drives current into the dotted end of L 2 . 

The procedure for solving circuits containing mutual inductance is 
outlined in section 3.12. Currents I^s) and / 2 (s) are assigned to the two 
meshes in the s-domain circuit. (In practical problems it is sufficient to 
denote currents by /,, I 2 etc.) 

Applying KVL to mesh (1) we obtain 

{sL 1 Ry)1 1 — f?[/ 2 + sMI 2 = —— + L] Iq 

s 


and for mesh (2) 

(Ri + R 2 +sL 2 )I 2 — R\I 1 +sMI 1 = Miq 

Note that the terms due to mutual inductance, sM1 2 and sMI u are both 
positive because both assigned currents enter corresponding (dotted) ends 
of coils. 

Substituting numerical values and rearranging the above two equations 
we obtain 

(s + l)/ 1 + (s-l)/ 2 =- + 5 

s 


and 


( s -1)/ 1 + (s + 2)/ 2 = 5 
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Solution of these equations yields, after some algebraic manipulation, 

I - 5 + 1 
2 s(s+0.2) 

By (6.113) we may write 

, A B 
2 s + s+0.2 

and by (6.114) 

4 = [sF(s)] s=0 =^ = 5 

B = [(5 + 0.2)F(s)l = _ 0 . 2 = -°^+ l = - 4 


Fig. 6.31. Circuits for worked example (section 6.9.5). 



(a) time-domain 



(b) s-domain 
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Therefore, 


I 2 (s) = 


5 

s 


4 

s+0.2 


The first term of this expression is inverted using transform pair No. 15, and 
the second term using transform pair No. 2. So, 

i 2 (t) = 5-4e-°- 2( 

If the simultaneous equations above are solved for / 1( a similar procedure 
shows that the current in the first mesh is = 10 — 6e _0 :z '. 

It may be remarked that the current i 2 (t) at the instant t = 0 + is, 
according to the expression above, equal to 1 A, while the current i^t) is 
4 A. Before closing the switch, that is, at t = 0", the currents were 0 and 5 A 
respectively; evidently the currents in the inductances are changing 
instantaneously, which might be taken to imply that the energies are doing 
likewise. The reason for this apparent anomaly is that, if energy is to be 
conserved, the total flux linkage (inductance x current) must be conserved 
at the instant of switching. Both currents contribute to the total flux 
linkage. Thus, at f = 0“: L 1 i 0 = (l)(5)=5. At t = 0 + : L l i l + Mi 2 = (l)(4) + 
(1)(1) = 5. The product ( Lxi ) is often referred to as the electrokinetic 
momentum (see reference 2). 


6.9.6 Generalized impedance, network function and impulse response 

Consider the general branch driven by a voltage source v(t) as 
shown in fig. 6.32(a). The circuit is initially dead so that the circuit 
transforms into that shown in fig. 6.32(h). In the s-domain the circuit 
equation is 


Fig. 6.32. Time- and s-domain circuits for the general RLC branch 
driven by an ideal voltage source. 




(a) time-domain 


(6) s-domain 
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R+sL + —)I(s)=V(s) 


or 


V(s) 

m 


— R + sL H—— 
sC 


The ratio K(s)//(s) may be interpreted as an impedance and we can write 


Z(s)= 77T = r+sL+ 7 ; 

/(s) sC 


(6.130) 


Now in the detailed theory of the Laplace transform it is shown that s is 
complex with dimensions of angular frequency. (It has already been 
indicated in section 6.5.3 how the concept of complex frequency can arise in 
circuit theory.) The complex frequency is usually written 

s = <7+ja) (6.131) 

If we let rr=0, then 


Z(s) = Z(ja>) = i?+jcoL 4-7— 
jcoG 


(6.132) 


which is recognized as the steady-state a.c. circuit impedance. We conclude 
that (6.132) is merely a special case of (6.130), and indeed, from this 
viewpoint the a.c. theory developed in chapter 3 can be regarded as a special 
case of the more general approach afforded by the Laplace transform. 

In the s-domain the ratio of voltage to current at any terminal pair or 
port of a network is denoted by Z(s) and is referred to as the generalized 
impedance (or sometimes the generalized driving point impedance). 
Likewise the ratio of current to voltage is called the generalized admit¬ 
tance* (The word ‘generalized’ is often omitted when the context is clear.) 

For example, the generalized admittance of a combination of R, L and C 
connected in parallel may be written 


r(s,= 4 + i +sc 


(6.133) 


It will be apparent, therefore, that the analytical techniques and 
terminology developed in chapter 3 for a.c. quantities may be translated 
directly in terms of these generalized concepts. In particular, the important 


* The term immittance is often used when referring in a non-specific way to either 
impedance or admittance. 



The Laplace transform 


349 


ideas concerning the transfer function of a network, introduced in section 
3.9, may be extended to the s-domain, as indicated in fig. 6.33. 

If e(t ) is a driving function or excitation in the time-domain network and 
r(t) is the response to this excitation, and if E(s ) and R(s) are the 
corresponding Laplace transforms, then we may define a network function 
H(s) by 


H(s) = 


m 

E(s) 


or 

R(s) = H(s)E(s) (6.134) 

E(s) and R(s) are called the excitation function and response function 
respectively. 

If R(s) and E(s), which may be voltage or current functions in s, refer to 
the same port, then H(s) is a driving point immittance (impedance or 
admittance). If they refer to different ports, then H(s) is termed a transfer 
function. 

As an example serving to illustrate some of the points discussed above, let 
us find the transfer function for the circuit shown in fig. 6.34, and its 
response to a ramp function input. The circuit forms a two-arm divider with 
parallel elements in each arm; the admittance divider formulation is 
therefore the most appropriate way of finding the transfer function. The 
admittances of the two arms are: 


bl(*) = —+ 5^ 


1 4 sC i R j 
R~i 


Fig. 6.33. Definition of the network function. 


Time - domain 
4b 


Laplace 

transform 


sy 

s - domain 



o r (t) Time - domain 
4b 


5 - domain 


Response 

function 


Network function H(s) = 

t(s) 
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and 


^ 2 ( s ) — ~jr~ + sC 2 

ii 2 


1 -f- sC 2 R 2 
Ri 


Therefore, the transfer function is 


H(s) = 


V 2 (s) 

^ 1 ( 5 ) 


Y^) 

^i(s)+T 2 (s) 


=__ (6.135)* 

(l+sCjUJ/H^Cl+sCaRaVIlj ; 

If the input e(t) is a ramp function, then the excitation function E(s ) is (from 
transform pair No. 20) 1/s 2 . Thus, the response in the s-domain will be 


R(s) = H(s)E(s)= 


(1 +sC 1 R l )/R l 

(l+sC 1 R l )/R l +(l+sC 2 R 2 )/R 2 


1 


This example illustrates the way in which one can utilize the techniques of 
a.c. circuit analysis in the s-domain to obtain the response of a network not 
only to sinusoidal input waveforms but to any waveform whose Laplace 
transform can be found. 

An important special case arises when the excitation e(t) is the unit 


Fig. 6.34. s-domain circuit for a voltage divider. 
1 


sC, 



* If the time constants in the two arms are equal, that is, if = C 2 R 2 , then 

(6.135) reduces to H{s) = R 2 /{R , + R 2 ), which is independent of frequency. 
Waveforms of arbitrary shape will, therefore, be transferred without distortion, 
(except for a scaling factor). For this reason the circuit with equal time 
constants is known as a frequency compensated divider. (This forms the basis 
of the well-known ‘oscilloscope probe’.) 
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impulse function. In this case the response r(t) is, by definition, equal to the 
impulse response h(t) (see section 6.8.2). Now the transform of the unit 
impulse function is equal to unity, consequently the response in the s- 
domain is given by 

R(s) = H(s)E(s) = H(s)x 1 = H(s) 

This means that the response function in the s-domain for unit impulse 
excitation in the time domain, is simply the network function itself. It 
follows from this that the impulse response h(t) must be the inverse 
transform of the network function H(s). The time and s-domain relation¬ 
ships for this particular case are depicted in fig. 6.35. 

This relationship between impulse response and network function 
provides a relatively simple way of determining the impulse response of a 
network: first find the network function using the ‘a.c. steady-state’ 
approach described above; then find the inverse transform of the network 
function using tables of transform pairs. F or example, let us find the impulse 
response of the simple RC circuit of fig. 6.36. For this circuit, the network 
(transfer) function is given by 



F : (s) 1/sC + R t(s + 1/t) 


where x = CR. Hence, the impulse response is 


h(t)=-e 1/1 

T 


Fig. 6.35. Illustrating the relationships between the network function 
and impulse response. 


e(t) = 5(r) & 


Network 



Laplace 

transform 


Time - domain 


Network 

H(s) 




E(s)= I* 


o R(s) = H(s) 


s - domain 
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The reader should compare this procedure with that used earlier to obtain 
(6.85). 


6.9.7 Third and higher order networks 

We have observed in preceding sections that a circuit containing a 
single energy storage element leads to a first order differential equation, 
while a circuit containing two independent storage elements leads to a 
second order differential equation. For example, the equation for the 
general series branch, containing two storage elements is 

di „ 1 f 

L— + Ri+— idr = u 


which upon differentiation gives the second order equation 


d 2 i di i 
L d? + R dt + C = 


dy 

df 


We now consider in a more general way the relationship between the 
number and types of storage element in a network, and the form of the 
network equation and its solution. Generalizing the above result for the 
RLC series branch, the equation relating the response r(t) at any port in a 
network to the excitation e(t ) at the same or a different port of that network 
may be written in differential form as: 


a "df" +a " _1 d? rrr+ "■ + a ‘dF + C ' 0 


+ b m - l ^ T + ... + b l - + b 0 


(6.136) 


where the a, and b, are functions of the network elements only, and n is 
equal to the number of independent storage elements. 


Fig. 6.36. Simple RC circuit in the s-domain. 
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Setting the RHS of (6.136) to zero results in an equation that 
characterizes the natural behaviour of the network. Its solution gives the 
natural response which contains n terms of the form 

r(t) = A ie s,( + A 2 e S2 ‘ + - . .-M„e s "' (6.137) 

in which A x ... A„ are arbitrary constants (governed by the initial energy 
states of the network and by the form of the excitation function), and 
Sj ... s„ are the roots of the auxiliary equation: 


s" + 


a„- 


n— 1 


s n 1 +. . . + — s + — = 0 
a„ a„ 


(6.138) 


a polynomial of degree n. 

The corresponding network equation may be formulated in the s-domain 
by transforming both sides of (6.136) 


(a„s" + a„_is" 1 +. . , + a 1 s + a 0 )R(s) 

= (b m sm + b m ~ iS m 1 + . . . + b i s l +b 0 )E(s) 


or 


K(s) = 


b m s m + b m - 1 s " 1 1 + ■ • ■+b l s + bo 


«Js" + ^ L -^-s" 1 +. 

a„ 


, a l . a O 

. H-s H- 


E(s) 


(6.139) 


To find the response r(t) from this expression requires the inverse transform 
to be found, and this in turn necessitates finding the roots of the 
denominator polynomial, which is of degree n and identical to (6.138). 

Thus, whether the network equation is formulated in the time-domain or 
the s-domain, its solution entails finding the roots of a polynomial of degree 
n where n is the number of independent storage elements in the network. 
(Exceptions to this general rule are provided by certain network configur¬ 
ations containing elements of identical value, in which case the network 
equation may be of lower order than n.) 

Before attempting to solve a network problem it is good practice to count 
the number of independent storage elements and to note their type. The 
following rules can then offer a general (although not infallible) guide to the 
form of the network equation and its solution. The polynomial referred to 
below is that given by (6.138) or the denominator of (6.139). 

Rule 1 If n is the number of independent storage elements in a network, 

then the following parameters are numerically equal to n: 

(a) order of circuit differential equation 

(b) degrees of polynomial 

(c) number of roots 
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(d) number of exponential terms in the solution 

(e) number of arbitrary constants. 

Rule 2 If storage elements are all of one type, then the roots of the 
polynomial will be real and there will be no oscillatory terms in the 
natural response. If they are not of one type, the roots may be 
complex leading to oscillatory terms in the natural response. 

Rule 3 Coefficients of the polynomial must be real and positive in all cases. 

It must be emphasized that the number of independent storage elements 
in a network is not necessarily the same as the number of separate, 
identifiable elements. Two inductances in the same branch, for instance, 
combine to form a single independent storage element. Both circuits in fig. 
6.37 contain four separate storage elements yet lead to a third order 
equation; in each case elements can be combined by series or parallel 
addition. In fig. 6.37(h) a Thevenin-Norton transformation is required to 
allow the two leftmost inductances to be combined in parallel. 

Finding the roots of third and higher degree polynomials can constitute a 
major proportion of the work involved in solving complex networks. An 
algebraic formula is available for finding the roots of a cubic, but it is 
distinctly more difficult to apply than the quadratic formula. For quartic 
and polynomials of higher degree, resort has to be made to algebraic 
methods aimed at reduction of the polynomial in question into cubic, 
quadratic or linear components (Lin’s method). Iterative methods also exist 
for finding the real roots of a polynomial to any desired degree of accuracy 
(for example, Horner’s method) but the amount of repetitive manipulation 
involved is considerable. 

For these reasons it has become commonplace to use numerical methods 
to find the roots of third and higher order polynomials. Program C4 in 
Appendix C, allows one to compute the real and complex roots of higher 
order polynomials. 


Fig. 6.37. Circuits containing four storage elements: (a) reduces to 
third order by combining C t and C 2 in series, (6) reduces to third 
order by combining L { and L 2 in parallel. 
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Although the amount of work involved in evaluating the network 
polynomial is the same irrespective of whether the network equation is 
formulated in the time domain or the s-domain, the latter has advantages 
when dealing with third and higher order networks. This stems from the fact 
that initial energy states can be incorporated quite simply into the s-domain 
network equation. The time-domain solution, on the other hand, requires 
the evaluation of arbitrary constants after the complete solution of the 
network differential equation has been found. This can be a difficult 
operation since it involves the evaluation of higher derivatives in terms of 
the initial energy states of the network. 


6.9.8 Worked example 

(a) Find the transfer function H(s)= K 2 (s)/F 1 (s) for the circuit shown 
in fig. 6.38. 

(b) Show that the expression for the natural response of this circuit 
contains three exponential terms, and determine the time const¬ 
ants associated with these terms for the given values of R and C. 

(c) If v t (t) is a steady sinusoidal function, show that the phase shift of 
v 2 (t) with respect to ^(f) is zero for a particular frequency, and 
determine this frequency for the given values of R and C. 

Solution 

(a) Referring to the s-domain circuit (fig. 6.38(h)), the circuit contains three 
independent nodes O, P, Q. The voltage at 0 is the assigned voltage V 2 ; let 
the voltages at P and Q be V,, and V Q respectively. Applying nodal analysis 
we have: at node 0 


Vz- Vl V 2 ~Vr 

R 1/sC 


= 0 


(sCR + \)V 2 -sCRV P = V l 


o- 

+ 


Fig. 6.38. Circuits for worked example (section 6.9.8). 
R = 1 ki2; C = 0.1 /iF 


v,(t) 


-AAAr 


R 


-AAAr 

R 

MA/V- 

R 


-o 

+ 


v 2 (t) 


o- 

+ 


V)(s) 


-AAAr- 


R 


—wv 


R 


MAAr 


Q 


"^c 


T 

sC 


O 


"X 

sC 


-o 

+ 


V 2 (t) 


(a) time-domain 


(b) s-domain 
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Let sCR=a (The algebraic manipulation is thus greatly simplified.) Then 
(a + \)V 2 —aV p = V 2 
Similarly, at nodes P and Q we obtain 
-aV 2 + (2a + l)V P -aV Q =V 1 

and 

— aF P +(2a+ \ )V Q =V X 

Elimination of V P and V Q from the above three simultaneous equations 
yields: 

V 2 (a 3 + 6a 2 + 5a + l)=V t (6a 2 + 5cH-1) 

The transfer function is therefore 

Vt(s) 6s 2 (RC) 2 + 5sRC + 1 
(S)_ Fj(s) s 3 (RC) 3 +6s 2 (RC) 2 + 5sRC + 1 

(b) The natural response is obtained from the roots of the denominator 
polynomial in the transfer function. Normalizing, by letting the product 
RC = 1, the polynomial becomes 

s 3 +6s 2 + 5s + l 


Using program C4 in Appendix C, we find that this has roots at s = — 5.05; 
s= -0.643; s= -0.308. 

In the time-domain the natural response is therefore of the form: 

A ie ~ 5 - 05 '+ y 4 2 e -0 - 643 ' + /4 3 e -0 ' 308 ' 


or 

A 1 e- ,l 0 l 98 +A 2 c - ,n - 56 + A 3 (T tl3 - 25 

For the given component values, RC=10 -4 , hence, the required time 
constants are 19.8 /zs; 156/is; 325/is. 

(c) For a steady sinusoidal input, the transfer function is 

6(ja»RC) 2 + 5jcoi?C +1 
(3 " ) “ (j ojRC) 3 + 6(j coRC) 2 + 5j wRC + 1 

1 -6(coRC) 2 +)5a>RC 
_ 1 - 6 (coRC) 2 +j[5cof?C - (coKC) 3 ] 

Let 1 — 6(coRC) 2 —p\ 5 wRC = q and 5a)RC — (coRC) 3 =r, then. 


H( jco) = 


p+k 

P+F 


(p+k)(p-k) 

p 2 + r 2 
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p 2 + qr .p(q-p) 

p 2 + r 2 +J p 2 +r 2 


If the phase shift is to be zero, then the imaginary term in this expression 
must vanish, that is p(q — p) = 0. Putting (q — p) = 0 leads to the trivial result 
co = 0 , therefore, 


p= 1 — 6(u>RC) 2 = 0 


which gives 


1 


" ^6 RC 


For the given values of R and C, co = 4082 rad/s. 

This circuit is one of a small number of RC circuits capable of producing 
a voltage step-up. For the zero phase-shift condition, the transfer function 
becomes 


5c oCR _ 5/76 _30 



r 5 coCR-(coRC) 3 5/^/6-(1/V6 ) 3 29 


This property of the circuit has been utilized in one type of oscillator. 

6.9.9 Further Laplace transform theorems 

In this section we consider some useful theorems that allow us to 
extend the table of transform pairs and increase the facility with which 
transforms and inverse transforms may be found. The theorems are 
introduced without proof; interested readers will find proofs in references 1 , 
2 and 9. 

Theorem 1: shift in the s-domain 


if F( S )=&mi 


then 


F(s + a) = ^[e-“ ( /(t)] 


(6.140) 


Example: find 3C[e "coscwtj. 
Since 


JTcosc/jf] =-5 - 5 - 

s 2 +co 2 


[Pair No. 8 ] 


then 


s + a 


(s + a ) 2 +(o 2 


2£\t a 'coscut] = 


[Pair No. 11] 
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Example: given F(s)= — ~ 2 , find/(f). 


Since 


then 


(s + 2) 2 


2T 


2T 


=f 


[Pair No. 1] 


.(s + 2) 2 


=/(f) = te 21 


Theorem 2: shift in the time-domain (also known as ‘ real translation’) 
If £t[flt)-] = F(s) 


then 


&[f(t-aj]=e- M F(s) (6.141) 

Example: find the Laplace transform of the delayed impulse function 
S(t-a). 

Since 


iT[<5(f)] = 1 [Pair No. 18] 

then 

Zld(t- a)]=e- as [Pair No. 19] 

Theorem 3: differentiation with respect to s 
If 2m )]=F(s) 

then 


ntmi=~(F(s)) 

Example: find the Laplace transform of fsincof. Since 

^[sincof] = 03 

s 2 +o> 2 


^[fsincof] = — 


ds 


to 


< 


2sco 


s 2 +co 2 J (s 2 +co 2 ) 2 


Theorems 4 and 5: initial and final value theorems 
If se\m\=F(s) 


(6.142) 


[Pair No. 6] 


then 
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lirn/(t)=limsF(s) initial value theorem (6.143) 

t -*0 j-»oo 

and 


lim/(t) = limsF(s) final value theorem (6.144) 

*-*oo s-*0 

These theorems are applicable only if /(t) and its first derivative are 
Laplace transformable. In addition, for the final value theorem, complex 
factors in the denominator polynomial of sF(s ) must have positive real 
parts. The theorems are often useful for checking whether a function of 
current or voltage derived in the s-domain gives physically sensible results. 

Example. Consider a step function of magnitude V applied to the RC circuit 
of Fig. 6.36. The transfer function is 1 /(sRC + 1) so that 


r 2 (s) = 


1 


(sRC +1) s 


and sF 2 (s) = 


V 

sRC+ 1 


Then, by the initial value theorem, 

V 


limu 2 (t)=lim 

*-►0 s~* oo 


sRC +1 

and by the final value theorem 

r v 

lim » 2 (r)=lim 

* -»oo s-0 LsKC 4-1 


=0 


= V 


These results are what might be expected from physical considerations: 
since the voltage on the capacitance cannot change instantaneously, its 
voltage must be zero at t= 0 + (assuming zero initial voltage). It is also 
apparent that the capacitance will charge up to a final value V. 


6.10 Pole-zero methods 

Let us again consider the expression (6.139) relating the 
response and excitation functions of a network. Since the ratio R(s)/E(s) is 
equal to the network function H(s), (6.139) may be rewritten as 

R (s) , h m s m + b m . l s m ~ 1 +. . , + fijS + fco 

-= H (s ) =———•——- ; - 

E(s ) a„s n + a„_ 1 s'' 1 +.. . + ais + a 0 


K 

a„ 


s + - 


. b i bn 

S m_1 +. . . + 7 —S “ 


s" + -^— -s n 1 


, a l , a 0 

+ . . -sH- 

a„ a„ 


(6.145) 
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Recalling that the a, and 6 , in this expression are functions only of the 
network Ls, Cs and Rs, we see that H(s) is the ratio of two polynomials with 
real coefficients, that is, it is a rational function. Therefore, according to the 
fundamental theorem of algebra, the numerator and denominator poly¬ 
nomials may be factorized to give: 


„ (s-z,)(s-z 2 ). . . (s z m ) 

H(s) = H 0 - - w -7- 7 -7 

(S-p 1 )(S-p 2 ) • • • ( S-Pn) 


(6.146) 


where H 0 =— is a scaling factor, and the z t and p, are roots respectively of 

the numerator and denominator polynomials. 

Now if we examine the behaviour of H(s) as the complex frequency s is 
varied, we see that at the particular values of s=p u s=p 2 etc., each of the 
factors in the denominator polynomial of H (s) in turn becomes zero and the 
function becomes infinite. We say that poles of the function exist at 
s = Pi,P 2 ■ • • or that p,,p 2 . . .are poles of H(s). Likewise, at the particular 
values of s = z 1( s=z 2 etc., H(s) becomes zero and we refer to z u z 2 ... as 
zeros of the function H{s). Put another way: the poles are the roots of the 
denominator polynomial, the zeros are the roots of the numerator 
polynomial. If we trace the derivation of (6.146) from (6.139), we see that the 
poles of H{s) determine the form of the natural response. For example, 
consider the function 


H(s) = 


2s 3 —4s 2 +4s 
s 4 + 6s 3 + 13s 2 + 24s + 36 


which when factorized becomes 


2s(s— 1 + jl)(s — 1 — jl) 

5 (s + 3) 2 (s+j2)(s-j2) 

The first factor in the numerator, s, may be written (s — 0) from which it will 
be apparent that a zero exists at s=0. Other zeros occur when* 

s—l+jl =0 i.e., when s = 1 -jl 

and 

s — 1 —j 1=0 i.e., when s= 1 +jl 

Poles of the function occur when 


Strictly, a zero also occurs at s = oo. This arises because as s -> cc the function 
//(s)->l/s->0. Poles and zeros at infinity are of importance only in the more 
advanced theory of the method. 
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(s + 3) 2 =0 i.e. when s = — 3 (twice) 

s +j2=0 i.e. when s = — j2 

s —j2 = 0 i.e. when s = + j2 


The locations of the poles and zeros may be mapped in the complex 
frequency plane, or s-plane, as shown in fig. 6.39. We shall see that such a 
map, which is known as a pole-zero diagram, provides an extremely 
informative way of displaying the essential features of a network function, 
and of illustrating the characteristics of the network from which the 
function is derived. Note that the scaling factor (x 2 in this case) does not 
affect the positions of the poles and zeros, and is often omitted from the 
pole-zero diagram. 

In order to illustrate the use of the pole-zero diagram, we again consider 
the general series branch shown in fig. 6.32. The circuit equation is 


R+sL+—)I(s)=V(s) 


which may be written 


7(s) = 


- R +sL H——- 
sC 


V(s) 


In the above expression F(s) is the excitation function, /(s) is the response 
function, and the term in brackets is the network function - in this case an 
admittance function 


Fig. 6.39. Pole-zero diagram for the function /f(s); poles are indicated 
by crosses, zeros by circles. 
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m = 


R -\-sL-\- 


T 


sC 


s 2 + 


sR 1 
T + LC 


(6.147) 


The scaling factor for this function is 1/L, and there is a single zero at s=0, 
that is, at the origin in the pole-zero diagram. To find the poles, it is 
necessary to factorize the denominator of (6.147). Let s u s 2 be the roots of 
(s 2 +sR/L+ 1/LC) then 


L(s-s,)(s-s 2 ) 

where 



It will be convenient at this point to use the notation introduced in section 

6.5.3. Let R/2L=ct, l/LC=a> 0 2 then 

Si,s 2 = -<z±J{<x 2 - 0 ) 0 2 ) (6.148) 

Now our study in section 6.5.3 of the behaviour of the RLC circuit revealed 
that three different types of natural response could occur: overdamped, 
underdamped and critically damped. Let us consider the admittance 
function T(s) in terms of these responses. 

If a 2 > o) Q 2 in (6.148) then we have the overdamped case and the roots 
Si,s 2 are negative, real and unequal. Again using the notation of section 

6.5.3, let s 1 = —m and s 2 = —n, then for the overdamped case the 
admittance function becomes: 


' 7 L (s + m)(s + n) 

Poles occur at — m and — n as shown in fig. 6.40(a). It follows from (6.148) 
that these poles are symmetrically disposed about the point — a on the cr- 
axis. 

Next, consider critical damping; this occurs when a 2 = co 0 2 in (6.148). 
Then s 1 =s 2 = — a and the admittance function becomes: 


1 


^(s)=t 


L (s+a) 


2 


In this case a repeated, double or second-order pole is said to occur at — a 
(fig. 6.40(h)). 
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Finally, consider underdamped or oscillatory response. In this case 
oj 0 2 >a 2 and 

s,,s 2 = — a ±j(o„ 

where co n is the damped natural frequency given by 

co„=J(a)o 2 -« 2 ) (6.149) 

Then 



s 

(s + a + j<u„)(s+a — ja>„) 


(6.150) 


and the poles are located as shown in fig. 6.40(c). 

It should be noted that complex poles always occur as conjugate pairs, 
consequently, the pole-zero diagram is mirror symmetric about the cr-axis. 

If the damping in the branch is varied by changing the value of R only 
(keeping L and C constant), then ft> 0 [= l/^/(LC)] is constant and, from 
(6.149), 

(o„ 2 +a 2 =a> 0 2 = const. 

Thus, the locus of the poles in the s-plane, as R is varied, is a semicircle of 
radius 1 /yJ(LC). 

The sequence of events as R is varied, so that the circuit changes from the 
overdamped case through critical damping to the underdamped case, is 
illustrated in the pole-zero diagram of fig. 6.41. Starting with a high value of 
R the poles are located at (1,1'). As R is reduced, the poles move along the 
(T-axis converging towards point (2) located at o= — l/^/(LC). On further 
reduction of R, the two poles diverge, moving along the semicircle of radius 
1 /*J(LC) to points (3,3'). As R becomes vanishingly small the poles lie on 
the jco-axis at points (4,4'). This is not, of course, a practicable possibility 


Fig. 6.40. Pole-zero diagrams for the admittance function of the 
general series branch. 





(a) Overdamped 


(£>) Critically damped 


(c) Underdamped 
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for a passive circuit (except of the superconducting variety) and the poles 
will always lie somewhere in the left-hand half plane of the pole-zero 
diagram. Poles in the right-hand half plane imply exponentially increasing 
functions in the time-domain, which are possible only with circuits 
containing active devices.* (From this point of view the pole-zero diagram 
plays an important role in the theory of control systems and the conditions 
that must obtain for their stability.) 

It is sometimes helpful in the interpretation of the pole-zero diagram to 
think of the modulus of the function under consideration as a surface above 
the s-plane. In the present instance the surface of | F(s) |, corresponding to 
the overdamped and underdamped cases, would look somewhat as 
depicted in fig. 6.42. While this visualization can be informative, it must be 
appreciated that it is the map of the poles and zeros in the s-plane, showing 
the way in which they move with change of particular network parameters, 
that provides the all-important information. 

An alternative way of representing a network function in the s-plane is 
obtained by expressing the factors of the function in polar form. In the 
expression (6.146) for H(s), a factor such as (s - z x ) in the numerator, which 
is the difference between two complex quantities, can be written as 


Fig. 6.41. Illustrating the effect of variation of R on the natural 
response of the general RLC series branch (L and C constant). 



(a) .v-domain 



The detailed theory for passive circuits shows that zeros may exist in the right- 
hand half plane, but only in the case of transfer functions. Neither poles nor 
zeros may exist in this region in the case of driving point functions. 
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(s-z 1 )=N i Lib. 

where = |s — Zi | and i ji Y = arg(s—z,). 

In the pole-zero diagram (fig. 6.43), (s —Z]) is a line segment of length N x 
directed from the point z x to the point s, making an angle ipi with the 
horizontal. (This follows from the normal laws of vector addition.) 

A factor (s — p !) in the denominator of (6.146) may likewise be expressed 
by 

(s-p l )=D l lh. 

with a similar interpretation in the pole-zero diagram. 

Expression (6.146) may then be written 


H(s) = H o 


(s-ZtHs-Zz) . . ■ 
(s-pi)(s-p 2 ) ... 


(AfiN 2 ...)/ ( ^,+^ ...)_ (01+ 0 7 . ..) 

(D ,f>2 • ■ •) 


(6.151) 


As an example consider the transfer function 

(s-l+jl)(s-l-jl) 

[S> (s + 3)(s + 2+j4)(s + 2-j4) 

which has the pole-zero diagram shown in fig. 6.44(a). Suppose s takes the 
particular value (0 +j3), that is, the point s lies on the jcu axis as shown in fig. 
6.44(h). In polar form the function is 


Fig. 6.42. Representation of the modulus of the network function T(s) 
in the s-plane. (a) Corresponding to fig. 6.40(a); (b) corresponding to 
fig. 6.40(c). 



(a) Overdamped 


(a) Underdamped 
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H(s)= 


D1D2D2 


/Ofti + ^ 2 )—(#i +02 +Q*) 


Converting each of the factors of H(s) to polar form we obtain : 

(s _ 1 + j 1 ) = -1 + j4 = = 4.12Z1Q4! 

( S _ 1 _ j 1 ) = _ l + j2 = N 2 /l2 = 2.24/11L6! 

(s+ 3) = 3 + j3 = D ^ = 4.24/45! 

(s + 2 +J4) = 2 +j7 = Z) 2 /02 = 7.28/74! 

(s + 2 - j4) = 2 - j 1 =Z) 3 /^=2.24/—26 J1 

(Note that 63 is negative.) 

Hence, 


H(s) = 


4.12x2.24 
4.24 x 7.28 x 2.24 


(104+ 116.6) —(45 + 74—26.7) 


= 0.133/128.3° 


The above complex arithmetic may also be accomplished graphically using 
the construction shown in fig. 6.44(6). 

This approach is particularly useful if one wishes to examine the steady- 
state behaviour of a network function as a function of frequency co. In this 
case s lies on the j<u axis, as in the above example, and the vectors from the 
various poles and zeros change in length and angle as the frequency is 
varied. 

From (6.146), with s=ja>, the steady-state behaviour of the network 
function is given by 


Fig. 6.43. Polar representation of factors in the network function. 
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H(jco) = H 0 


(jft)-Zl)(jtO-2 2 ) ■ ■ ■ 
(j0)-pi){i(O-p 2 ) . . . 


= M(r,>) /4>(C0) 


where 


and 


M(w) = |//(jw)|=^^ 
\ U \ U 2 


iA 


(6.152) 


4>((o) = &TgH{](!)) = (lp 1 +lp2 ■■■)- (0l+0 2 • • .) 

M((o) is called the amplitude response function and <f>{(o) the phase response 
function. Evaluation of M(<o) and <f>(a)) at a few spot frequencies can 
quickly give one an idea of how the network behaves as a function of 
frequency. By shifting, adding or deleting poles and zeros in the diagram, 
the effect of changes to the circuit can be assessed; the circuit designer is 
thus able to produce the circuit characteristics required. 

To illustrate these ideas we examine the admittance function of the 
general series branch relating to the underdamped case (equation (6.150) 
and fig. 6.40(c)). 

1 s 

y(s)= T -----—- 

L (s + a +jcu„)(s + a — ja>„) 

In polar form with s = jco this becomes 


Fig. 6.44. (a) Pole-zero diagram for the function H(s). ( b ) Vectors 
drawn to the point s = 0-t-j3. 
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T(jco)=| 

L, DiLs2 

So, 


M(w) = | Y (ja>) | =— 


N, 

DiD 2 


and 


</>(co)=argy(jco)=^,-(0i+0 2 ) 

The vectors for the admittance function are shown for three different 
frequencies in fig. 6.45. 

Consider first variation of the amplitude response function Af(co). For 
co=0: JV t =0 (because the zero is at the origin), therefore M(co) =0. 

For co = co„: N D, = [a 2 + (2co„) 2 ]*, D 2 = a therefore 

M(co) = co„/ Z.a(a 2 + 4co 2 )*. 

For co->oo: JVi, Dj, Z) 2 ->oo, but N 1 /D l D 2 ~* 0, therefore M(co)-»0. 

We conclude that with increasing frequency A4(co) rises from zero, to a 
maximum value then falls asymptotically to zero. (The shape of the M(co) 
curve is seen in fig. 6.42 as the line profile of [ T(s)| along the jco-axis.) 
Now consider variation of the phase response function (j)(w ). For all co, 
=90° because the zero is at the origin. 

For 60 = 0:0! = — 0 2 , therefore 0(co) = 9O° 

For co=co„:0 2 =O, therefore </>(co) = 90° —0i 
For co-*oo :0j = 0 2 ->9O°, therefore 4>(co)-+— 90° 


Fig. 6.45. Amplitude-phase diagrams for the admittance function of 
the general series branch at three different frequencies. 





( b ) co = co„ 


(a) co = 0 


(c) CO-4°° 
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From the pole zero diagrams shown in fig. 6.45 we can also immediately 
see the effect of varying one of the circuit parameters. Reducing a( = R/2L), 
say, will shift the poles nearer to the jco-axis and increase M(co) for values of 
(o near to co„, (that is, near to resonance) because D 2 varies rapidly with a. 
On the other hand, reducing a will have little effect at very small or very 
large co, because vectors D £ and D 2 then vary slowly with a. 

In our study so far of pole-zero methods we have considered only 
network functions. Excitation functions may also be represented in the s- 
plane. Pole-zero diagrams for five common excitation functions are shown 
in fig. 6.46. The impulse has unit value everywhere in the s-plane; the step 
has a single pole at the origin, while the ramp has a double pole. The sine 
wave is represented by complex conjugate poles on the jco-axis; multiplying 
the sine wave by a damping term e" ", shifts the poles into the left-hand half¬ 
plane. The latter two pole zero diagrams and their related transforms 
illustrate the ideas underlying the concept of a complex frequency. In the 


Fig. 6.46. Pole-zero diagrams for five common excitation functions. 
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steady-state theory developed in section 3.3 a sine wave of constant 
amplitude was represented by the complex exponential: 

F m sin(cot + 6) = Im V m c i(ox+0) = Im F m e j9 e jo " 

The quantity F m e jfl = V m was termed a phasor. 

For a damped sinusoid we have 

e _<H F m sin(cor + 0) = Im = Im F m e«" a+jra) ‘ 


The frequency variable is now (—a+jco) instead of jco. We define this new 
variable by s = — a + j co. 

In general s = <r +j co where a is negative for an exponentially decreasing 
sinusoid and positive for an exponentially increasing sinusoid. 

To complete our study of pole-zero methods let us derive diagrams for 
the response functions obtained by applying some of the excitation 
functions illustrated in fig. 6.46 to the general branch. In each case we find 
the response I(s) assuming that the branch is overdamped, that is 



s 

(s + /n)(s + n) 


V(s) 


We also find the form of the response in the time domain. 
Step function V m u(t) 



s 

(s + m)(s + n) 


K, 

s 


V i 
L (s + m)(s + n) 


In this case the pole associated with the excitation function cancels the zero 
at the origin (fig. 6.47(a)). The response function is of the form 




s+m s+n 
i(t)=Aie- mt + A 2 e- n ‘ 
Ramp function V m tu(t) 

1 c 

I(s)=- 


1 


L (s + m)(s + H) s 2 L s(s + m)(s + n) 

Here the excitation function creates a pole at the origin (fig. 6.47(h)) 


I(s) = 


(s + m) 


+ 


Al I ^3 

(s + n) s 


i(t) = /lie mt + A 2 e "' + >13 
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Fig. 6.47. Pole-zero diagrams for the admittance function of the 
general series branch showing the response I(s) for various excitation 
functions F(s). 
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We see that the pole at the origin in the s-plane corresponds to a d.c. 
component in the time domain. 

Damped sine wave F m e _a 'sinGJt 


I(s) = 


1 


V m co 


L (s + m)(s + n) (s + a) 2 +co 2 


The excitation function creates additional complex poles (fig. 6.46(c)), and 
the response is of the form 

/( 5 ) = -^- + —+ : A ' A * 


(s + m) s + n (s + a+jco) (s + a—jco) 

In the time domain 

i(t ) = /l 1 e' m< 4- A 2 e ~+ Be~ "sin^t 4- 6) 

The last term in this expression is, of course, the forced response. 
Impulse function <5(f) 

Since the transform of the impulse function is unity, multiplying the 
network function by the excitation function in this case leaves the network 
function unchanged, that is 


/(«) = 


1 


L (s + m)(s + n) 


Y(s) 


The pole-zero diagram of the response function is identical to that of the 
network function (fig. 6.47(d)) and response function is of the form 


(s + m) (s + n) 

In the time domain 

i(t) = Aie~ mt + A 2 s~ nt 

which is the impulse response of the series branch. 


6.11 Worked example 

The circuit of a fourth-order low-pass Butterworth filter is shown 
in fig. 6.48. Derive the transfer function /f(s)= K 2 (s)/V 1 (s) for this filter and 
show that its poles are equi-spaced on a semicircle of unit radius in the left- 
hand half plane of the pole-zero diagram. Determine graphically the 
amplitude response function for frequencies o>=0; w =0.5; co= 1, and 
co = 1.5 rad/s. 
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Solution. To obtain the transfer function the ladder method described in 
section 2.15.3 is used. Assume V 2 — 1 volt, then, with the nodes lettered as 
shown in the diagram: 

/bc=sC 1 +— 

V BO~ 1 BC s Li + 1 

I BO = sC 2 Vbo 

Iab = IbO + IbC — SC 2 V B 0 + IbC 

VAO— IAbSL 2 + Vbo — (sC 2 VBO + Ibc)sLi + ^80 

= s 2 C 2 L 2 V bo + f bc s L 2 + V bo 
— V BO (s 2 C 2 L 2 + 1) + sL 2 /bc 
= {I bc$L i + 1 )(s 2 C 2 L 2 + 1) + sL 2 I bc 

= ^sCi +— ^(s 3 LjL 2 C 2 +sLi + sL 2 ) + s 2 C 2 L 2 + 1 

= s^CiC 2 LiL 2 -+■ s 2 C 2 L\L 2 /R 4- C\L 2 T C 2 L , 2 ) 

+ s(L { + L 2 )/R + 1 

Now, in the above calculation, V 2 is assumed to be 1 volt therefore, the ratio 


Fig. 6.48. Diagrams for worked example (section 6.11). (a) Circuit for 
Butterworth filter (element values are normalized to an impedance 
level of ID and a frequency of u>— 1 rad/s), (b) Pole-zero diagrams 
with amplitude vectors drawn for four selected frequencies. 
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Vi/V 2 must be equal to V AO , The transfer function is therefore 
H(s) = V 2 {s)/V l (s) = \/V AQ . Putting in numerical values we obtain 


H(s) = 


1 

s 4 + 2.613s 3 + 3.414s 2 + 2.613.5 + 1 


Using program C4 in Appendix C it is found that the roots (poles) of the 
denominator polynomial in the above expression are: 

Si,s 2 = -0.38268 +j0.92388 
53,s 4 = —0.92388+j0.38268 

In polar form these become: 

1.0 /112.5 : 1.0 / -112.5 : 10 /157.5 : 1.0 /-157.5 

and in order of increasing positive angle we have 

1 0 /112.5 : 1.0 /157.5 : 1.0 /202.5 ; 1.0 /247.5 


Thus, the poles lie on a circle of unit radius in the left-hand half plane with 
an angular spacing between them of 45°. 

The amplitude response function is given by (equation (6.152)) 


M(co) = 


1 


D1D2D3D4 


where £>! . . . D 4 are the lengths of the vectors extending from each pole to a 
particular frequency on the jco-axis. Fig. 6.48(6) shows vectors drawn for the 
four selected frequencies. By direct measurement (from a diagram with a 
scale of unit frequency = 100 mm) we find: 


at co=0 M(0) = 

at co =0.5 M( 0.5) = 
at co = 1 M( 1) = 
at co = 1.5 M(1.5) = 


1 


= 1 


( 1 . 0 )( 1 . 0 )( 1 . 0 )( 1 . 0 ) 

1 

(0.58)(0.94)(1.28)(1.47) 

1 

(0.39)( 1.11)(1.67)( 1.97) 
1 

(0.69)(1.45)(2.11)(2.46) 


=0.98 


=0.70 


= 0.19 


It is seen that the amplitude response falls sharply at frequencies above 
co = 1, the normalized cut-off frequency. At cut-off frequency the amplitude 
response is, theoretically, 1/^/2 = 0.707, that is, — 3dB referred to the 
response at co=0. 
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6.12 Pulse and repeated driving functions 

The techniques that have been described so far for determining 
the transient and steady-state conditions in a circuit allow us to deal with 
only a limited range of driving functions such as the step and sinusoidal 
functions. However, these techniques may be readily extended to cover 
single and repeated pulse waveforms of various shapes. Pulse wavetrains of 
simple shape, such as a repeated series of rectangular pulses, applied to a 
first order circuit, can be dealt with adequately by elementary methods. For 
more complicated waveshapes and higher order circuits, the formal 
methods of the Laplace transform are often to be preferred. 

6.12.1 Pulse response of first order circuits 

Consider a rectangular pulse of amplitude V and duration a 
applied to the RC circuit shown in fig. 6.49(a). For the duration of the pulse, 
0 < t < a, the circuit response is the same as that for an applied step function, 
which is from the theory presented in section 6.6.2, 

v(t) = V( 1 -q~ , irc ) 0 <t<a (6.153) 

If the time constant RC is very short compared to the duration of the pulse, 
v will rise to a value substantially equal to the pulse amplitude V (the steady 
state value) and the output waveform will appear as in fig. 6.49(6). If the 
time constant is large compared with a, then v will not reach its maximum 
possible value before the end of the pulse (fig. 6.49(c)). 

At the instant t = a the input voltage drops to zero and the capacitance 
discharges through the resistance via the ideal source supplying the input 
pulse. The output voltage then decays from some initial value 
v(a)=V( 1 —e“ a/RC ) according to: 

v(t)=v(a)e~ i, ~ a)IRC t>a (6.154) 


Fig. 6.49. Response of an RC circuit to an applied rectangular pulse of 
amplitude V and duration a for two different time constants RC. 
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Expressions (6.153) and (6.154) can be used to find the response of the RC 
circuit to a train of rectangular pulses of the type shown in fig. 6.50(a). In 
this pulse train each pulse is of duration a, the interval between pulses is of 
duration b. (The ratio a/b is called the mark-space ratio.) We see that the 
pulse train is periodic with period T=a+b. 

Fig. 6.50(h) shows the response for the condition RC <a \in this case the 
output voltage rises to its full (steady state) value V during each pulse and 
decays substantially to zero between pulses. For RC>a , we can encounter 
the condition shown in fig. 6.50(c) in which the output voltage has time to 
rise to only a small fraction of its maximum possible value during a pulse, 
and fails to decay to zero during the intervals between pulses. We now show 
that, under these circumstances, the output can build up so that it 
eventually reaches some steady-state value which is less than the pulse 
amplitude V. 

Referring to fig. 6.50(c), let v(t t) = p,, v(t 2 ) = v 2 etc., then at the end of the 
first pulse we obtain, by (6.153), 

Vi = F(1 —e~ u/RC ) (6.155) 

and at the end of the first interval, by (6.154), 

V2=Vie -('2-<oiRc (6.156) 

During the second pulse, the output will rise from an initial value v 2 to some 
value t> 3 , which may be determined in the usual way by considering the 


Fig. 6.50. Response of an RC circuit to a train of pulses of mark-space 
ratio a/b and period T=a+b. 
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response as a sum of transient and steady-state terms. The steady-state term 
is obviously V, so that the output during the second pulse will be given by 

v = Ae~ {t - ,2)/RC +V t 2 <t<t 3 

where A is a constant which is determined from the initial condition :v=v 2 
at t = t 2 . This gives A =v 2 — V, hence, 

v = (v 2 -V)e- ( ‘-' 2>/RC +V 
= V[l —e~ (, ~ ,2)/RC ] + v 2 e~ (, ~‘ 2>/RC t 2 <t<t 3 

Putting t = t 3 in this expression gives 

y 3 = K[ 1 - e “ ( ' 3 ~ ,2/RC ] + v 2 e ” <' 3 - ,2)/rc 

But from (6.156) 

v 2 = i> 1 e~ (,2 ~' l,/RC 

therefore 

v 3 = |/[l-e" ( ' 3 “ ,2)/RC ] + u l e _< ' 3 “ , ' ,/,iC 

= F[l-e-‘ ,/RC ] + t) 1 e- r/RC (6.157) 

where a is the pulse duration and T is the period. 

Combining (6.155) and (6.157) gives 

v 3 = v l +v l c- T ' RC 

which shows that v 3 exceeds v t by an amount t^e - T/Rc . By a similar process 
we can show that v 5 > v 3 , t> 7 > v 5 etc. Thus, the output voltage builds up 
until an equilibrium condition is reached at which the voltage exhibits a 
cyclic variation about some mean level. This condition is the steady-state 
response to the pulse train;* which is to be distinguished from the steady- 
state response (either zero or V) associated with each individual transition 
in the pulse train. 

Fig. 6.51. Steady-state response of RC circuit to a pulse train: 
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Some authors prefer to use the term ‘quasi-steady state’ for this type of 
equilibrium condition. 
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We now determine the steady-state response of the RC circuit to an input 
pulse train under the condition RC>a (fig. 6.50(c)). Referring to fig. 6.51, let 
v„ be the output voltage at the beginning of a particular pulse in the train, 
and let v„ +1 and v„ _ i be the voltages respectively at the end of this pulse and 
the end of the preceding pulse. Then, by analogy with 6.156 and 6.157, 

„ p~(T— a)/RC 

v n — v n- l e 

and 


ttn +1 = V(l—e~ alRC )+v„- 1 e~ TIRC 

But in the equilibrium (steady-state) condition v„-i=v„ +1 , therefore 

V(l —e~ a,RC ) 

V "~ 1 ~ (1— e- r/ * c ) 
and 


v 


n 


F(1 e a/ ) -(T-a)IRC 

~ (1 —e~ TIRC ) 


(6.158) 


The mean level is 


Vn-l+Vn ^V 
2 2 


(1 —e~ alRC ) 
(l-c- TIRC ) 


[l+e-tr-^e] 


If, for example, the mark-space ratio is unity (T = 2 a), then, the mean level is 


V 

2 


(1 _ e - a / RC ) 
(1 _ e -2„/RC) 


(l+e-^ c )=y 


So, for pulses with a mark-space ratio of unity, the output voltage of the RC 
circuit settles down to a mean level of just half the pulse amplitude. For 
other mark-space ratios, the steady-state output will be greater or less than 
V/2 depending on the particular value of a/b. 

Another example for which elementary theory is well suited is provided 
by the circuit of fig. 6.52(a). Here an ideal current source drives a sawtooth 
waveform of current (fig. 6.52(h)) through an RL circuit. Such a circuit 
might represent, in idealized form, the deflection system of a cathode-ray 
tube display. L and R are the inductance and resistance of the deflection 
coils; the slow, positive-going ramp of current in the coils generates the 
linear sweep of the cathode-ray tube spot, while the fast, negative-going 
ramp corresponds to the flyback period. The form of the voltage generated 
across the deflection coils is of some interest to the circuit designer. In the 
following derivation of the source voltage waveforms, the current is 
assumed, for simplicity, to have unit amplitude. 
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The circuit equation is 


v = L-—\-Ri 
d t 


In the interval 0<t<t lf the current rises linearly from zero at a rate of k, 
amperes per second, hence, 



In this equation it must be remembered that the current is the driving 
function, and v is the unknown variable. Setting the RHS of the above 
equation to zero to find the transient response gives v=0; from which we 
infer that the transient term is zero. The above equation, which is of 
straight-line form with intercept and slope Rk t , represents, therefore, 
the total response to the driving current. 

At the instant t = t u the current starts to fall and it is then expressed by 
i=\—k 2 (t — t l ), where k 2 is the new slope of the function. In the interval 
1 1 <t<t 2 , we have, therefore, 



or 


v= —Lk 2 + R[_l — k 2 (t — t i )'} ti<t<t 2 


Fig. 6.52. Voltage response of an inductor driven by a sawtooth 
current waveform. 
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Again this is an equation of straight-line form. At t = t 2 the current 
commences to rise with slope ki and the cycle repeats. The complete cyclic 
voltage waveform is shown in fig. 6.52(c). The reader might find it 
instructive to consider how this waveform would be modified if either L or 
R were reduced to zero. 

6.12.2 Delayed singularity functions: transforms of recurrent 
waveforms 

In this section we establish methods of describing repeated pulses 
or recurrent waveforms by means of delayed singularity functions; this in 
turn will allow us to obtain the Laplace transforms of such waveforms. For 
the sake of simplicity it will be convenient to assume waveforms of unit 
amplitude; the results obtained apply equally to waveforms of amplitude V 
provided that all derived waveforms are multiplied by a factor V. 

It will be recalled from our discussion in section 6.8.5 that the delayed 
unit step u(t — a) provides a convenient way of representing the start of a 
function at a time t = a. This device can be used also to describe pulses and 
repeated functions. For example, the pulse shown in fig. 6.53 can be resolved 
into two step functions: a positive step starting at t = 0 and a negative step 
starting at t - a. The expression for the pulse function is then written: 

p(t) = u(t)-u(t-a) 

The transform of the first term is 1/s while that for the second term is, 
according to the shift theorem, e~ as /s (transform pair No. 22). Thus, in the 
s-domain: 


1 1 

P(s)=-=—(1 —e -as ) (6.159) 

s s s 

Fig. 6.53. Resolution of a pulse into two step functions. 
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A pulse train of the type depicted in fig. 6.54(a) may be similarly resolved 
into a series of step functions: 

f(t)=u(t)-u(t — a) + u(t-2a) — u(t-3a) + . . . (6.160) 

with transform 




e 


— 3 as 


S 


+ ... 


l 

s 


(1 _ e -<« + e -2^_ e -3as 


+ ...) 


The geometric progression within brackets may be expressed in closed form 
using the following identity: 

1 , 

- ■ = 1-x + x 2 -x 3 +.. . x<l (6.161) 

1+x 

Thus, the transform of the pulse train of fig. 6.54(a) is 

< 6J62 > 

This technique for finding transforms of repeated functions may be 
expressed in more general terms as follows. Let p(t) be a pulse of finite 
duration, as shown in fig. 6.55(a), and let P(s) be its transform. Then, for the 
repeated function /(t) of fig. 6.55(b) with period T, we have 

f(t) = p(t)u(t) + p(t-T)u(t-T) + p(t-2T)u(t-2T) + . . . 

and its transform is 

F(s) = P(s) 4- P(s)e _ 7s + P(s)e“ 27s + . . . 

= P(s)(l + e -Ts + e _2Ts + . . .) 


Fig. 6.54. Resolution of a pulse train (square wave) into an infinite 


series of step functions. 
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Now we use the identity 

—1—= 1 + x+x 2 + x 3 + . . . x< 1 (6.163) 

1 —x 


to obtain 

F(s)= t ^^ (6.164) 

In a similar fashion it may be shown that the transform of the repeated 
function shown in fig. 6.55(c) is given by 

f '< s »=TT?^ ,6165) 

The expressions (6.164) and (6.165), which are sometimes referred to as 
the periodicity theorem, enable one to find the transform of a sequence of 
repeated pulses or a recurrent waveform given the transform of the 
individual pulse or waveform of which it is composed. For instance, the 
transform of the single rectangular pulse of duration a shown in fig. 6.53 is 

-(1 -e“ as ) from (6.159). If this pulse is repeated with period T, then, by the 
s 

periodicity theorem (6.164), the transform of the rectangular pulse train will 
be 


F(s) = 


P(s) 1 (1 —e _< “) 
1 — e" Ts ~7 (1 —e -Ts ) 


(6.166) 


Fig. 6.55. A single pulse function p(t) and its repeated versions/(f). 
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If the pulse train takes the form of a square wave, that is, if T = 2a as in fig. 
6.54, then 


1 (1 —e~ as ) 1 

7 (1 —e“ 2as ) _ s(l+e _ ") 


(6.167) 


which agrees with our previous result (6.162). 

As a further example, consider the triangular pulse shown in fig. 6.56. We 
may resolve this function into three components: a positive ramp starting 
at t =0, a negative ramp starting at t = 1 and a negative step also starting at 
f = l.Fort>l the sum of the three components is zero, thus the function is 
cut off at t = 1. Now the first component is the unit ramp p(t), and the 
second component is the (negative) unit delayed ramp p(t-a) (see section 
6.8.4). So, we may express the function as: 

P(t)=p(t)-p(t-l)-u(t-l) 

Referring to the table of transforms it is found that 



and the transform of the repeated pulse (fig. 6.57(a)) is by (6.164) 


F(s) = 


P(s ) 1 -e~ s -se~ s 

1 -e~ Ts_ s 2 (l — e~ s ) 


By the use of (6.165) we may also immediately write the transform of the 
waveform shown in fig. 6.57(6) as 


Fig. 6.56. Triangular pulse resolved into two ramp functions and one 
step function. 
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F(s) = 


P(s) 

1 +e“ 7s 


1 — e s —se s 
s 2 (l + e _s ) 


When applying the periodicity theorem, it is essential to ensure that the 
function p(t ) is correctly defined in terms of its resolved components. These 
must sum to zero for all r greater than the specified pulse length. This point 
is illustrated in our final example: the half-wave rectified sine wave shown in 
fig. 6.58(u). 

Over the interval 0 < f < T/2, p(t) is specified by the function u(t )sincot in 
which u(r) indicates that p(t) is initiated at t =0. However, as it stands, this 
function states that pit ) is continuous for all f > 0 whereas we require it to be 
zero for t>T/2. This is accomplished by the addition of an identical 
sinusoidal function, shifted so that it starts at t = T /2, which has the effect of 
cancelling the original function for t>T/2 (fig. 6.58(h)). Thus, 

pit ) = w(r )sincor + u f t --^sinco 



Fig. 6.57. Repeated versions of the triangular waveform of fig. 6.55. 



(a) Repeated triangular 
waveform (sawtooth) 



waveform with cyclic 
inversion 


Fig. 6.58. Formation of a single half-sine-wave pulse by the 
combination of a continuous function with a shifted function. 
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The transform of this function is 


P(s) = 


(O 


s 2 + to 2 


+ 


cot 


- Ts/2 


co 


s 2 +co 2 


S 2 + CO 2 


(1 +e 


- Ts/2\ 


Now we can apply the periodicity theorem (6.164) to find the transform of 
the repeated version of this function. Note that the function is repeated with 
period T, consequently the exponent in the exponential of (6.164) is Ts, not 
(T/2)s. Therefore, the transform of the half-wave rectified sine wave of unit 
amplitude is: 


, co , (l+e Tsl2 ) _ (o _ 

S (s 2 + co 2 ) (l-e _Ts ) (s 2 + a> 2 )(l-e _rs/2 ) 


(6.168) 


6.12.3 Response by the Laplace transform 

In order to illustrate the transform method, and for comparison 
with a more elementary approach adopted in section 6.12.1, we return to a 
consideration of the RC circuit excited by a single pulse of amplitude V and 
duration a (fig. 6.59(a)). The transform of a rectangular pulse has already 
been derived (equation (6.159)) so that the circuit in the s-domain becomes 
as shown in fig. 6.59(6). The voltage across the capacitance is, therefore. 


V(s)= 


1/sC 
R+l/sC s 


■V 


s )= K 


1 /RC 


|_s(s + l/RC)J 


(1 —e -as ) (6.169) 


Because of the factor (1 — e~ as ), which is not a polynomial, it is not possible 
to expand the whole of this function in the usual way using partial fractions, 
but the term within square brackets can be expanded to give: 


1 /RC 1 1 

s(s+ l/RC) ~~s s + l/RC 

Thus, 


V(s)=V 


1 


1 


s s + l/RC 


(1 -e" as ) 


Fig. 6.59. RC circuit excited by a single rectangular pulse of duration 
a. 
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which may be written 


V(s)=V- 


1 

s+l/RC 



1 

s+l/RC 



Upon inversion the first term of this expression yields (1 —e~ ,/RC ), while the 
second term yields precisely the same function but delayed in time 
according to the shift factor e _< “. Hence, in the time domain we have: 

v = F[(l - e"' /,iC )u(r) - (1 - e“ ( '- a)/JiC )u(t - a)] (6.170) 


Comparing this expression with our previous results we see that, for the 
duration of the pulse, only the first term of (6.170) is operative (because 
u(t — a)=0 for t<a)) and we obtain: 

v= V(\ — e~ ,,RC ) 0 <t<a 


which agrees with (6.153). 

After the termination of the pulse, both terms of (6.170) are operative and 
v= F[(l — e~' /RC ) —(1 — e -( ' -a)/,iC )] t>a 


which is in accord with (6.153) and (6.154). 

Factors of the form (1 — e~“ 5 ), like that appearing in (6.169), commonly 
occur in problems involving pulse driving functions. Such factors play no 
part in determining coefficients in the expansion of the s-domain circuit 
equation. Their effect is simply to establish two identical functions in the 
time domain: one starting at f =0, the other at t=a. 

Continuing with our comparison of elementary and transform methods, 
we now use the latter to determine the response of the RC circuit to a train of 
rectangular pulses of unit amplitude (fig. 6.60(a)). The transform of the pulse 
train is given by (6.166), hence in the s-domain, we have the circuit of fig. 
6.60 (b). The circuit response is 


F(s) = 


1/sC 1 (l-e _ “) 
(R + l/sC)’s (1 — e" Ts ) 


1 /RC 

s(s + 1/RC) 


(1—e"") 
(1 -e~ Ts ) 


Expanding the term in square brackets gives 

(1 —e -as ) 
(l-e- Ts ) 


F(s) = 


1 


s + l/RC J 


"l 1 

1 

"l 1 

e" 05 

_s s+l/RC), 

(1 — e _ Ts ) 

s s+l/RC 

(l-e- Ts ) 
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Let Q(s) = 


1 

s + l/KC 


then 


Q(s) Q(s)e~ as 

1 —e _Ts l-e~ rs 


(6.171) 


Now the inverse of Q(s) is (1 —e~' /RC ) therefore, by using the periodicity 
theorem (6.164) in reverse, we find that the inverse of the first term in (6.171) 
is 

/ 1 (t) = [l-e-' /RC ]u(t) + [l-e- <, - 71/iiC ]u(t —T) 

+ [1 —e~ ( '~ 2T,/RC ]u(t — 2T) + ... 

To find the inverse of the second term in (6.171) we expand the factor 
1/(1— e~ Ts ) using the identity (6.163): 

Q — aS 

Q(s) l _ e _ Ts = Q(s)e^ as (l +e _Ts + e" 2rs + e“ 3Ts + ...) 

= 6(s)[e"‘“+e -(a+r)s + e _,fl+27> + . . .] 

The series of shift factors within brackets leads to delayed functions in the 
time domain of the form 

u(t — a) + u(t — a — T)+u(t — a — 2T)+. . . 

Thus, the inverse of the second term in (6.171) is 

/2(t) = [l-e“ (,_a,/fiC ]u(r-u) + [l— e- (, - 0 - r,/RC ]u(t— a-T) 

+ [1— e- v ~ a - 2T)IRC ]u(t-a-2T) + . . . 

The complete result is 

v(t)=Mt)-f 2 (t) 


Fig. 6.60. RC circuit excited by a train of rectangular pulses of 
duration a and period T. 
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= {[1 — e-' /RC ]M(t) + [1 — e- (, “ T)/ * c >(t — T) 

+ [1 — e“ (, “ 2T)/RC ]u(f — 2T) + . . .} 
-{[l-e" ( '“ a)/ ' ,c ]u(f-a)+[l-e’ ( '- a - r,/RC ]u(t-a-T) 

+ [1 —e _< ' _a_2T)/RC ]u(r —a —2T) + . . .} (6.172) 

Let us use this expression to find the output of the circuit at the end of the 
second pulse, that is, at the instant t = a + T. In this case, all terms except the 
first two in each of the series contained in (6.172) vanish because of the 
operation of the delayed step functions. This leaves 

t>(t) = {[l—e- ,a+n/RC ] + [l— e _fl/RC ]} 

— {[1 — e_ r/RC ][l e°]} 

which upon re-arrangement becomes 

®(t) = (l — e-° /RC ) + (1 — e' fl/RC )e- r/RC 

This result is consistent with the expressions (6.155) and (6.157) obtained 
previously in section 6.12.1. A comparison of the above method of solution 
with that of section 6.12.1 will reveal that, although the amount of algebraic 
manipulation required in the transform method is formidable, it offers a 
more systematic approach. This is an advantage that becomes more 
marked the greater the complexity of the network and the excitation. The 
following example will serve to illustrate this point. 

Fig. 6.61 shows a circuit used in a.c.-d.c. power supplies. The rectifier in 
this type of power supply produces a series of half-sine-wave pulses, as 
shown in the figure, and the function of the circuit is to smooth out these 
pulsations so that the supply delivers a constant d.c. output voltage. The 
steady-state analysis of this type of circuit is best accomplished by the use of 
Fourier series methods (see chapter 7), but sometimes the circuit designer 
may wish to determine the behaviour of the circuit under the transient 
conditions prevailing when the supply is first switched on. The transform 
method provides such information. 

Using the admittance divider principle, we have for the circuit transfer 
function 


Fig. 6.61. RLC circuit driven by a half-wave rectified sine-wave. 
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H(s) = 


P 2 (s) 1/sL 1 

F, (s) _ 1/sL + sC + l/R LC(s 2 +s/RC+ l/LC) 


This type of circuit is always heavily damped so that the natural response 
will be non-oscillatory, and the two roots of the denominator polynomial in 
the above expression will be real. Let these roots be — a and — p where 
a + P = l/RC and a/J = 1 /LC, then 


H(s) = 


«P 


(s + tx)(s + p) 


Now the transform of the half-wave rectified sine-wave has already been 
determined (equation 6.168), hence, the output voltage F 2 (s) is 


V 2 (s) = H(s)V t (s) = 


= <X pa> 


a p 


CO 


(s + <x){s + P) (s 2 +co 2 )(l-e Ts/2 ) 


1 


1 


_(s + a)(s + )S)(s 2 -l-co 2 )J (1 -e Ts/2 ) 

Partial fraction expansion of the term within square brackets gives 

1 


F 2 (s) = a/?co 


At A 2 A 


3 A\ 
+ — 


_s + a s + P s+jco s —jco 


(1 


- P ~ T *I 2 


where A u A 2 , A 3 , which are functions of a, j 8, co, are found by the methods 
described in section 6.9.3. The inverse of the terms within square brackets is 
of the form 

f(t) = A 1 e~ a ' + A 2 e~ ^ -I- 2X 3 cos(cof — <p) 

The function 1/(1 — e~ Tsl2 ) may be expanded using the identity (6.163) 

1 


l-e -rs/2 


= 1 +e 


• 7s/2 


+ e Ts + e 


— 37s/2 


+ . 


which, as in our previous examples, is interpreted as a series of delayed 
functions in the time domain. Thus, the output voltage is finally given by 


o 2 (t)=a)?co 


/(t)u(r)+y| t-y)u(r-y ) +/(f — T)u(t — T) + . .. 


6.13 Worked example 

The TV video pulse train shown in fig. 6.62(a) is applied to the 
circuit of fig. 6.62(h). When the output voltage v 2 (t ) of the RC circuit reaches 
a threshold voltage V T , the field time base is triggered. 
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(a) Assuming that the circuit has attained steady-state conditions during 
the line pulse sequence, calculate the voltage v 2 (t ) at the instant t = t A . 

(b) Calculate the voltage v 2 (t ) at the end of the equalizing pulse sequence, 
i.e. at the instant f = f B . 

(c) If the field time base triggers at the instant t = t c = (t B +48)ps (middle of 
second field pulse period), estimate the threshold voltage V T . 


Solution 

(a) Under steady-state conditions the output of the RC circuit at the end of 
a pulse period, for an input pulse train of duration a and period T, (fig. 6.51) 
is given by 


v 


n 


F(l-e-‘/* c ) MKC 
(1 —e~ T/RC ) 


(6.158) 


For the line pulse sequence: a=4.7/is, T =64/is; the circuit time constant 
RC = (18 x 10 3 ) x (2 x 10 _9 ) = 36ps. Hence, by 6.158, with V= 1V, we have 


Fig. 6.62. Diagrams for worked example (section 6.13). 
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t 



— yw — 




R (18 k£2) 

+ 

Field time-base 

. +, 



trigger circuit. 

t>i(0( 

^ C = 

= v 2 (r) 

Threshold voltage 


(2«F) 


Ft 



















Worked example 


391 


v 2 


(1-e 


-4.7/36-1 


(1-e 


-64/36 


-(64-4.7>/36 = 0.028 V 


(b) The output voltage of an RC circuit subject to an input pulse train of 
unit magnitude is, during the transient period, expressed by equation 6.172. 
A simplification of the algebra and a resulting saving of labour is achieved if 
in this equation and those derived from it, units of time are normalized with 
respect to the circuit time constant RC. In this case 6.172 may be written: 

u 2 = {[l-e- ( >(t) + [l—e- (, -^>(f —T) 

+ [1—e- ( '- 271 ]u(r —2T) + ...} 

— {[1—e _( '~‘ ,) ]u(r —a)+[l — e _<<_a_r, ]u(t —a-T) 

+ [1 — e _<< ~° _2r, ]u(f — a —2T) + . . .} 

The equalizing pulse sequence in the waveform shown in fig. 6.62(a) 
contains five complete pulse periods, therefore, taking the first five terms in 
each of the series in the above expression, defining a new time origin at 
t = t A , and putting t = 5T we obtain 

f 2 = {[1 — e“ 5r ] + [1 —e~ 4T ] + . . . + [1—e -7 ]} 

— {[1 — e -(5r-a) ] + [1 — e _<4T_fl) ] + . . .+ [1 —e -(r_a> ]} 

Combining corresponding terms from each of the series in this expression 
gives 

v 2 =e~ 5T (e“- 1) + . . .+e~ r (e a - 1) 

= (6" — l)(e“ 5T +e -4T +e~ 3r + e -2T +e - r ) 

Substituting normalized values: a = 2.3/36, T = 32/36, yields 

v 2 = 0.066(0.01 + 0.03 + 0.07+0.17 + 0.41) =0.045 V 

The above calculation assumes that the capacitance is uncharged, and 
therefore v 2 is zero, at the commencement of the equalizing pulse sequence, 
whereas it was found in section (a) above that a small but finite voltage 
(0.028 V) remains at the end of the line pulse sequence. This voltage will 
decay during the equalizing pulse sequence according to 

t/ 2 =0.028e _sr = 3.29 x 10~ 4 V 


By superposition, the net voltage at the end of the equalizing pulse sequence 
will be the sum 

v 2 -t- v 2 =0.045-1-0.0003 

It is seen from the above calculation that the initial voltage results in only a 
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very small contribution to the voltage on C at the end of the equalizing 
pulse sequence.* 

(c) In the following calculation for estimating the threshold voltage V T we 
neglect the small voltage on C at the beginning of the field pulse sequence. 
(Its effect could, as in part (b), be calculated by superposition.) Since the 
field time-base triggers in the middle of the second field pulse period, we 
have by equation 6.172 (expressed in normalized units of time) 

1/ T = [1—e~'] + [l-e- < '- 7) ]-[l-e- ( '-‘ ,) ] 

Substituting normalized values (a = 27.3/36; T = 32/36; t = 48/36) gives 

F T = 0.736 +0.359 -0.437 =0.658 V 

This example illustrates the application of the RC circuit as a sync- 
separator. The output of the circuit remains at a low level during line and 
equalizing pulse sequences but rises rapidly on inception of the longer field 
pulses. This action causes the field time base to trigger. 

f6.14 Convolution 

The methods discussed so far in this chapter for finding the 
response of a circuit to a given excitation are confined to circumstances in 
which the excitation is expressible as an analytical function whose Laplace 
transform can be determined. The convolution method described here is 
not restricted in this way, and it is applicable also to cases for which the 
excitation function can be expressed only by a numerical data sequence. 

In the convolution method the excitation function in the time-domain is 
resolved into a sequence of impulses, the response of the circuit to each 
impulse in the sequence is found and, finally, the responses are superposed 
to give the overall response function. To establish the basis of the method, 
we first consider how a function may be expressed in terms of a sequence of 
impulses. 

6.14.1 Representation of a function by an impulse train 

Any function f(t) may be represented by a train of step or impulse 
functions; here we consider only the latter case. Fig. 6.63(a) shows a 

* The voltage on C at the end of the line pulse sequence is slightly different for 
odd and even fields of a standard TV video waveform because even fields end 
with a half line pulse period whereas odd fields end with a full period (the 
latter is shown in fig. 6.62(a)). The equalizing pulse sequence is included in the 
video waveform to allow the voltage on C to decay substantially to the same 
small value for both odd and even fields of the interlaced picture. Without 
equalizing pulses the field time base would trigger at slightly different times 
after the start of the field pulse sequence, resulting in line pairing. 
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function sampled at intervals of time 0, A, 2A, 3A. ... During the first 
interval (0 < r < A) the function may be approximated by its value at the 
start of the interval, namely/(0), as shown in the figure. During the second 
interval (A<t<2A) the function may be approximated by /(A); likewise 
during the third and succeeding intervals by/(2A),/(3A) and so on. The 
function is thus broken up into short pulses of duration A with areas A/(0), 
A/(A), Aj\2A) etc. Recalling from our discussion in section 6.8.2 that a short 
pulse may be represented by an impulse of magnitude equal to its area, we 
may represent the complete function f(t) by a train of impulses as shown in 
fig. 6.63(b). (In this figure the impulses are shown located at the start of their 
corresponding intervals whereas it might appear to be more logical to place 
them centrally. However, as we shall see later their precise location within 
the interval is immaterial.) The first impulse in the train will then be 
A/(0)<S(t), the second impulse Af(A)S(t — A) and so on. Thus the function/(t) 
may be expressed by the approximation: 

f(t) ~ A/(0)<5(t) + Af(A)S(t - A) + Af(2A)d(t - 2A) +... 

+ Af(nA)S(t-nA)+... Af(NA)S(t-NA) 

^ £ Af(nA)S(t-nA) (6.173) 

n = 0 

where N = t N /A and t N is some time at which the function terminates. 

It must be remembered that in this summation all terms are zero except 
the term in which the argument of the impulse function is zero, that is, when 
the sampling instant nA is equal to t. 


Fig. 6.63. Representation of a continuous function j\t) by an impulse 
train. 
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Now f(t ) can be approximated to any desired degree of accuracy by 
letting A become as small as necessary and by increasing N correspond¬ 
ingly. In the limit, as A->0 and N-* oo, nA becomes a continuous time x 
while A becomes the differential dr. The function is then represented by a 
continuum of impulses and can be expressed exactly by the integral 

pts 

/W-j f(x)S(t-x)dx (6.174) 


This integral may be interpreted in the following way. As the sampling 
time x is varied over the range 0<x<t N , the integrand, and therefore the 
integral, vanishes everywhere except when the argument of the impulse 
function is zero, that is, when x = t. At this instant the integral becomes 

ftN 

/wj o msx=m 

since, by definition, j<5(0)= 1. 


Because we are concerned only with sampling times x extending up to the 
value f, the upper limit of the integral (6.174) may be replaced by t, thus 




M= 


/(T)<5(r-T)dT 

0 


(6.175) 


The property of the impulse function which enables it to be used to 
express a continuous function in the above manner is called the sampling or 
sifting property. 


6.14.2 The convolution integral 

Consider a network having an impulse response h(t) (fig. 6.64(a)). 
An impulse of unit magnitude applied to the input terminals of this network 
will produce an output h(t) typically of the form shown in the figure. 

Next, consider the same network with an excitation function fft)* 
described by the approximate expression (6.173), applied to its terminals 
(fig. 6.64(h)). The first impulse of the sequence will produce a response 
Af t A(0)h(t), the second impulse a response AJ\(A)h(t — A), and so on. We 
assume here that A is small compared with the effective time constant of the 
network (see section 6.8.2). Each succeeding impulse produces a response 
starting at the instant of the impulse and decaying in a fashion determined 


* In previous sections the excitation and response functions in the time-domain 
have been denoted by e(t) and r(r) respectively. In this section we use /,(() and 
which conforms to the more usual notation found in texts on convolution 
theory. 



Convolution 


395 


by the particular impulse characteristics of the network. The output at any 
particular instant t will be the resultant of all the impulses and responses 
occurring prior to, and including, that particular instant. By linearity, the 
output function will be given by the superposition of all the individual 
responses, that is, by 


Fig. 6.64. (a) Response of a network to unit impulse excitation. (6) 
Response to an input function fi(t) approximated by a sequence of 
impulses. 
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f 2 (t)^ £ AfMAM-nA) (6.176) 

n = 0 

The result of superposing the first four responses is indicated in the lower 
diagram appertaining to the output sequence. 

In fig. 6.64 we have chosen for the sake of clarity a large sampling interval 
A, which has resulted in a sawtooth-like output waveform. But it will be 
appreciated that by taking shorter and shorter intervals, a progressively 
more faithful representation of the true output waveform will be obtained. 
The effect of halving the interval A is illustrated in figs. 6.65(a) and ( b ) for 
both input and output waveforms. Notice that halving A also halves the 
magnitudes of the input impulses and therefore their corresponding output 
responses. The net effect is a substantial smoothing of the output waveform. 
Carrying this process to the limit, and letting A-*0, the approximation 
(6.176) becomes an exact integral, the convolution integral: 

•t 

f 2 (t)= fi{t)h{t t ) dr (6.177) 

Jo 


Fig. 6.65. The effect of sampling interval on response by convolution, 
(a), ( b ) The effect of halving the interval, (c) Sampling continuum. 
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The limiting process used to derive this expression corresponds exactly to 
that leading to (6.175) and the symbols i and t have the same meaning. 
Indeed, the convolution integral (6.177) follows directly from the integral 
(6.175) since for a network with an impulse response h(t) the response to 
5(t — x) is h(t — x). These two integrals provide exact expressions for the 
excitation and response functions respectively (fig. 6.65(c)). 

The convolution integral is often written in its most general form with the 
range of integration extending from - oo to + oo. This then allows the 
range in any particular problem to be set in accordance with the constraints 
imposed by the conditions of that problem. In this book we are concerned 
almost entirely with functions that are zero for negative time, we shall, 
therefore, usually write the convolution integral, as may be convenient, 
either in the form (6.177) or as 
/• 00 

/ 2 (t)= I /i(T)fc(t-T)dT (6.178) 

Further insight into the convolution integral will be gained from 
consideration of the graphical interpretation of the integration processes 
shown in fig. 6.66. The curves in this figure are all plotted with x as the 
independent variable while t is a fixed point on the abscissa. The reason for 
this is that in the evaluation of the convolution integral, t is regarded as a 
fixed parameter while x is a variable of integration (a dummy variable) 
ranging from zero to some upper limit. 

The integrand of the convolution integral contains two functions:/i(r) 
and h(t— r). We obtain a graphical plot of the latter in three stages: first, the 
function h(x) is plotted (fig. 6.66(a)), and then this is folded about the 
vertical axis to form its mirror image h(-x) (fig. 6.66(b)). Finally, this 
function is shifted to the right by an amount t to form the function h(t — x) 
(fig. 6.66(c)). Of course, the form of h(t- x) in (c) could be deduced directly 
without going through the intermediate stages (a) and ( b ), but we have 
adopted this procedure to illustrate the folding and shifting process from 
which the name ‘convolution’ integral, was historically derived.* 

The next step in this graphical integration procedure is to form the 
product fi (t )h(t — t); this is shown in figs. 6.66(d) and (e). Finally, the area 
under this last curve, between the limits 0 and t, gives the value of the 
integral, which is equal to the response function f 2 (t) at the particular value 
of t considered. To find f 2 (t) at other values of r, the curve shown in fig. 
6.66(c) must be shifted along the axis to the appropriate points. We may 


In the German language the name given to this important integral is the 
‘Faltung’ (folding) integral. 
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then imagine the function f 2 (t) being generated by sliding or scanning the 
h(t — t) function along the r-axis of fig. 6.66(c) whilst performing the 
subsequent operations illustrated in the following figures ( d ) and (e). For 
this reason the h(t — r) function is sometimes called the scanning function. 

We now illustrate the convolution method using as an example the 
simple RC circuit excited by a pulse of unit amplitude and duration one 
second. This problem is one which has been dealt with at length in sections 


Fig. 6.66. Graphical interpretation of convolution. 



(a) Typical impulse response function 


( b ) Impulse response folded over 


(c) Impulse response folded over and shifted 


(d) Input function 


/,(r) h(t-x) 




Area dr=/ 2 (t) 

✓ U 


(e) Product of (c) and (d) 
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6.12.1 and 6.12.3; the reader should compare the following treatment with 
the methods described in these sections. 

The first step in applying the convolution method is to find the impulse 
response of the circuit. Usually this is most easily accomplished by first 
finding the transfer function. For the RC circuit, 


H(s)~ 


1/sC 


1 


1 


R + l/sC RC(s+l/RC) 


Thus, 


h(t)=&- l H( S )=^c-‘ IRC u(t) 


Assuming, for simplicity, that the time constant RC= 1, then 
/i(t) = e _ 'u(t) 


(6.179) 


(6.180) 


In the above expressions for h(t) the step function w(t) indicates that the 
response is zero for all negative time. 

Now a rectangular pulse of unit amplitude may be described by (see 
section 6.12.2.) 


(6.181) 


v 1 (t) = u(t) — u(t — a) 
hence, using the convolution integral (6.178) we obtain 

I* 00 

f2(t) = J {[“(*) — “(* — a)]e _<I_t) u(t — t)} dr 

• 00 f* 00 

= u(x)u(t — T)e -<I-t) dT— u(x — a)u(t — x)e -< '~ r) dr 
Jo Jo 

We have chosen here to write the convolution integral with limits 0 and oo; 
this has been done because the limits of integration now need to be 
determined in accordance with the particular parameters of the problem. In 
the following argument it will be of help to recall the definition of the unit 
step function, viz., 


“(0 = 1 
=0 


t>0 
f <0 


Turning our attention to the integrand of the first integral above, m(t) is 
zero for t < 0 and unity for t > 0, so the lower limit of integration is zero. The 
function u(r— t) is unity for t<f and zero for z>t, so the upper limit of 
integration is t. Similar considerations apply to the second integral: in this 
case the function m(t — a) is zero for r <a and unity for t >a hence 
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integration starts at the lower limit a. As before, the u(t — x) defines the 
upper limit at t. 

Using these new limits of integration the response becomes 


v 2 (t) = 


-f- 


u(x)u(t — r)e 0 '’dr- u(t-a)u(t — x)e ( ‘ 'Mr 


Now over the range of integration, all of the step functions are unity, so we 
obtain on integrating: 

f 2 (f) = [«(t)n(t - t )e ”” f) ] ' t= o — [m(t — a)u(t - t)e ~ ~ r) ]' =fl 
t; 2 (r) = M (f)(l — e - r ) —M(f — a)(l — e - (, - a> ) (6.182) 

(Some care is required when applying limits in the type of expressions 
encountered above: note particularly that, with x = t, u(t—x) 
= u(t-t) = u( 0) = 1.) 

Equation (6.182) is in agreement with (6.170) obtained previously. Over 
0 < t < a only the first term is operative and the output rises exponentially. 
For t>a, both terms are operative and the output falls. 

It will now be instructive to solve this same problem using a graphical 
method of convolution based on the approximate equation (6.176). We 
divide the pulse (assumed to be of 1 second duration) into n equal sub¬ 
intervals. Each sub-interval will be of duration 1/n, and the area under the 
curve contained within each sub-interval will also be 1/n. For the sake of 
clarity in the diagrams we choose a small number of sub-intervals, say n=4 
(fig. 6.67(a)). The four pulses thus obtained are now replaced by four 
impulse functions of magnitude \ (fig. 6.67(h)). The response to each of 
these impulses will be (|)e _ ‘ as shown in fig. 6.67(c). The total response, 
obtained by summing the individual responses, is shown by the dotted 


Fig. 6.67. Response of the RC circuit excited by a single rectangular 
pulse: graphical convolution, (a) Pulse divided into four short pulses. 
(b) Each short pulse replaced by an impulse, (c) Response obtained by 
convolution (dotted curve) compared with theoretical curve (dashed 
curve). 
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curve. This may be compared with the exact solution indicated by the 
dashed curve. 

The above example is intended to help the reader new to the theory of 
convolution to gain familiarity with the concepts involved; for this 
particular problem, however, we should stress that one of the elementary 
methods of solution discussed in earlier sections would be more ap¬ 
propriate. Moreover, for problems not amenable to an analytical solution, 
it would be more usual to employ a numerical method for evaluating the 
convolution integral (see section 6.14.4) rather than the graphical pro¬ 
cedure, used in this example. 

The convolution integral is encountered frequently in many branches of 
engineering and physics. In general terms the convolution of two functions, 
say 4>i(t) and </> 2 (t), is denoted symbolically by 



(6.183) 


where * is read as ‘convolved with’. We can show very easily that <p 1 
convolved with 4> 2 is identical to (f> 2 convolved with <t> l . 

Let z = t — t then dz= — dr and (6.183) becomes 




(6.184) 


6.14.3 The convolution theorem 

In preceding sections of this chapter we have developed a method 
of finding the response f 2 (t) of a circuit to a given excitation f 2 (t) using the 
Laplace transform. The method involves: (1) finding the transform of the 
excitation, F^s); (2) finding the transfer function of the circuit, H(s); and (3) 
finding the inverse transform of the product F l (s) x H(s). 

The convolution integral, on the other hand, allows one to find the 
response directly in the time domain. The two approaches to the problem, 
and the way in which they are related, are illustrated in fig. 6.68. It will be 
evident from this diagram that convolution in the time domain corresponds 
to multiplication in the transform domain; a relationship expressed by the 
convolution theorem: 



(6.185) 
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This theorem may be derived directly from the definition of the Laplace 
transform. Taking the transform of the RHS of (6.185), and calling this F(s), 
we have 


F(s)=$r 


fi(t)h(t r)dt 


HTI 


fi(t)h(t-x)dx 


'dr 


Changing the order of integration: 


F(s) = 



/j(t-r)e “dt 


dr 


The integral within brackets is recognized as the Laplace transform of the 
delayed function h{t — r): which is, from the shift theorem (6.141), e~ st /f(s). 
Therefore, 

f* 00 

F(s) = I /,(t)e-“ff(s)dr = H(s)F 1 (s) 


which proves (6.185). 

The commutative property of convolution (6.184) also follows from the 
convolution theorem since 


2 (s)] = <M0*<M0 

and 


^- 1 [<6 2 (s)0> 1 (s)]=</. 2 (t)*^ l (t) 

Clearly, these two expressions are identical. 

For the majority of the analytical excitation functions encountered in 
circuit theory, convolution in the time domain involves a more difficult 


Fig. 6.68. Illustrating the convolution theorem. 
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mathematical procedure than multiplication in the transform domain. 
However, when the excitation is arbitrary and cannot be expressed or 
modelled by an analytical function, or if the Laplace transforms of the 
functions involved cannot be readily found, then numerical evaluation of 
the convolution integral provides a powerful technique for obtaining the 
network response. 


6.14.4 Worked example 

The ‘phase advance’ circuit shown in fig. 6.69 is often used in 
electronic control system networks. Show that the voltage transfer function 
for this circuit is 


H(s) = 


Vi(s) 

VAs) 


s+l/T 

s+l/GT 


Fig. 6.69. Circuit and waveforms for worked example (section 6.14.4). 
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where T = CR l and G = R 2 /(R l + R 2 ). Hence determine the impulse 
response h(t) if T— 1 second and G = 0.5. 

Find a general expression for the output v 2 (t) in terms of the input t^ft) 
and h(t). Hence, determine the output if the input is: (a) the unit step 
function; (b) the waveform specified by the following numerical data: 

t seconds) 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 

V\ (volt) 0 0.07 0.38 0.83 1.3 1.5 1.23 1.04 1.0 1.0 1.0 

Solution 

By the method established in section 6.9.6 we obtain 

sC + l/Ri s+l/CR l s+l/T 

(S) ~sC +1/1?! + 1 /R 2 ~s + (l/C)(R 1 + R 2 )/RiR 2 ~s+l/GT 

For T= 1 second and G=0.5: 


H(s) = 


s+1 

^+2 


Expressing H(s) as a partial fraction (see section 6.9.3) 

1 


H(s)=l — 


s + 2 

hence, the impulse response is 

h(r) = ^- 1 [H( s )] = [5(r)-e- 2 ']«(t) 

Assuming that the input voltage is zero for £ <0, then the input is described 
by vi(t)u(t) and by convolution we obtain 


t>2 (0 = 


0 

/* XI 


v 1 (z)h(t — t)dx 

Vi (t)u(t){ [^(£—t) — e" 2,t “ '*]«(£—r)} dr 
Pi(t)«(t)^(£ —t)«(t — t)dr 

v 2 (r)u(r)e “ 2(1 ~ T) n(t - t) dr 


In the above integrals the step functions define the range of integration as 
0 <x<t, and are unity over this range, therefore, 


't /»f 

v 2 (t)~ — t)<1t — Vi(z)c~ 2{t ~ z) dT 

Jo Jo 
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The first of these integrals is, from (6.175), simply equal to the input function 
itself, hence a general expression for the output voltage is 


ft 


v 2 (t) = v l (t)-e 21 


v l (x)e? t dT 

o 


(6.186) 


(a) Step function input 
Putting Vi(t) = u(t) in (6.186) gives 


v 2 (t) = u(t) — e 21 u(t)e 2r dt 


=«(*)——u(t)[e 2t ]' 0 


f2(t) = i(l+e 2, )«(t) 

This expression is shown plotted in fig. 6.69(6). 


(b) Numerical input data 

The input waveform, defined by the numerical data, is shown in fig. 
6.69(6). Numerical integration is used to evaluate (6.186). 


x or t 
D 1 (r)e 2t 


ft 


/ = 


Vi(r)e 2x dx 

o 


v 2 = v l — e 21 1 


0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 

0.085 0.57 1.51 2.89 4.07 4.08 4.21 4.95 6.04 7.38 

0.004 0.04 0.14 0.36 0.71 1.12 1.53 1.99 2.54 3.21 

0.067 0.36 0.75 1.14 1.24 0.89 0.66 0.60 0.58 0.57 


In the above table the integral I has been evaluated using the trapezoidal 
rule and a pocket calculator. The results are plotted in fig. 6.69(6). As to be 
expected, the output initially follows the input quite closely because of the 
capacitive coupling between input and output; with increasing time the 
output diverges from the input and decays towards its d.c. level of 0.5 V. 


6.15 Summary 

In this chapter a variety of methods have been developed for 
finding the response of a linear network to various forms of excitation. 
Broadly, these fall into three categories: time-domain techniques in which 
the network differential equations are set up and solved; Laplace transform 
techniques in which the network equations are formulated and solved in the 
transform domain; and convolution techniques in which the network is 
characterized by an impulse response and the network response is found by 
means of a convolution integral. 
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For any linear network the response r(t) and excitation e(t) are related by 
a differential equation of the form: 


d"r 


dr 


a "d? r + an - 1 d?^ + --- + ai d l +a ° 


V* ^ t . wc 

=bm dr +bm - 1 df ^ Y+ -• - +bl dl +b ° 


(6.136) 


The solution of this equation can be written: 
total response r(t) = r„(t) + r ss (t) 

where r„(t) is the transient or natural response, and r ss (f) is the steady-state 
or forced response. 

The natural response contains terms of the form A t e~ tltk which die away 
with increasing time according to the network time constants t k . The 
constants A, depend on both the initial energy states of the network and 
upon the form of the excitation; they can be evaluated only after the form of 
the complete solution of the network differential equation has been found. 
For high-order networks, the evaluation of these constants can be 
troublesome. 

The forced response depends only on the excitation; for d.c. or steady 
sinusoidal excitation it is most easily found by using the standard 
techniques of d.c. and a.c. network analysis developed in chapters 2 and 3. 

For many problems, it is often convenient to find the natural and forced 
responses separately, and then combine them to find the complete response. 
This approach is particularly advantageous for first and second order 
networks and where the excitation consists of step, sinusoidal or other 
simple functions. 

The D-operator method facilitates the process of setting up the network 
differential equation and, for certain types of excitation, of finding its 
solution. In this method the network differential equation (6.136) is 
replaced by an equation of the form: 

(a„D" + a„- ,D n_ 1 +.. , + aiD + a 0 )r(t) 

= (b m D m +b m . 1 D m - l +... + b 1 D + b 0 )e(t) 

in which D may be treated as an algebraic quantity. 

The Laplace transform provides the most powerful and comprehensive 
means of analysing the transient and steady-state behaviour of linear 
networks. By taking the Laplace transform of the general network 
differential equation (6.136) we obtain 
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(a n s' , + a„-is" l +. . . + a 1 s+a 0 )R(s) 

= (b m s m + b m - l s m ~ 1 +. . . + b l s + b 0 )E(s) 


(6.139) 


where s is the complex frequency, and R(s ) (the response function) and E{s) 
(the excitation function) are the Laplace transforms of r(t ) and e(t) 
respectively. The ratio of R(s) and £(.$), defines a network function: 



(6.134) 


In the practical application of the method, each element of the network is 
expressed as a generalized reactance or impedance function in s, which 
process allows the network function H(s) to be formulated. The excitation 
function E(s) is conveniently obtained from e(t) using a table of Laplace 
transform pairs. The response function R(s) is then formed from the 
product H(s) x E(s), and finally the inverse of R(s) is found, again using a 
table of transform pairs, which yields the response r(t) in the time domain. 

An important advantage of the Laplace transform method is that 
information concerning the initial energy states of the network can be 
incorporated into the excitation function; thus, the necessity of evaluating 
the arbitrary constants, A„ as required in the solution of the network 
differential equation, is obviated. Also, because the complex frequency s 
may be manipulated in the s-domain as an algebraic identity, the method 
retains, in this respect, the advantage of the D-operator method. The pole- 
zero diagram provides an important adjunct to the Laplace transform 
method. It affords the network designer with a ready means for the 
appreciation and understanding of network behaviour under both trans¬ 
ient and steady-state conditions. No such pictorial device exists for the 
other methods of network analysis. 

In general, the use of the Laplace transform method is advantageous 
when dealing with networks of order three or higher, and for excitations of 
complex form. For uncomplicated circuits and excitations of simple form, 
its use can involve unnecessary algebraic complexity. 

The response of a network can be found by the Laplace transform 
method only if the excitation is expressible as an analytical function. The 
same applies to the use of the network differential equation. The 
convolution method, on the other hand, suffers from no such restriction; 
the network response may be found even in cases where the excitation is 
described in terms of a numerical data sequence. In the convolution 
method, e(t) is expressed as a summation of delayed impulse functions; the 
network is characterized by an impulse function h{t) (the inverse transform 
of H(s)), and the overall response is found by convolving e(t) with h(t) using 
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the convolution integral. We have shown, by means of the convolution 
theorem, that this procedure corresponds to multiplication of E(s) by H(s ) 
in the transform domain. The convolution method is particularly well 
suited to the numerical integration procedures available on most calcu¬ 
lators and small computers. 

6.16 Problems 

1. A voltage having a step waveform of amplitude 50 V is applied 
to a circuit formed by a 1 MQ resistor in series with a 1 fiF capacitor. What 
is the time constant of the circuit? How long does the capacitor take to 
charge to: (a) 25 V; (b) 47.5 V? 

2. In the circuit of fig. 6.70 the switch has been in position 1 for a long time. 
At t = 0 it is thrown to position 2. 

(a) What are i c and v c at f=0 + ? 

(b) Determine an expression for i c (f) for t>0. 

(c) What are i c and v c at f = oo? 

(d) How much energy is stored in the capacitor at t = oo? 

(e) How much energy has been supplied by the battery during the charging 
process? 

(f) Show that the energy of part (e) is twice that stored in the capacitance, 
regardless of the size of the resistance. 

3. For the circuit of fig. 6.71, derive equations for i, i 2 and i 2 valid from the 
instant t =0 when switch S is closed. (C is uncharged initially.) S is reopened 


Fig. 6.70. Circuit for problem 2. 



Fig. 6.71. Circuit for problem 3. 
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after one time constant has elapsed. If F=1V, R l =R 2 = 2kQ and 
C = 1 ^F, what will be the values of i immediately before and immediately 
after opening S? 

Sketch the variation of current i from t = 0. 

(Manchester University) 

4. In the circuit shown in fig. 6.72 switches S! and S 2 are open. 

(a) At f=0, S 2 is closed. Obtain expressions for the current in and the 
voltage across C for time f=0.01s. C is initially uncharged. 

(b) At t =0.05 s, S 2 is opened and at the same time S! is closed. Obtain an 
expression for the current in C subsequent to this operation and determine 
the voltage across C for t =0.1 s. 

(c) With Si remaining closed, write down the circuit equations and the 
initial conditions for the sudden reclosing of S 2 . 

(Wales Science and Technology) 

5. The operating coil of a relay working on a 20 V d.c. supply and activated 
by opening and closing switch S is represented by L, R in the circuit of fig. 
6.73. The coil is shunted by a non-inductive resistor R t and the parameters 
of the circuit are as shown. 

The relay closes when the current through its coils reaches 180mA and 
opens when the current falls to 60 mA. Calculate the time lags for opening 
and closing respectively. 

(Newcastle University) 

Fig. 6.72. Circuit for problem 4. 


100 V 
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Fig. 6.73. Circuit for problem 5. 
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6. In the circuit of fig. 6.74 the initial current in the inductance is 2 mA. 

(a) With e s (r)=4cosl0 3 t, the switch is closed at t =0. Find an expression for 
i L (t) for r>0. 

(b) If e s (t)=4cos(10 3 f+ </>), determine the value of <j> such that there will be 
no transient when the switch is closed at t=0. 

7. The current through the deflecting coils of a cathode-ray tube is required 
to rise linearly with time from zero at the rate of 3 A/s. What must be the 
form of the applied voltage if the coils have an inductance of 0.1 H and a 
resistance of 5 Q? What would be the form of the voltage if the resistance were 
zero? 

8. The following problem relating to the circuit shown in fig. 6.75, is an 
exercise in determining initial and final conditions. The switch has been 
open for a long time. 

(a) What are the values of i u i 2 and v c l At t=0, the switch is closed. 

(b) Calculate: ij, i 2 , v c , dij/df, di 2 /dt and dr c /df all at r = 0 + . 

(c) Calculate: i u i 2 and v c at t = oo. 

9. The circuit between two terminals consists of two branches in parallel. 
One branch contains an inductance L and a resistance R, in series; the 
other a capacitance C and a resistance R 2 in series. By considering the 


Fig. 6.74. Circuit for problem 6. 
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Fig. 6.75. Circuit for problem 8. 
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currents which flow in the branches when a generator of e.m.f. E and zero 
internal impedance is suddenly connected to the terminals, find the 
relations between L,C,Ri and R 2 such that the circuit behaves as a pure 
resistance. 

10. In the circuit of fig. 6.76 determine the value of R in terms of L, C and r 
so that the potential difference between A and B will be non-oscillating 
when switch S is opened. 

(Manchester University) 

11. For the circuit of fig. 6.77; derive the differential equation, expressed in 
terms of the D-operator, relating v 2 (t) and v t (t). Assuming that the circuit is 
over-damped, write the form for the natural response for v 2 (t) and derive 
the time constants in the expression. 

12. Two coils each having inductance L have mutual inductance M. One 
coil has a resistance R connected in parallel with it, and the other has a 
voltage E suddenly applied through a resistance R to its terminals. Find an 
expression for the subsequent voltage between the terminals of the first coil. 

13. In the circuit of fig. 6.78 the initial conditions are: i(0) = 2 A, r c (0)= 1 V. 
The switch is closed at t= 0. 

(a) If e s (t) = 1, find v c (t) for t>0. 

(b) If e s (t) = 2cos2 1, find v c ( t ) and i(t) for t > 0. 


Fig. 6.76. Circuit for problem 10. 
A 



B 


Fig. 6.77. Circuit for problem 11. 
R i 
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14. When a 250 pF capacitor charged to 100 V is connected to an 
inductance coil, it is found that the discharge is oscillatory, and that the 
peak voltage falls to 10 V after 150/rs, corresponding to 150 cycles of 
oscillation. 

It is also found that if the experiment is repeated with a pure resistor R ! 
connected across the coil, the peak voltage falls from 100 V to 10 V after 
90 fxs, corresponding to 90 cycles of oscillation. Determine: 

(a) the inductance and Q factor of the coil; 

(b) the ohmic value of the resistance Ri. 

The expression v = F 0 exp( — Rt/2L)coscot for the transient voltage v may 
be assumed. 

(London University) 

15. In the circuit of fig. 6.79 the switch is closed at r = 0. Show that 


h = 




t -at! uq, L 2 R 1 —L l R 2 ±2MR l . 

1-e “'(cosh fit -——- -Y- -sinh fit 

2 (L,L 2 -M j ))S 


where 


_ L l R 2 + L 2 R 1 2 _ 2 RjR-2 
<X ~2(L l L 2 — M 2 )’ P ~ a L,L 2 -M 2 

(Manchester University) 


Fig. 6.78. Circuit for problem 13. 



Fig. 6.79. Circuit for problem 15. 
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16. In the circuit of fig. 6.80 the switch is initially open and the capacitor is 
charged so that i> c (0) = 10 V. At r=0, the switch is closed. Use the Laplace 
transform method to find i(r) and v c (t) for r>0. 

17. Discuss the benefits of using the Laplace transform method in 
network analysis. 

In the network of fig. 6.81, v^t) and v 2 (t) are the voltages on 
and C 2 respectively, and i L (t) is the current through L. 

(a) If the components have the values indicated, show that the Laplace 
transform of the output voltage v 2 (t) is of the form: 

I(s) + as 2 + bs + c 
2 S ~(s+l) (s 2 + s+l) 

where I(s) is the Laplace transform of the input i(t). Derive 
expressions for the coefficients a , b and c in terms of the initial 
conditions t>!(0), t> 2 (0), and i L (0). 

(b) If i(r) is a unit step function of current applied at t=0, what initial 
conditions are required to produce an output of 1 V for 0<t< oo? 
Show that your answer is consistent with the initial value and final 
value theorems. 

(c) If i(r) is a unit step function of current and the circuit is initially 
quiescent, find an expression for the time-varying voltage for 
0<t< oo. 

(Cambridge University) 

Fig. 6.80. Circuit for problem 16. 
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Fig. 6.81. Circuit for problem 17. 
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18, A voltage waveform which starts at t=0, rises linearly at the rate of 
10 V/s until it reaches an amplitude of 1 V and then instantaneously falls to 
zero, is applied to a resonant circuit consisting of resistance R, inductance 
L, and capacitance C, all connected in series. Determine the Laplace 
transform of the voltage waveform and the current i(t) flowing in the series 
resonant circuit for f>0. Assume the Q factor of the circuit to be greater 
than 100 and that it is at rest when the waveform is applied. 

(Newcastle University) 

19. In the circuit of fig. 6.82 the switch is opened at r=0. Show that for t > 0: 

j u)CI 

l = l-(RCco) 2 -)3coCR 

where 



__\/£ 

IRC 


(Manchester University) 

20. (a) Find the Laplace transform of each of the following time functions: 
e**, te*‘, sincut, sin(cot + </>) 


Fig. 6.82. Circuit for problem 19. 
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(b) The switch S in the circuit shown in fig. 6.83 is closed at t =0. If all the 
initial conditions in the circuit are zero, find the output voltage v 2 as a 
function of the complex frequency s and as a function of time t. 
(University of Kent) 

21. Calculate the output voltage v 0 (t) in the circuit of fig. 6.84 if the current 
source delivers a pulse of 1mA lasting 50/zsec. =R 2 = 10k£2, 
C t = 100 pF, C 2 =0.01 fiF. 

(Oxford University) 

22. Show that the voltage transfer function G(s) of the network of fig. 6.85 
may be expressed as: 

_ £ 0 (s) __ l + 2sT + as 2 T 2 _ 

E in (s) 1 + 2/?+s-r(2 + a + a/?) + as 2 T 2 

where z = CR, a = Ci/C, fi = R/R L , and £ in (s) and E 0 (s ) are the Laplace 
Transforms of the input voltage e in (t) and output voltage e 0 (t) respectively. 

Sketch the frequency response of the network for the case where R L is 
infinite and C x > C. Indicate the asymptotic values of the response, and any 
maxima or minima, with their corresponding frequencies. 

Show how this network might be used as the frequency-determining 
element of a sinusoidal oscillator. 

(University of Kent) 

23. Find the transfer function H(s) = ^(sJ/F^s) of the third-order But- 
terworth filter shown in fig. 6.86. Verify that the amplitude response 


Fig. 6.84. Circuit for problem 21. 
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function for a sinusoidal input at frequency co is given by 
1 

V(i+® 6 > 

Show that the poles of the transfer function lie on a circle of unity radius. 
(Cambridge University) 

24. Obtain an expression for the input impedance (in operational form) of 
the circuit shown in fig. 6.87. Find the zeros of this expression and hence find 
the minimum resistance required if the excitation of current oscillations by 
a step voltage input is to be avoided. 

(Oxford University) 

25. The impulse response of a potential divider is 

/(r) = e - "[acosh/Jr-/?sinhjSr], a>/8 

Find the frequency response function of the divider, and from it devise a 
possible circuit. 

(Manchester University) 

26. The equivalent circuit of an L-C surge absorber interposed at the 
junction between two transmission lines is shown in fig. 6.88. 

An ‘impulse’ voltage ( VT) volt-secs, expressible as e, = ( VT)s. 1, is applied 
at time t —0 to the input terminals as shown. Show that the resultant output 
voltage e 2 may be expressed as 



Fig. 6.86. Circuit for problem 23. 
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e 2 = (VT)R 2 



Show also that, if e 2 is to be non-oscillatory, the necessary condition 
which must be fulfilled is 


(Z 2 -R i R 2 )>2ZR 2 


where 



In a particular case, with numerical values inserted, the foregoing 
expression for e 2 reduces to 


where t is measured in micro-seconds. 

Sketch the resultant wave-form of e 2 , and show that it attains its 
maximum value of approximately 698000 V at time r ==0.26 //s. 
(Newcastle University) 

Fig. 6.88. Circuit for problem 26. 
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Non-linear circuit analysis 


7.1 Introduction: linear and non-linear elements 

In the preceding chapters, discussions have been confined to 
circuits that could be modelled by linear elements. The property that 
characterizes a linear element is independent of current or voltage. For 
example, the voltage-current characteristic of a resistor, modelled by a 
pure, linear resistance JR is a straight line passing through the origin and 
having a slope equal to l/R (fig. 7.1(a)). A linear resistor is also bilateral, 
that is, its voltage-current relationship is the same in the first and third 
quadrants of the characteristic. This property implies that the component 
can be connected into a circuit without regard to the polarity of the voltage 
to which it is subjected. 

An example of a non-linear resistor is the incandescent lamp whose v-i 
characteristic is shown in fig. 7.1(b). The non-linearity in this case results 
from the great increase in temperature of the filament as it becomes 
incandescent. The characteristics of the lamp are the same whichever way 
round it is connected to the supply, and the device, although non-linear, is 
bilateral. On the other hand, the diode, whose v-i characteristic is shown in 
fig. 7.1(c), is neither linear nor bilateral. 

Linear inductors and linear capacitors present a behaviour similar to 

d 

that of the linear resistor. The response, v L = L— [i(t)], of a linear inductor 

to a changing current is independent of the magnitude of the current in the 

d 

inductor. Likewise, i c = C— [c(t)] is independent of the magnitude of the 

dt 

voltage across the capacitor. An ordinary capacitor rarely exhibits 
appreciable non-linear behaviour unless it is driven beyond the voltage 
range for which it was designed. An inductor that contains no fer- 
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romagnetic material, or which has an appreciable air gap in its fer¬ 
romagnetic core if it is present, exhibits linear behaviour. If, however, the 
path for the flux is entirely contained within ferromagnetic material, then, 
except for vanishingly small amplitudes of currents, the device will be non¬ 
linear and will exhibit the phenomena of saturation and hysteresis that were 
discussed in chapter 4. 

In chapter 2 theorems were developed that depended upon the property 
of linearity, and we saw in later chapters how one of the most important of 
these - superposition - allowed us to find the total response of a circuit to an 
excitation by adding or superposing the transient and steady-state 
responses found separately. This technique cannot be applied to circuits 
containing non-linear devices, such as the diode, since in this case the 
incremental response will no longer be proportional to the excitation. 
Similar remarks may be made concerning all of the linear circuit theorems. 
Consequently the theory and techniques appertaining to the analysis of 
non-linear circuits are very much more restricted than is the case for linear 
circuits. 

In contrast with the linear circuit theorems, Kirchhoff’s Laws, being 
essentially expressions of the laws of conservation of energy and charge, are 
universally applicable. 

7.2 Graphical analysis 

A non-linear device may always be represented by its experiment¬ 
ally determined v-i characteristic. A single v-i (or i-v) plot is sufficient to 
completely characterize a simple two-terminal device such as a resistor. 
When a device has more than two terminals, its behaviour must be described 
by either a family of curves or, more generally, several families of curves. 


Fig. 7.1. Voltage-current characteristics of: (a) linear and, ((b) and 
(c)), non-linear devices. 




(a) Resistor 


(b) Lamp 


(c) Diode 


e t 
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The graphical method is very often used to find the currents and/or 
voltages when two circuit elements whose characteristics are given are 
connected in series or in parallel. The graphical construction solves 
whichever of KirchhofFs laws is appropriate to the given problem. The 
method will be introduced with the example, shown in fig. 7.2(a), of a series 
circuit consisting of a non-linear resistor, a linear resistor, and a voltage 
source. We wish to find the current / and the voltage V 2 across the non¬ 
linear resistor. The characteristic of the non-linear resistor, shown in fig. 
7.2(h), gives one relation between i and v 2 - A second relation is obtained by 
application of KVL to the circuit of fig. 7.2(a). 

V 0 = v 1 +v 2 =iR + v 2 
So 


This is the equation of a straight line with slope — 1 /R and intercept 
V 0 /R. Also, when i=0, v 2 = Vo- In fig- 7.2(c) (7.1) is plotted on the same 
axes as the characteristic of the non-linear resistor. The intersection of the 
two lines provides the required combination of / and V 2 . The voltage across 
K is (K 0 — V 2 ). The construction of the straight line is simple. One locates F 0 
on the voltage axis and V 0 /R on the current axis and joins these points by a 
straight line. 

Examination of fig. 7.2(c) shows that the straight line represents the 
characteristic of the linear resistor R in a coordinate system having its 
origin at V 0 and having voltage increasing to the left. Use of this fact makes 
possible the extension of the graphical method to the case of two non-linear 
resistors in series as illustrated in fig. 7.3. 


Fig. 7.2. Graphical solution for a circuit containing a non-linear 
resistor (NLR): (a) circuit; ( b ) non-linear resistor characteristic; (c) 
graphical construction for solution. 



(a) (b) (c) 


« ▼ 
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The same graphical approach is applicable when circuit elements are 
connected in parallel. Fig. 7.4(a) shows a parallel combination of a non¬ 
linear resistor and a linear resistor supplied from a current source of 
magnitude I 0 . The problem is to find the current in each circuit element and 
the voltage across the combination. Since voltage now is the common 
quantity, we draw the non-linear characteristic with v as the dependent 
variable. This is shown in fig. 7.4(h). Now KCL gives 

v 

Io = h +h=h 


So 


v = I 0 R-i l R (7.2) 

This is the equation of a straight line with slope — R and intercept I 0 R. 
Furthermore, when v =0, i t = / 0 . In fig. 7.4(c) the line represented by (7.2) is 
drawn on the characteristic of the non-linear resistor. The intersection of 


Fig. 7.3. Graphical solution for two non-linear resistors in series. 




NLR, 


NLR, 


(a) 



Fig. 7.4. Graphical solution for linear and non-linear resistors in 
parallel. 



(a) 


(h) 


(c) 
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the two lines gives the combination / x and V, representing the current in 
and the voltage across the non-linear resistor. The current in R is 

h = (Io~h). 

In section 1.7.3 formulae were derived for the equivalent resistance of a 
series/parallel combination of several linear resistances. Non-linear resist¬ 
ances cannot be combined using these formulae and it is necessary to adopt 
other means; a graphical approach is often appropriate. In fig. 7.5 are 
drawn the characteristics of two non-linear resistors. If these elements are 
connected in series, then the current must be the same in both. For example, 
a current li requires a voltage V„ across device number 1 and a voltage V b 
across device number 2. The total voltage required to maintain /, in the 
series combination is therefore V a 4- V b . We thus determine one point on a 
new non-linear (composite) characteristic that represents the series combi¬ 
nation of the two non-linear resistors. By assuming other currents, we may 
obtain other points on the composite characteristic. 

If the circuit elements are connected in parallel then the composite curve 
is found by finding the total current required to maintain a given voltage 
across the combination. Details are shown in fig. 7.6. 

Fig. 7.5. Composite v-i characteristic for two non-linear resistors in 
series. 



Fig. 7.6. Composite v-i characteristic for two non-linear resistors in 
parallel. 
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We examine next a three-terminal device as shown schematically in fig. 
7.7(a). (This obviously is the special case of a two-terminal pair device (or 
two-port) in which there is a common connection between input and 
output.) Now there are two current-voltage pairs to be considered. 
Subscript 1 refers to the input and subscript 2 refers to the output. If the 
device is of any practical use, there will be interaction between input and 
output and two sets of characteristic curves will be required to describe the 
device behaviour. 

Fig. 7.7(a) is an appropriate representation of a transistor. In what 
follows we shall assume that we are dealing with an npn transistor in the 
common-emitter connection.* The notation generally employed with 
transistors is shown in fig. 7.7(h). 

The characteristics of a typical silicon transistor are shown in fig. 7.8. It is 
important to observe that i B is almost independent of v C t while i c is strongly 
dependent upon i B . 

Suppose now that we make external connections to the transistor as 
shown in fig. 7.9. We wish to determine the currents I B and l c . Following the 
procedure already described, we construct load lines on the input and 
output characteristics as shown in fig. 7.10. (Note that the spacing between 
the curves in fig. 7.10(a) has been exaggerated for the sake of clarity.) From 
the intersections of the input load line with the family of input charac¬ 
teristics, we obtain pairs of values of I B and V C e that satisfy the constraints 
imposed by the combination of supply voltage V t and resistance R u When 
transferred to the output characteristic, these pairs of values determine 
points that establish a transfer characteristic indicated by the broken line in 
fig. 7.10(h). The intersection of the transfer characteristic with the output 


Fig. 7.7. Schematic representation of three-terminal devices. 


'l 


h 

>1 


V 






(a) General device 


( h ) Transistor (npn) 


* The three terminals of a transistor are called, respectively, the base, the emitter 
and the collector. Any one of these may be the terminal that is common to 
input and output. The common-emitter connection is most often employed. 
Schematically, the transistor in the common-emitter connection is shown in fig. 
7.7(h). For an npn device, the collector and the base normally are maintained 
positive with respect to the emitter. For further details see reference 5. 
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Fig. 7.8. Silicon transistor characteristics for common-emitter 
connection. 


v CE 




(a) Input characteristics (h) Output characteristics 


Fig. 7.9. Transistor common-emitter connections to input and output. 



Fig. 7.10. Load-line method for determining operating point of a 
transistor. 




(a) 


(b) 
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load line (determined by V 2 and R 2 ) represents the operating point Q and 
determines the current I c and the corresponding voltage V C e- We then use 
V C e and the input characteristic to determine I B and V BE . The application of 
this method to bipolar transistors is simplified by the fact that the curves on 
the input characteristic are very close together. Consequently, the effect of 
Vce upon i B may be ignored. One simply finds I B from the input 
characteristic (assuming that the device may be represented by a single line) 
and then uses the appropriate line on the output characteristic to establish 
the operating point. 

7.3 Small-signal models 

7.3.1 Non-linear resistor model 

In Section 7.2 we described how to find the current in a series 
circuit consisting of a non-linear resistor (NLR), a linear resistor R and a 
voltage source V 0 . The circuit and the graphical construction are repeated 
in fig. 7.11. The current / and the voltage F NLR determine the quiescent or 
operating point, commonly designated by the letter Q. Now assume that V 0 
increases by a small amount A V. There will then be a new quiescent point 
Q\ found by a new construction as shown in fig. 7.11(c). A small decrease in 
V 0 will result in a shift of the operating point to Q ". 


Fig. 7.11. Development of the small-signal model for a non-linear 
resistor. 
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Let us now revise the circuit of fig. 7.11(a) to include a sinusoidal voltage 
source v s = A Fsincof, as shown in fig. 7.11(d). Now the operating point in 
fig. 7.11 (c) will move periodically along the characteristic curve between 
limits Q' and Q". As A V decreases, the relevant portion of the characteristic 
curve decreases in length. In the limit, as AF->0, this portion of the curve 
may be approximated by a straight line whose slope is di/du at point Q. Let 
di/dv=l/r n . Then, as far as the voltage v s is concerned, the circuit is 
equivalent to the series combination of two linear resistors and the source v s 
as shown in fig. 7.12. Then the alternating component of the voltage across 
the NLR is 


In fig. 7.11(d), the circuit is said to be biased by the source F 0 at the point 
Q whose coordinates are / and F NLR . / is the bias current and the resistance 
r n in fig. 7.12 is determined by the slope of the NLR characteristic at the Q 
point. The resistance r„ is referred to variously as the slope, dynamic, or 
incremental resistance, and once it has been determined, the circuit of fig. 
7.12 is sufficient for calculating the alternating current behaviour of the 
circuit. Fig. 7.12 is truly valid only for alternating voltages of vanishingly 
small amplitudes. It is called the small-signal model. It is apparent that this 
model utilizes a linear representation of the NLR - a representation whose 
validity depends upon the amplitude of the driving alternating voltage and 
upon the shape of the NLR characteristic. 


7.3.2 Transistor model 

Let us now examine the possibility of obtaining a small-signal 
model of the transistor that may be used in circuit calculations without 
recourse to the characteristic curves. 

Referring again to fig. 7.10 we assume that the transistor is biased at an 
appropriate point by means of batteries and resistors. Consider first the 
input characteristic, a change in v BE can be caused either by a change in i B or 
by a change in v C e■ If Vce is held constant, then the combination {i B , v BE ) 


Fig. 7.12. Small signal model for a non-linear resistor. 
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must lie on the appropriate v CE line. Let i b = I m sincot represent an 
alternating current with / m / B . Then, just as in the case of the two-terminal 
device the characteristic may be represented by a straight line having the 
slope of the characteristic at the operating point. Then we may write 

v be = ~^7~ k = hieh (7.4) 

dl » °CE 

where h ie = dv be /di b is the slope of the characteristic. Now let i B remain 
constant at I B and let v C e change. Then the corresponding change in v BE is 


„ - Av >>‘ 
^be a V« 

Av ce 

In the limit then 


dv, 

Vbe= 'dv„ 


1 be 


v ce h re v ce 


If both i B and v CE may change, (7.4) and (7.5) give 

V b e " 1 “ h re V ce 


(7.5) 


(7.6) 


In fig. 7.10(6), i c depends upon both v CE and i B . Suppose, with the 
transistor biased at the point Q, i B is held constant and v CE changes. Then 
the combination (i c ,t>cE) must move along the line that represents a 
constant value of I B . So, again considering small amplitude a.c. quantities 

v ce h oe v ce (7.7) 

9 

Finally, if v CE is held constant and if i B changes the corresponding change in 
i c is 

i b = h fe i b (7.8) 

V CE 

So, if both i B and v CE change, (7.7) and (7.8) give 

i c h fe i b -f- h oe v ce (7.9) 

It is a straightforward matter to devise a linear, two-port model that 
represents equations 7.6 and 7.9. This hybrid parameter model (so called 
because the hs do not all have the same dimensions) is shown in fig. 7.13. 
Observe that this model contains two dependent sources. In many 
transistors the parameter h re is so small as to be negligible in most 
applications. (This corresponds to the situation where the curves on the 



Ir = 


Sic 

dv ce 
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input characteristic are very close together.) Also, h oe is frequently very 
small. (This corresponds to the curves in the output characteristic being 
almost horizontal and thus having zero slope.) So, in many applications the 
appropriate small-signal model of the transistor is as shown in fig. 7.14. It 
must be remembered that the models of figs 7.13 and 7.14 apply only to 
currents and voltages of small amplitude, and that both models are based 
upon the assumption that d.c. voltages have been applied to bias the 
transistor at the appropriate operating point. 

7.4 Piecewise-linear circuits 

7.4.1 Piecewise-linear approximation 

The small-signal model of a device uses a linear approximation 
that is valid over a narrow region of the device characteristic. We examine 
next a model that may represent a non-linear device over an arbitrarily 
wide region of its characteristic. 

In general, a curve describing the characteristic of a real device may be 



Fig. 7.13. Hybrid-parameter model of a transistor in the 
common-emitter connection. 


Fig. 7.14. Simplified hybrid-parameter model in the common emitter 
connection. 



V C e 
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represented to any required accuracy by a broken line consisting of many 
short straight segments. Many real non-linear devices are represented 
adequately by two or three such segments. Fig. 7.15 shows one example of a 
characteristic and a three-segment approximation. If we can devise a model 
that has this piecewise-linear property, the device may be represented by the 
model and methods of linear circuit analysis may be used. 

Two kinds of problems are of interest in applications of piecewise-linear 
models. The first type involves synthesis of a circuit that will reproduce, to 
whatever accuracy is required and over a specific range of operation, the 
non-linear behaviour of a device. The second type of problem is concerned 
with analysis of a given circuit to determine the slopes of the linear segments 
and the coordinates of the break points i.e. those points at which the slope of 
the characteristic changes. When slopes and break points are known, the 
piecewise-linear characteristic of the circuit may be drawn. In synthesis we 
are given a characteristic and we must find a circuit to represent it. In 
analysis we are given a circuit and are required to find the corresponding 
piecewise-linear representation of its characteristic. It is possible to 
construct piecewise-linear circuit models using resistances and ideal diodes. 

7.4.2 The ideal diode 

An ideal diode is a voltage-controlled two-terminal device that has 
the characteristics of a switch. If voltage of one polarity is applied, the diode 
is a short circuit (i.e., a closed switch) while if the voltage polarity is reversed 
the diode is an open circuit (i.e., an open switch). The diode is represented as 
shown in fig. 7.16(a) where the arrow represents the direction of current 
when the diode is conducting. The i-v characteristic of a diode is as shown 
in fig. 7.16(b), with positive values of i and v defined in fig. 7.16(a). Except 
where real diodes are specified, all diodes in the circuits that follow are ideal. 


Fig. 7.15. Piecewise-linear approximation. 
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7.4.3 Combinations of resistances and ideal diodes 

Before discussing synthesis and analysis, we examine the v-i 
characteristics of some resistance-diode combinations. These simple 
circuits may then be used as ‘building blocks’ in either the synthesis or the 
analysis of more complex circuits. 

Fig. 7.17 shows four diode-resistance combinations and the v-i charac¬ 
teristic of each. For these circuits the characteristics are easily determined. 
For example, in fig. 7.17(a), when v is positive the diode conducts. Since a 
conducting diode has no resistance, there is no voltage drop across it and so 
the v-i characteristic is simply the straight line of slope l/R that represents 
the resistance R. When v is negative, the diode does not conduct and so the 
current is zero. 

The combinations shown in fig. 7.17 all have a single break point at the 
origin. By including a voltage source in the series circuits of figs. 7.17(a) and 
( b ), we can shift the break point along the voltage axis (see fig. 7.18). A 
current source in parallel with the resistance-diode combinations of figs. 
7.17(c) and ( d ) shifts the break point along the current axis (see fig. 7.19). 
Again, it is a simple matter to sketch the i-v characteristic. For example, in 
fig. 7.19(a), as long as the input current exceeds (- 1) there is a net forward 
current through the diode and so the voltage across it is zero. When i is less 
than (— I) there is current through R producing a voltage drop that turns 
the diode off. As i decreases further, a current (i—I) flows in R and the 
characteristic is a straight line having slope l/R and passing through the 
point (0, -I). 

Consider next the effect of adding a second resistance to the circuit of fig. 
7.17(a). The resulting circuit and its characteristic are shown in fig. 7.20(a). 


Fig. 7.16. Ideal diode. 
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Fig. 7.17. Diode-resistance combinations with break point at the 
origin. 
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Fig. 7.19. Diode-resistance combinations with break point on /-axis. 
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A resistance added to the circuit of fig. 7.17(c) yields the result shown in fig. 
7.20(h). 

Addition of a resistance to the circuits of figs. 7.18 and 7.19 causes the 
break point to move off the axis. Consider, for example, the circuit of fig. 
7.18(a) shown again as fig. 7.21(a). Let R 2 be added as in fig. 7.21(h). We 
determine the break point by making use of the fact that when the diode 
switches from the conducting state to the non-conducting state both the 
voltage r d across the diode and the current i d through the diode must be 
identically zero. For the circuit of fig. 7.21(h) 

r-r d -i d J? 1 -F = 0 (7.10) 

and when v A =0 and i d =0, then v = V. The condition i d =0 means that there 
is no current in the diode branch. Therefore, at the break point, i = V/R 2 . 

Above the break point when the diode is conducting the slope of the 
characteristic is l/(R l //R 2 )=(R l + R 2 )/R l R 2 , while below the break point 
(diode not conducting) the slope is 1 /R 2 . Observe that at v =0, i =0, so the 
characteristic passes through the origin. 

Consider next the circuit of fig. 7.19(h), redrawn in fig. 7.22(a). Let R 2 be 
added as in fig. 7.22(h). Now to find the break point we impose the 
condition, i d =0 and r d =0. When i> d =0, the current through R t must be 


Fig. 7.20. Diode resistance combinations with two different slopes. 
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Fig. 7.21. Effect of added parallel resistance to circuit of fig. 7.18(a). 
(a) Original circuit and characteristic; ( b ) Circuit and characteristic 
with addition of R 2 . 
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Fig. 7.22. Effect of added series resistance to circuit of fig. 7.19(h). (a) 
Original circuit characteristic; (b) Circuit and characteristic with 
addition of R 2 . 
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zero. Since at the same time i' d =0, it follows that at the break point i = I. But 
if i = I and the voltage across R 1 is zero, then at the break point v = IR 2 . 

Above the break point, with the diode conducting, the slope of the 
characteristic is simply 1 /R 2 . When the diode is not conducting, KVL gives 

v—iRi +/Ri — iR 2 =0 

and so 




v + IR i 


-+- 


*i 


(7.11) 


Ry+R 2 Rt+R 2 Ri+R 2 
From this expression we see that the slope of the characteristic below the 


Fig. 7.23. Development of circuit model for the forward characteristic 
of a real diode. 
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break point is l/(/? t ). For this characteristic to pass through the 
origin, it is necessary that = 0. Then the break point disappears because 
there is just the resistance R 2 across v. 

7.4.4 The real diode 

In contrast to the ideal diode that we have used so far, a real diode 
has a characteristic as shown in fig. 7.23(a). Typical semiconductor diodes 
have resistance of the order of a megohm for reverse voltage so the 
characteristic in the third quadrant is nearly horizontal. When forward 
voltage is applied, current rises exponentially with voltage. 

For many purposes the semiconductor diode may be represented by a 
piecewise-linear approximation having a single break point on the voltage 
axis as shown in fig. 7.23 (b). An approximation that accounts for the small 
reverse leakage current that exists under reverse voltage conditions is shown 
in fig. 7.23(c). 

If the reverse voltage is made sufficiently large, a real diode exhibits 
breakdown, that is, it begins conducting heavily in the reverse direction. Its 
resistance then is of the order of a few ohms. Fig. 7.24 shows a model that 
accounts for breakdown. For most purposes R 2 may be omitted. Then both 
break points will lie on the voltage axis. 

7.4.5 The Zener diode 

The voltage at which reverse breakdown occurs in a semiconduc¬ 
tor diode is termed the Zener voltage. In rectifier or other applications 
based upon the unidirectional conducting properties of the diode, the Zener 
voltage is of interest simply because it specifies the maximum peak inverse 
voltage that the diode will withstand. The Zener diode, on the other hand, is 
a device whose normal mode of operation lies within the reverse breakdown 


Fig. 7.24. Circuit model for the complete characteristic of a real diode. 
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region. Special care is taken in the manufacture of this device to ensure that 
the slope of the characteristic in this region is very steep, that is, that the 
effective resistance is very small (see fig. 7.25). Thus, the voltage remains 
substantially constant over a wide range of operating currents. Inspection 
of fig. 7.25 shows that there is a minimum reverse current, in the region of 
the knee, that must exist in the diode in order for it to operate in the 
constant voltage region. The maximum current is determined by the heat 
dissipating properties of the diode. Zener diodes are available with 
operating voltages between 2 V and 200 V and with power ratings up to the 
order of 50 W. 

The primary application of the Zener diode is that of maintaining a 
constant voltage across a load regardless of fluctuations in supply voltage 
or load currents. A basic circuit used for this purpose is shown in fig. 7.26(a). 
The supply voltage V 0 is large in relation to the load voltage V L so that the 
current through Ri is substantially constant; thus, changes in load current 
/l are reflected in equal and opposite changes in diode current l z . The diode 
current, therefore, swings over a range of values equal to the load current 
variation and, since the characteristic of the Zener diode has a finite slope, 
this produces small fluctuation in the load voltage. Variations in supply 
voltage will also cause the load voltage to vary. We now establish an 
expression, using piecewise-linear analysis, for the variation in V L that 
results from small variations in I L and V 0 . 

Consider the circuit of fig. 1.26(b) in which the Zener diode has been 
modelled by the circuit of fig. 7.18(a). By KVL we obtain 

(Il + Iz)R i + I z R z = ^o~ V z 

and 


1 Z R Z = V L — V z 


Fig. 7.25. Zener diode characteristic. 
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Eliminating I z from these equations gives 




(7.12) 


Now, from the total differential, the incremental change in V L is given by: 

(7.13) 




where A/ L and AK 0 are the incremental changes in load current and 
supply voltage. 

Differentiating (7.12) we obtain 

£ +1 )fi + K ,-0 

Rz / d/L 


and 


*-+ 1^-1 

Rz JdVo 


Hence, by substitution in (7.13) 
AV l = 


R l +R z 


R ' Rz 


Ri+Rz 


(7.14) 


The coefficient of the first term in (7.14) is recognied as the parallel 
combination of R i and R z \ the coefficient of the second term derives from the 
voltage-divider principle. Clearly, AV L is reduced by making 7? 1 |>R Z , in 
which case (7.14) reduces to 


AF l ~-R z A/ l + ^AF 0 

k i 


(7.15) 


Fig. 7.26. Voltage stabilizer circuit incorporating a Zener diode. 



(a) Circuit 


( b ) Piecewise-linear circuit model 
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Expressions (7.14) and (7.15) indicate that Rj should be as large as 
possible in order to achieve good immunity from supply voltage variation. 
The value of R, determines, however, the quiescent operating point on the 
characteristic, and its upper limit will be set by the required load-current 
swing. 


7.4.6 Analysis of piecewise linear circuits 

To analyze a circuit consisting of ideal diodes and resistors, we find 
break points by determining the input-voltage/input-current combination 
that exists as each diode changes from the non-conducting state to the 
conducting state. We then locate these break points on an i-v plane. By 
joining adjacent break points with straight lines we have the desired 
piecewise-linear characteristic of the given circuit. 

Sometimes we may be interested in the output voltage v. input voltage 
characteristic. Once the break points have been determined, this charac¬ 
teristic may readily be found. The procedure is illustrated by the following 
example. 

7.4.7 Worked example 

For the circuit of fig. 7.27(a), find the break points and plot 

(a) the i' in v. v in characteristic; 

(b) the v out v. v in characteristic. 


Fig. 7.27. Circuits for worked example. 
2kO 




(b) 
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Solution 

Because there are three diodes, there are three break points. We find these 
by considering one diode at a time in the order of their subscripts. 

Diode Di : When v 0 < 10 V, D t conducts. When v 0 > 10 V, D, is reverse 
biased and so is not conducting. The first break point occurs at v 0 = 10 V. 
When v 0 = 10 V, D 2 is not conducting, so i 2 = 0. Also, at the first break point, 
ii =0. Therefore, at the first break point, v 0 = 10 V, and 

i'in = t'o = 10/4000 = 2.5 mA 
t! in = 10+ (2.5 x 10“ 3 x 2000)= 15 V 

Diode D 2 : When v 0 <25 V, D 2 is reverse biased and does not conduct. 
When t> 0 >25V, D 2 conducts. When t? 0 = 25V, D t is not conducting, so 
i, =0. The second break point occurs then at v 0 = 25\ and i 2 =0. So 

tj„ = io = 25/4000=6.25 mA, 

r in = 25 +(6.25 x 10“ 3 x 2000) = 37.5 V 

Diode D 3 : Assume Z) 3 is not conducting. Then v 0 is provided by the 10 V 
source in series with D i and v 0 = 10(4/5) = 8 V. For this value oft> 0 , D 2 is not 
conducting so i 2 =0. If v in exceeds 8 V, Z) 3 conducts, but if v in is less than 8 V, 
D 3 cannot conduct. Therefore, the third break point is at i> in = 8V, i in =0. 

We now must determine what happens above the second break point, 
that is, when t; in exceeds 37.5 V. For this condition, D x is not conducting and 
D 2 conducts. We then have the circuit of fig. 7.27(6). By nodal analysis 

Vo-V\ n Vo t) o~25 = 

2 + 4 + 2 

which reduces to 


u o = (0.4y in + 10) 


Then, 


Jin=- 


Vin-Vo t) in -(0.4t) in +10) 


= (0.3t> in — 5) mA 


Therefore, for v in > 37.5 V, the curve v 0 v. t> in has slope 0.4. The curve i in v. r in 
has slope 0.3 x 10' 3 , corresponding to a resistance of 3.3.kQ. 

We now have information from which we may draw the two required 
characteristics. They are shown in fig. 7.28. 


7.4.8 Synthesis of piecewise-linear circuits 

The first requirement for synthesizing a piecewise-linear circuit is 
to decide upon an appropriate linear approximation for the given 
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characteristic of the device or circuit. Then the slopes of the straight line 
segments may be found. The break points are the intersections of these 
segments. By referring to the ‘building blocks’ whose characteristics have 
already been found (figs. 7.17-7.22) we then choose the proper circuits and 
the appropriate values of resistors and sources to provide the required 
break points and slopes. The procedure is illustrated in the following 
example. 


Fig. 7.28. Characteristics of the circuit of fig. 7.27. 



(a) Input characteristic 



( b) Transfer characteristic 
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7.4.9 Worked example 

Given the continuous characteristic of fig. 7.29(a), determine an 
appropriate three-segment piecewise-linear approximation and then design 
a circuit that has the desired characteristic. 

Solution 

The dashed line in fig. 7.29(a) indicates a three-segment linear approxim¬ 
ation that may be taken as an adequate representation of the original 
characteristic. The coordinates of the break points are (0, 0), (F a , Ij and 
(V b , I b ). The synthesis is accomplished by starting at the lowest values of v 
and i and working through successive break points. 

In region I of fig. 7.29(a) the characteristic is a straight line through the 
origin. This is represented as in fig. 1.29(b) by a diode in series with a 
resistor of value 1/A^Q. 

At break-point a, the slope increases, indicating that the total circuit 
resistance has decreased. Therefore, we add in parallel with our original 
D 1 -R l combination a series combination of D 2 , R 2 and V 2 . The ap¬ 
propriate values are: 

V 2 = F a and R i R 2 /(R 1 + R 2 ) = 1/M 2 

Since R { has already been found, R 2 may be calculated. The circuit now is as 
shown in fig. 7.29(c). 

At break-point b, the slope decreases. This means that the circuit 
resistance in region III must be greater than in region II. To accomplish this 
resistance change we use a parallel diode/resistor/current-source combi¬ 
nation as shown in fig. 1.29(d). Here, / 3 = / b and R 3 is chosen so that 

R 3 + R,R 2 /(R l + R 2 )=l/M 3 

The justification for the parallel resistance combination is as follows. As 
long as i < I 3 , there is no current through R 3 , and diode D 3 carries current 
(i —1 3 ). For i> I 3 , some current must go through R 3 . The resulting voltage 
drop across R 3 provides reverse bias for D } and so the diode does not 
conduct and its current is zero. Therefore, for i>I 3 ,R 3 is effectively added 
in series with the parallel combination of Ri and R 2 . 

For design of a practical circuit, we would use the Thevenin -Norton 
transformation to convert the current source I 3 to a voltage source V 3 , as 
shown in fig. 1.29(e). 

7.5 Analytical methods 

The characteristics of many non-linear devices may be expressed 
by means of analytical functions or approximated by power series. In such 
cases the circuit of which they form part may be solved either analytically or 
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Fig. 7.29. Diagrams for worked example: (a) original characteristic 
with three-segment linear approximation; ( b ) and (c) steps in circuit 
synthesis; ( d ) and ( e ) two forms of final circuit. 
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numerically. For example, certain non-linear resistors, consisting of 
crystals of silicon carbide bonded together and fired at high temperature, 
have a voltage-current relationship of the form 

i = kv p (7.16) 

where k and p depend on the nature and physical state of the material. The 
index p usually lies in the range 3-5. If a device of this type is connected in a 
series circuit such as that shown in fig. 7.2, we have by KVL 

Vq = iR + v 2 

But from (7.16) v 2 = v = (i/k) llp hence, 

K„ = iR + (i)'" 


This equation may be solved by numerical iteration using the recurrence 
relationship 


l n +l — 


Fo 

R 



The voltage-current characteristic of a diode may also be expressed 
analytically by the equation 

i = I s (e Kv — 1) (7.17) 

where I s and K are constants dependent upon temperature. (A similar 
equation (the Ebers-Moll equation) relates the collector current of a 
bipolar transistor to its base-emitter voltage.) By expanding the exponen¬ 
tial term in (7.17) as a power series we obtain 


i=I, 


, (Kr) 2 (Kv) 3 

1 + Kv + —- + . 


21 


3! 


or 



Kv + 


(Kv) 2 

2! 


+ 


{Kv) 3 

3! 



(7.18) 


The polynomial formed by taking the first few terms of this expression may 
then be used to obtain an algebraic or numerical solution for a circuit 
incorporating the diode. The procedure is similar to that adopted above for 
the case of the non-linear resistor. 

The characterization of a non-linear device by means of a power series 
provides a powerful tool for the analysis of modulators and frequency 
changer circuits used extensively in communication networks. We conclude 









446 Non-linear circuit analysis 

this section with an examination of the simple circuit shown in fig. 7.30(a), 
which may be used both as a modulator and as a frequency changer. 

When used as a modulator, two sinusoidal signals v c and v m , of widely 
differing frequencies (co c oj m ), are applied to the input. The output is an 
amplitude-modulated wave of the form shown in fig. 7.30(h). The signal at 
the higher frequency is called the carrier, while that at the lower frequency is 
the modulating signal. From fig. 7.30(h) it is evident that the instantaneous 
value of the modulated wave is 

Vq = F c sin toj + ( V m sin<w m f)sinco c t (7.19) 

We now show that this form of output arises directly as a result of the non¬ 
linearity of the diode characteristic. 


Fig. 7.30. Modulator (frequency changer) circuit. 




(h) Output waveform of modulator 
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The two input signals, together with a d.c. bias voltage V, which ensures 
that the diode operates in an appropriate region of its characteristic, are 
applied to the diode and resistance connected in series. If R is made 
sufficiently small, substantially the whole of the voltage (F+n m + i; c ) 
appears across the diode, and the current in the circuit may be described by 
an expression of the form (7.18). Thus, the voltage developed across R may 
be written: 


VR — a(V + u m + t; c ) + h(I / + t? m + n c ) 2 +. . . (7.20) 


where a and b are constants. For our present purposes the first two terms of 
(7.20) are of interest; when these are expanded we obtain: 

v R = a V + av m + av c + bV 2 + 2bVv m + 2b Vv c + bv m 2 + 2bv m v c + bv 2 

(7.21) 


If 


then 


and 


v m = TmSinoj m t and v c = F c sin co c t 


V 2 

Vm 2 = f / m 2 sin 2 W m t=-^(l — COS2ft> m f) 


v 2 = T c 2 sin 2 co c f = ~~ (1 - cos2 co c t) 


Also 


v m v c = T m T c sina> m tsinoj c r 


V m V Q 

- — [cos(a> c - co m )t - cos(o> c + w m )t] (7.22) 

Substitution of these expressions in (7.21) followed by regrouping of terms 
gives 


, , bV m 2 bV 2 
i> R = aV+bV 2 +-^-+~- 

+ (a + 2bV)V m sinoj m t + (a + 2b K)F c sincu c t 

bV m 2 „ bV 2 „ 

- — cos2 co m t -— cos2 coj 


+ bV m I / c cos(oj c -co m )t-bV m V c cos(co c + cojt 


( 7 . 23 ) 
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Now, the voltage v R is applied to the input of a filter which takes the form 
of a resonant circuit tuned to the carrier frequency co c . This tuned circuit is 
designed to pass frequencies at, or close to, co c and reject all others. The first 
four terms of (7.23) constitute a d.c. component and are rejected, as are the 
terms in co m and 2 u> m , which lie well below the pass band. The terms in 2co c 
lie above the pass band and are likewise rejected. The sum and difference 
frequencies, however, lie close to co c (because <w c 5>co m ) and are passed. The 
output voltage (assuming that amplitudes are unmodified by the filter) is 
then 


v ou, = (a + 2bv) F c sinw c t + bV m F c cos(co c -co m )t-bV m V c cos(co c + wjt 
But by (7.22) this may be written as 

v om = (a + 2bV) F c sin<w c f + 2b V m F c sinw m (sinoj c t 

which is an amplitude modulated wave of the form (7.19). 

As mentioned above, the circuit of fig. 7.30(a) may also be used as a 
frequency changer. A common application of frequency changing, is to be 
found in the superheterodyne receiver. In this case the received radio 
frequency signal is applied to the circuit together with a signal generated by 
a ‘local’ oscillator within the receiver. The frequency of the local oscillator is 
arranged to be close to that of the received signal so that their difference is 
much lower than the frequency of either. If in fig. 7.30(a), v c is the received 
signal and v m is the local oscillator signal, then (a> c —co m ) <oj c . The filter is 
tuned to the frequency (<u c — <y m ), and all terms in (7.23) other than the term 
in (cu c — co m ) are rejected. Thus the frequency cn c of the received signal is 
changed by the circuit to the lower frequency (co c —co m ). It may be shown 
that if the received signal is amplitude modulated, then the difference 
frequency is similarly amplitude modulated. 

Practical modulator and frequency changing circuits utilize transistors 
rather than diodes, but the underlying principles of operation remain the 
same. 


7.6 Rectifier circuits 

7.6.1 Half-wave rectifier 

A diode is often used as a rectifier to convert alternating voltage to 
unidirectional voltage. In fig. 7.31(a), the alternating voltage v = T m sincot is 
applied to the series combination of a diode and a resistor. If the diode is 
ideal, then during each positive half cycle of v the diode conducts and there 
is current in the circuit. The input voltage, the voltage across each element 
and the current are shown in fig. 7.31 (b) as functions of time. The single 
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Fig. 7.31. Half-wave rectifier: (a) circuit using ideal diode; (b) wave¬ 
forms for circuit (a); (c) circuit using real diode modelled by ideal 
diode and a resistance; ( d ) waveforms for circuit (c). 
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diode is a half-wave rectifier, providing current in the load R that is always 
in the same direction and that exists for half of each cycle of the input 
voltage. 

We have seen that a real diode may be modelled in several ways 
depending upon the importance of such factors as forward voltage drop, 
forward resistance, reverse current and reverse breakdown voltage. In most 
rectifier applications we need consider only the forward resistance and the 
reverse breakdown voltage. (If the amplitude V m of the input voltage is very 
small, the forward voltage drop may cause a significant decrease in the 
fraction of a cycle during which the diode conducts, because the diode 
current will be small until the applied voltage exceeds the diode forward 
voltage drop.) 

The forward resistance of the diode often must be included when 
calculating the load current. If the diode is to act effectively as a rectifier, its 
reverse breakdown voltage must exceed by a safe margin the maximum 
signal voltage that appears periodically as a reverse voltage across the 
diode. In specifying diodes for rectifier service it is appropriate to state the 
required power dissipation (which may be calculated from the r.m.s. current 
and the forward resistance) and the peak inverse voltage (PIV) that one 
expects to apply to the diode. 

An appropriate model for the half-wave rectifier is as shown in fig. 
7.31(c). Voltage and current waveforms are shown in fig. 7.31(d). The 
instantaneous current is 

i = / m sincof v > 0 

i '=0 c <0 

where 

I m = VJ(r d + R) 

The average value of this current is of interest because it is what a 
d’Arsonval type ammeter would indicate if it were included in the circuit. 

(* 772 

hv=~ / m sincofdf=— (7.24) 

T Jo n 

To calculate the power dissipated in the diode resistance and the power 
delivered to the load we must find the effective (r.m.s.) current 

fi r T12 1* / 

/= ~ / m 2 sin 2 cuf df (7.25) 

The power rating of the diode then must be at least 

d i2 I m ?d 

P-, 


(7.26) 
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A simple half-wave rectifier may be used to charge a storage battery. The 
fact that the current amplitude is not constant is immaterial; we are 
interested only in the total charge that passes through the battery. This total 
charge and the battery voltage together determine the amount of energy 
supplied and stored as chemical energy in the battery. 

7.6.2 Worked example 

It is necessary to charge ten 12-volt automobile batteries. Design a 
half-wave circuit using a diode with 1Q forward resistance that will provide 
an average charging current of 1 A. (Assume the battery has negligible 
internal resistance.) 

Solution: The batteries must be connected in series in order to ensure that 
all have the same charging current. We must determine: 

(1) the amplitude of the supply voltage; 

(2) the maximum current; 

(3) the power dissipated in the diode; 

(4) the peak inverse voltage (PIV) rating of the diode. 

The circuit is shown in fig. 7.32(a). Calculations are simplified if we use 
v = F m cos<wr. We saw that for a resistive load there is current during the 


Fig. 7.32. Diagrams for worked example: (a) circuit; ( b ) definition of 
conduction angle. 
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whole positive half cycle. Now, however, the bank of batteries provides a 
reverse bias of 120 volts and there will be current only when v> V B = 120 V. 
So 


i=— (F m cosa>f— F B ) 
r d 


(7.27) 


It is convenient to define a conduction angle 26 that represents the fraction 
of each positive half cycle during which the diode conducts; this is shown in 
fig. 7.32 (b). We use the given information, / av = 1 A, to calculate V m . From 
(7.27), using r d = lfl, 


/ 


av 


l 

2k 


(F m coscnt — 120)dcof 


=-(F m sin0-12O0) = lA (7.28) 

K 

Also from (7.27) the equation for the angle 9 is 
F m cos0- F b = 0 


or, 

V R 

V =—— 
m cos 9 

Hence, (7.28) becomes 

— (tan0-0)=l 
n 

To find 9 we use the approximation, valid for small angles, 

tan(9 = 0 + (l/3)0 3 

These two equations give, 

0=0.43 radians = 24.6° 

Then, cos0 = O.91 and V m = 120/0.91 = 132 V. 

The maximum current is / m = (132 — 120)/l = 12 A. 

To find the power dissipated in the diode we must find the effective 
current. 


/ = 


1 

2 n 


V m cosoit- V B 
r d 


d cot 
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This integral may be evaluated using the approximation coscp — 1 — 
and the relation V B = F m cos0. Then 



When the integration is performed and the limits substituted, the result is 



The power dissipated in the diode is / 2 r d , so, 

P diode = (2/15 tt)(132) 2 (0.43) 5 = 10.87 W 

The maximum reverse voltage across the diode is F m +F B = 252V. 
Therefore, the PIV rating of the diode must be greater than 252 V. 

7.6.3 Full-wave rectifier 

There are a few applications, such as the battery charger of the 
previous example, where the pulsating unidirectional current supplied by 
the half-wave rectifier is satisfactory. We shall see in a later section (7.9) how 
filters may be used to modify the output waveform of the half-wave rectifier 
and make the voltage more nearly constant. Filtering of the output voltage 
to get a constant value is easier if the output voltage does not remain zero 
for half of each input cycle. A full-wave rectifier utilizes both the positive and 
the negative halves of the alternating input voltage. 

There are two common full-wave rectifier circuits. The first uses two 
diodes and requires a transformer with a centre-tap (see fig. 7.33(a)). During 
half of the a.c. cycle, n, and v 2 are positive. Then diode is forward biased 
and conducts while D 2 is reverse biased and is off. During the other half 
cycle, D 2 conducts and is off. Regardless of which diode is conducting, 
the voltage drop across R is always of the polarity shown in fig. 7.33(a). The 
total secondary transformer voltage and the current in the load are shown 
in fig. 7.33(h). In this circuit only one diode is conducting at any instant, so 
the resistance of only one diode must be considered in calculating the 
current. The peak inverse voltage is V m . 

The bridge rectifier shown in fig. 7.34 gets its name from the fact that the 
arrangement of circuit elements resembles the bridge used for measuring 
resistance or impedance. It requires four diodes but does not need a centre- 
tapped transformer. In fig. 7.34, D x and Z) 3 conduct during one half cycle 
while D 2 and D 4 conduct during the other half cycle. 

The output voltage waveform of the bridge circuit is identical with that of 
the full-wave rectifier. An advantage of the bridge circuit is that the inverse 
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Fig. 7.33. Full-wave rectifier: (a) circuit; (f>) waveforms. 





(b) 


Fig. 7.34. Bridge rectifier. 
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voltage is across two diodes in series so the PIV rating of each diode is half 
that required for the standard full-wave arrangement. The bridge circuit 
can be connected directly across the power line. Such a connection can be 
dangerous, however, since neither side of the load can then be grounded 
(because one side of the power line normally is grounded). Because the 
bridge circuit uses two diodes in series, an additional voltage drop appears 
in the circuit. This usually is not significant. The effective value of the load 
current is the same as has already been calculated for sinusoidal alternating 
current, that is, / = The average value of the full-rectified current 

wave is 



7.7 Thyristor circuits 

With either a half-wave or a full-wave rectifier one may vary the 
average current supplied to a given load by (1) controlling the amplitude of 
the alternating voltage supply or (2) including a variable resistor in series 
with the load. The first method requires a variable transformer and the 
second is wasteful of energy. Another method of controlling the load 
current employs the controlled rectifier. The controlled rectifier is usually 
fabricated of silicon and so is often called, particularly in the U.S.A., a 
silicon controlled rectifier, abbreviated SCR. In the U.K. the term thyristor is 
more frequently used. 

The two-terminal diode conducts whenever the anode is positive with 
respect to the cathode. The thyristor is a diode in which a voltage applied 
between a third terminal (the gate) and the cathode can affect the forward 
conducting characteristic (fig. 7.35(a)). The characteristic between anode 

Fig. 7.35. Characteristic for a thyristor. 



( h ) Characteristic 
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and cathode of the SCR when the gate-cathode voltage is negative has the 
form shown in fig. 7.35(h). Unless the anode-cathode voltage exceeds V A 
the diode current is insignificant. The dashed line represents an unstable 
region. When the anode-cathode voltage exceeds V A , the diode suddenly 
becomes fully conducting, the voltage drops sharply, and the current 
increases, being limited by whatever external resistance there is in series 
with the diode. The device now behaves like an ordinary two-terminal 
diode. Current continues until the anode-cathode voltage is reduced to 
zero. 

For most practical applications, however, the thyristor is chosen so that 
the anode-cathode voltage will not exceed V A . The diode is instead made to 
conduct by driving the gate positive with respect to the cathode by an 
amount sufficient to cause a trigger current of a few milliamps to flow in the 
gate circuit. This trigger current initiates forward conduction in the diode. 
In contrast with the turn-on process, the traditional thyristor can be turned 
off only if there is a negative gate current comparable in magnitude to the 
forward diode current. So it has been customary to say that, practically, 
once the diode conducts the gate loses control and conduction ceases only 
when the anode-cathode voltage drops to zero. Recently, however, there 
has appeared a controlled diode which can be turned off by a negative gate 
current of the order of 1% or less of the diode current. Such a device 
increases the possible applications of the thyristor. 

Fig. 7.3 6(a) shows a thyristor circuit in which the gate is used to control 
the average current in the load of a half-wave rectifier. As shown there, the 
gate is connected through resistor R to the same side of the power line as the 
anode. During the negative half of the input voltage cycle the diode D 2 in 
the gate circuit is reverse biased and cannot conduct. As the input voltage 
enters its positive half cycle, D 2 conducts, the gate-cathode voltage 
becomes positive and the gate current increases. For a particular value of R 
the input voltage must reach a specific amplitude in order to furnish the 
required trigger current that initiates conduction in the diode. The larger R, 
the later in the positive half cycle conduction begins. It is apparent that if 
conduction has not occurred by the time the input voltage reaches its 
maximum value, conduction cannot occur at all. Thus, by varying R we 
may reduce the average load current smoothly from its maximum value to 
one-half the maximum value, but no lower. The circuit of fig. 7.36 is said to 
provide a ‘retard angle’ that can lie between zero and 90 degrees. Fig. 7.36(6) 
shows the currents and voltages when R is chosen for an angle of 45°. 

Smooth control of the load current over almost the full range from zero 
to its maximum value may be achieved by phase control of the gate voltage. 
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Fig. 7.37(a) shows a half-wave rectifier using a thyristor. Now the gate 
voltage comes from the power line through an RC phase-shift circuit. When 
the thyristor is not conducting, the voltage V G . K depends upon R and C: 



IS 


1/j coC + R ,n 1+j coCR V[l + (coCfl) 2 ] 


where 9= — tan _1 (RcoC). Thus, V GK lags V m and there can be no gate 
current until V G K becomes positive. The maximum angle of lag (90°) is 
approached as (coCR) becomes much greater than 1.0. 

Now R both adjusts the phase of V a . K and limits the gate current. Fig. 
7.37(b) shows the case where R is set for 8= -45°. There is an additional 
delay in onset of thyristor conduction as the gate current rises to the 
‘trigger’ level. Even after R has reached a value such that -90°, further 
delay in ‘firing’ is achieved by further increase in R. In a practical case, R 
may consist of a small fixed resistor in series with a variable resistor, so that 
the gate current is always held to a safe value. 

Fig. 7.36. Gate current control of a thyristor. 
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Fig. 7.37. Phase control of thyristor: (a) circuit; ( b ) waveform for 45° 
phase angle; (c) waveform for 90° phase angle. 
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In addition to providing control of average rectified current in a load, the 
circuit of fig. 7.37(a) finds application in dimming circuits for incandescent 
lamps and in the control of the speed of fractional horsepower motors 
(those used in hand-held electric drills, for example). Wider range of control 
in these applications is achieved by use of the triac, a three terminal device 
that exhibits identical bidirectional conduction and control characteristics. 
Its characteristic in either direction is the same as that of the thyristor. Fig. 

7.38 shows the triac connected in a full-wave control circuit. The drive for 
the common gate is obtained from a phase shift circuit as in fig. 7.37(a). 
Note that diode D 2 in fig. 7.37(a) has been replaced by resistor R 2 because 
now the gate must carry current in both directions. 

Because it is a bidirectional device, the triac does not function as a full- 
wave rectifier. However, this may be achieved by using two thyristors in 
place of the conventional diodes of fig. 7.33(a). Such a circuit is shown in fig. 

7.39 where each gate is supplied from a separate phase-shift circuit. The two 
phase-shift resistors may be identical and may be mounted on the same 
shaft so that a single knob controls both. Usually it is desirable to have the 
two diodes conduct for equal fractions of the positive and negative half 
cycles. 


Fig. 7.38. Triac with phase control. 


Load 




R 



Triac 



C 


Fig. 7.39. Full-wave rectifier using phase-controlled SCRs. 
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7.8 Fourier analysis of periodic waves 

7.8.1 Fourier expansion 

Periodic non-sinusoidal waveforms are encountered in many 
branches of science and engineering. The rectifier circuits that have been 
discussed in the preceding sections, for example, give output voltages that 
are periodic but non-sinusoidal. The techniques of a.c. circuit analysis, 
introduced in chapter 3, apply only to sinusoidal waveforms and we cannot 
employ them directly to find the response of a circuit to a non-sinusoidal 
waveform. We can, however, transform the problem so that such techniques 
are applicable. 

By means of Fourier analysis a periodic, non-sinusoidal function may be 
expressed as a series containing a constant term together with a number of 
sinusoidal terms. The response to each component term of the series may be 
found using standard techniques. Provided the circuit is linear, the response 
to the original function may then be obtained from the superposition of the 
separate responses. This approach to the analysis of circuits is of great 
power and generality. 

As an introduction to Fourier analysis consider fig. 7.40(a), which shows 
a constant and several sinusoids whose frequencies are integral multiples of 
the lowest frequency shown. In fig. 7.40(h) we have plotted the algebraic 
sum of the functions of time shown individually in fig. 7.40(a). The sum is a 
periodic but non-sinusoidal wave whose period is the period of the lowest 
frequency in fig. 7.40(a). The waveform of fig. 7.40(h) may be written as the 
sum of its components 

f(cot)=fi +/ 2 +/ 3 +/ 4 = 1 + 3sina)t + lsin2cof — ^sin3cot (7.29) 

This expression illustrates the following general statement: within certain 
limits of finiteness and continuity that always are met in practice, periodic 
functions may be expressed as infinite series of the form: 

CIq 

/(cut)=—+ (aicoscot + hisincut) + (a 2 cos2cut + h 2 sm2cuf) -I-... 

+ (a„cosna>t + b„sinna>t) + . . . (7.30) 

The series in (7.30) is the Fourier series, or the Fourier expansion, for /(cut), 
and the a„ and h„ are the Fourier coefficients. 

Equation (7.30) may also be written more compactly as 

/(cut)=—+ £ (a„cosncut + h„sinmut) 

2 „= i 


(7.31) 



Fourier analysis of periodic waves 


461 


or in the alternative form 


a<) ^ 

f(oJt)=~+ £ K n cos(ncot + 4> n ) 

^ n= 1 


n= 1 


(7.32) 


where 


K n = V( a „ 2 + b n 2 ) and = tan 1 



Since the average value of each sine or cosine term in the above equations is 
zero, it follows that the term a 0 /2 must be the average value of/(cot). The 
term /^cos^f + in (7.32) is called the fundamental or first harmonic and 
has the same period as the original function. The nth term in the summation 
is the nth harmonic; its frequency is n times the fundamental frequency. 

Interpreted as a periodic function of voltage, (7.32) may be written as 

v(a>t)= V 0 + V 1 cos(ci)t + <j) l )+ V 2 cos(2cot + </> 2 )+ • ■ • 

+ F„cos(ncof+ </>„) + . . . 

Fig. 7.40. Addition of sinusoids. 
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In this expression V 0 ( = a 0 /2) is the average value or d.c. component of the 
waveform; V„( = K n ) is the amplitude of the nth harmonic ( 9 n = V^j2, 
where V„ is the r.m.s. magnitude), and 4> n is the phase of the nth harmonic.* 

The Fourier expansions represented by (7.30) and (7.32) are infinite 
series. In many cases of practical interest in electrical engineering the 
amplitudes of the terms in the series decrease rapidly as the order of the 
harmonics increases, and often the first three or four terms will provide a 
satisfactory representation of the original function. 

The process of Fourier analysis consists essentially in finding the 
coefficients a„ and b n . This process is somewhat simplified if we express the 
variable of the given function in terms of angle rather than time. In the 
following theory we shall therefore, where appropriate, put cot = 9. In this 
case (7.31) becomes 

/(0) = -y-+ X (o„cosnd + b„smn6) (7.33) 

To obtain an expression for a„, let the function f{9) be defined over one 
complete period, conveniently over the range -n<9<n. Multiply both 
sides of (7.33) by cosmfldfl (where m is an integer not equal to zero) and 
integrate between the limits - n to n. The resulting expression will contain, 
on the right-hand side, integrals of the form: 

j cosnOcosmQ d6 = n for m = n 
J-it =0 for m^n 


and 


simdcosm9d9=0 for all m and n 


(The values of these integrals for the given m and n may be confirmed by 
simple integration.) We see that this procedure eliminates all terms except 
the one containing a„, hence, 


f(6)cosn9 d6 = a„n 


or 


a 


n 


n 


f(9)cosn6d6 


(7.34) 


* The notation V (rather than F m ) to denote amplitude avoids the confusion of 
subscripts in Fourier analysis. 
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We have previously noted that a 0 /2 is the average value of f(9), therefore, 



or 



From this we see that a 0 also can be found from (7.34) for the special case 
n= 0. (Note that this result is obtained because we have expressed the first 
term of the series as a 0 /2, not simply as a 0 .) 

A similar procedure allows us to find b„: multiply (7.33) by sinmddf? and 
integrate from — n to n. Again all terms on the right-hand side of the 
resulting expression vanish except that containing b n . The result is: 



(7.35) 


For purposes of evaluating a n and b„, any point on the periodic function f{9) 
may be taken as the origin of time or angle. The amplitudes of the 
harmonics (represented by K„ = J(b n 2 + a„ 2 )) depend upon the form of the 
original function and are independent of the choice of origin. The phase 
angle </>„, however, will depend upon the location of the origin. The above 
statements are equivalent to saying that it is sometimes possible to choose 
the origin so that either all the a„ or all the b„ in (7.31) are identically zero. 

Equations (7.34) and (7.35) are useful only when: (1) we have an explicit 
expression for the original function f(9), and (2) we can perform the 
integrations indicated by the equations. These conditions are met for a wide 
variety of waveforms encountered in electrical engineering practice. 

7.8.2 Worked example 

Derive the Fourier expansion for the square wave (fig. 7.41(a)) 
defined by 

v(COt)=-V — 7T < (Uf < 0 


= + V 0<cot<n 


Solution 

Let cot = 6, then, by (7.34), 
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Fig. 7.41. Diagrams for worked example: (a) square wave; (6) Fourier 
components; (c) line frequency spectrum. 
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V 



rut 


=0 


and, by (7.35) 


if 0 1 r 

b„=— (— V)sinndd9-i —| ( +F)sinn0d0 




mi 


rut 


= — (1 — cosnn) 
rut 



n even 


n odd 


Hence, using (7.33) 

4V 00 1 

d( 0)=— V -sinnO n odd 

« n=\ n 

In expanded form, the representation of the square wave is (with 0=cot) 


v(cot) = —[sinrnf+^sin3<yt+3sin5cut + . . .] 


(7.36) 


n 


We observe that there are no even harmonics. It is true in general that there 
are no even harmonics when the function has identical positive and 
negative parts, that is, when f(u>t)= —f((ot+jcoT). 

Fig. 7.41(h) shows a partial sum of the first three terms of the expansion 
(7.36); the resulting wave is already a good approximation to the original 
function. Increasing the number of terms improves the approximation; in 
particular, the slope of the transitions between positive and negative values 
is increased.* But it must be remembered that real pulse waveforms, for 
which the square wave is an idealized representation, possess finite 
transition times and it is, therefore, unnecessary to include more terms in 

* In the case of the square wave an infinite number of terms will not produce a 
perfect representation. A detailed mathematical treatment shows that the 
infinite Fourier series (7.36) is not uniformly convergent and that there is 
appreciable overshoot (about 18%) at the discontinuities between positive and 
negative values. This result is known as the Gibbs phenomenon (see reference 
14 ). 
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the Fourier representation than is warranted by the transition times 
occurring in the real waveforms under consideration. 

An informative way of displaying graphically the relative amplitudes of 
the harmonics in a waveform is by means of the line frequency spectrum. 
This is shown for the first few terms of the square wave in fig. 7.41(c). 


7.8.3 Odd and even functions 

It is often possible to choose the origin so that the wave being 
analyzed is symmetrical about cot = 9=0. If the symmetry is such that f(9) is 
an even function (that is, f(6) =/( — 9)), all the b„ are zero. Furthermore, 
integration from — n to 0 gives identical results to integration from 0 to n. 
To find a„ in this case, therefore, it is convenient to change the lower limit in 
(7.34) to zero and double the result. When this is done, we obtain/or an even 
function : 


a„=- 


f(9)cosn9 d9 


(7.37) 


and 


f(6) = ~-+ Z a„cosn9 

Z n= 1 


(7.38) 


If the wave is an odd function {f(9) = —/(- 9)), then all the a n are zero and, 
again, similar remarks apply concerning the interval of integration. In this 
case we obtain for an odd function: 

2 f” 

b„=- f(9)sinn9d9 (7.39) 

ttjo 


and 


f(9) = z b„sinn9 (7.40) 

n= 1 

The square wave of section 7.8.2 was an example of an odd function 
resulting in an expansion containing only sine terms. It should be noted 
that iff(9) is even, the amplitude of the nth harmonic is K n = a n ; iff(9) is odd, 
then K n = b„. 

7.8.4 Worked example 

Find the Fourier cosine series and Fourier sine series for a 
triangular waveform of current having peak values ± / and period T. 
Solution: The function of current i(cot) is shown in figs. 7.42(a) and ( b ) where 
co = 2n/T. In fig. 7.42(a) the origin has been chosen so that the function is 
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even; thus, all b„ in the expansion are zero and we obtain the Fourier cosine 
series. 

Let cot = d, then, in the range 0 < d < n, the slope of the function i(9) is 21 jn 
and the intercept on the vertical axis is — /. The function may therefore be 
described by 



Occur <7i 


The coefficients a n are given for an even function by (7.37), which in this case 
becomes: 

21 [*(29 \ 

a n =—-1 cosnddt? 

n Jo \n ) 



21 2 


71 7C 


Because of symmetry about the horizontal axis the second integral in this 
expression is obviously zero. The first integral is readily evaluated using 
integration by parts (putting u = 9; dt> = cos nd). This gives 



Therefore, 


fO 


n even 


a n = \ - 8 / 


n odd 


Fig. 7.42. Diagrams for worked example: triangular wave. 
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So the Fourier cosine series for the triangular wave is (with 9 = cat) 


, 8/ 
i(cat) = —2 
n 


coscat +^cos3ft)t + ^cos5cot+ . . 


(7.41) 


To find the Fourier sine series we choose the origin as shown in fig. 
n 

7.42 (b). In the range 0 <6<~ the slope of the function is 21/n, while in the 

71 

range - < 6 < n it is — 21/n, hence, the current is described by: 

i(0 )=—9 O<0<? 

71 2 

i(e) = I-~(d-^]=—(n-9) ^ <e<Tt 

n \ 21 n 2 


The coefficients b„ are given for an odd function by (7.39): 

fit/2 2 C” 

0sinn0d0+- (n — 0)sinn0d0 


b„ = - 


21 


2 

UUo 


Integration by parts (putting u = (n — 9);dv = sin n9, in the second integral) 
gives 

sinn — 

2 

n even 

n = 1, 5, 9 . . . 
n = 3, 7, 11 . . . 



Hence, the Fourier sine series for the triangular wave is 


v > 8/ 

l(cUf) = —j 

71 


sin<yf--sin3(uf+ —sin5cot + . . . 
9 25 


(7.42) 


Comparing (7.41) and (7.42) we see that in the cosine series all terms are 
of the same sign whereas in the sine series terms alternate in sign. The reason 
for this will become apparent if the first three terms of the series for this 
wave are sketched out for a full period of the fundamental (in a fashion 
similar to that shown in fig. 7.41(h) for the square wave). It will be seen that 
a shift in the origin of n/2 (fig. 7.42) changes the terms in the summation 
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from cosine to sine and at the same time changes the signs of the first and 
fifth harmonics leaving the third harmonic unchanged. 

Mathematically (7.42) may be derived from (7.41) using the relationship 


cos nO = sin ^—nd J= — sin yn9 —^ J. A phase shift of n/2 (corresponding to 

a shift in the origin of jt/2) referred to the fundamental, corresponds to a 
phase shift of nn/l referred to the nth harmonic. Hence the nth term of the 
cosine series transforms to 



7i n 


71 

sin 

nd—— + n— 

L 2 2j 

a 

'53 

1 

II 

n6 + (n- 1)- 


For 


n = 1 cost)-* — sind 

n = 3 cos30-> — sin(30 + rc) = sin30 

n = 5 cos5 6-* -sin(50 + 27i) = — sin50 etc. 

The series for the triangular wave converges more rapidly (as 1/n 2 ) than 
does the series for the square wave. The difference in the rates of 
convergence is related to the fact that the square wave is discontinuous 
whereas the triangular wave is continuous but has discontinuous derivat¬ 
ives. In general, the smoother the original wave the more accurately it can 
be represented by a few terms in the series. The square wave requires higher 
harmonics to fill in the corners. 

Observe that in both examples the constant term is zero. This could have 
been predicted from the fact that in both cases the positive and negative half 
cycles are identical and so the average value of the wave is zero. 


7.8.5 Fourier expansion for rectifier output 

Of particular interest are the Fourier expansions for the output 
voltages of half-wave and full-wave rectifiers. 

(a) Half-wave rectifier. For convenience the amplitude of the output 
waveform (fig. 7.43) is taken to be unity. We choose the origin where the 
voltage is maximum, which results in an even function so that all the b n are 
zero. The a„ are derived from (7.37). 

2 r 2 r 

a n —— f(9)cosnd dd =— cosdcosnOdO (7.43) 

rr Jo rc Jo 

Integration of (7.43) is accomplished by making use of the identity 
cos^cosB = i[cos(X + B)+cos(4-B)]. The result is: 

2 nn 

-t-COS — 


a , 


(7.44) 
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Now 


Ml 


cos—- = 



n odd (n # 1) 
n = 2, 6, 10 . . . 
n =4, 8, 12 . . . 


For n = 1, (7.44) is indeterminate; therefore, we return to (7.43) which, with 
n = 1, becomes 


2 

a i =~ 

n. 


•n/2 


cos 2 0d0 


This, after integration and substitution of limits, gives a x The other 
coefficients, including a 0 , are evaluated using (7.44). The Fourier expansion 
for the half-wave rectifier output is then (with 9 = cot) 


f((ot)=~ 


n 2 2 

1 +—cos cut +— cos2cot——cos4cof + • 


(7.45) 


(b) Full-wave rectifier. We choose the origin as shown in fig. 7.44. Here 
again the wave is an even function and so there are no sine terms. From 
(7.37) 


a„=- sin0cos(n0)d0 

n Jo 


1 

rcLJo 


i" 


sin(l +n)0d0+ sin(l — n)6d8 


[cos(l + n)ft— 1]+ ^ [cos(l —n)n — 1] 


7t( 1 +n 


n{\ — n) 


When n is odd, both terms in the brackets are zero. When n is even, each 
bracket has the value —2. Therefore, 


4 

a " 7t(l— n 2 ) 


Fig. 7.43. Half-wave rectifier output represented as an even function. 
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The Fourier expansion for the full-wave output is then 


f(03t)=~ 

n 


2 2 2 

1 ——cos2 cot — — cos4cut——cos6o>t 
3 15 35 


(7.46) 


7.8.6 Expansion of functions of time 

Sometimes it is convenient to specify waveforms as functions of 
time rather than of angle. In this case the expressions for the Fourier 
expansion take a slightly different form. 

For a periodic function f(t)=f(t + T) we may put o)t = 2nt/T in (7.31) to 
give 


_ . a 0 £ / 2 met . 

f(t) = y+ 1 I a„cos — + b„sm ^ 


. 2 nnt\ 

— ) 


(7.47) 


Since n, the half-period in angle, corresponds to T/2 in time, (7.34) and 
(7.35) become 


«„=- 


r /2 


» . 2nnt , 
/(t)cos ——— dt 

T/2 1 


(7.48) 


and 



('T/2 

/(t)sin 

J- r /2 



(7.49) 


These equations allow one to evaluate the Fourier coefficients directly in 
terms of time; however, they are usually more cumbersome to use than the 
corresponding equations (7.34) and (7.35) in terms of angle. For this reason 
it is usually preferable in a practical problem to specify functions in terms of 
angle. 


7.8.7 Complex exponential form of Fourier series 

The Fourier series expansion (7.31) or (7.33) may also be written in 
terms of the complex exponential. This approach to Fourier expansion is of 
particular importance in the theory of communication networks. 


Fig. 7.44. Full-wave rectifier output represented as an even function. 
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The pair of general terms in (7.33) may be written as 


gjntf_|_g-jn0 gj nO _g-jn0 

a n cosnd + b„sin>i9 = a n ---1- b n - 


J2 


a "~) b n,M , °n+ ) b »-i 


„ - e jnfl + „ 

2 2 

Now if we define complex coefficients 


j nO 


(7.50) 


then the expansion (7.33) may be written 


/(0) = c<>+ f (c„e j " 0 + c-„e-j" fl ) 

n = 1 

where c 0 = a 0 /2. 

This expression may, by allowing n to have all integral values from — oo 
to + oo, including zero, be written in the compact form: 


f{6)= X c„eJ” 6 

n = — x 

By combining (7.50) with (7.34) and (7.35) we obtain 


(7.51) 


c„ = 


an-) b 1= J_ 

2n 


J 


/(O)cosn0d0 —— 

n 2 71 


271 


f(d)sinn9d6 

: 

/(0)(cosn0-jsinn0)d0 


or 

n 

f(6)c-' >ne de (7.52) 

— n 

It may be shown that this equation holds for all n, positive, negative and 
zero. 

Although (7.52) provides a direct method for deriving the coefficients c„, 
in practice it is usually easier to evaluate a n and b„ and then to derive c„ from 
(7.50). 

The Fourier series expansion in the form (7.51) may be interpreted in a 
mathematical rather than a physical sense, as a series containing terms of 
both positive and negative frequency. The individual harmonic com¬ 
ponents of the trigonometric Fourier series are, however, composed of pairs 
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of terms from the positive and negative sequences, as will be appreciated if 
the coefficients c n are expressed in terms of the amplitudes and phases of the 
harmonics. In the form (7.32) (with cot = 6) the Fourier expansion is 

M = ~+ £ K n cos(n6 + </>„) (7.32) 

^ n= 1 

where: 


amplitude of nth harmonic K n =J(a„ 2 +b n 2 ) 


and 


phase of nth harmonic </>„ = tan" 


-b r 


From (7.50) and (7.32) we have 

c n = a -^^(a 2 +b 2 )^^^ 


^=y (fl . 2+ fc. 2)e -^=^e-^ 


(7.53) 


The sum of the two terms corresponding to the nth harmonic in the series is, 
therefore 


c„e J " 8 + c- 


IS 

~jnd_ _» ^gj(n^+<^n)_j_g-j(n0+</»n)j 


= K„cos(n9 + (j)„) 


Thus, the sum of pairs of negative and positive frequency components 
contained in the complex exponential series corresponds to one harmonic 
component in the trigonometric series. We observe also, from (7.53) that the 
amplitude of each coefficient of the pair of terms is half that of the 
corresponding coefficient in the trigonometric series, that is, 


c n 



(7.54) 


The magnitude of the phase angle is the same in both complex and 
trigonometric series. 

As an example of the application of the complex form of Fourier series, let 
us consider again the square wave of amplitude ± V shown in fig. 7.41 and 
analyzed in section 7.8.2. The origin was chosen so that the wave was an odd 
function thus giving a„=0. The coefficients b„ were found to be 
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b„ = 


4V 

nn 

0 


n odd 


n even 


Therefore, from (7.50), 

-j 4V 

c„=^-= -J — 

2 nn nn 


j 4F 


2V 

nn 

2V 


n odd 


c-„ = ~—=+J- 
2 nn nn 


The complex Fourier expansion is then, from (7.51), 

oo 2V 

A<ot)= I -j — e J "“' 

nn 


2V . z.v 

= ...+j—e —e _(_j—Lg J"" 

5n 


,2V 

— i 

3 n 


,2V 

n 


JV 2V 2V 

-j —e jM, -i — e j3< ’"-j — e j5 “" 
n 3n 5n 


(7.55) 


It is seen that the phases of the complex coefficients c„ and c_„ are -90° 
and + 90° respectively. Amplitude and phase spectra are plotted in fig. 7.45. 
Plots of this type find application in the theory of communication networks. 
In fig. 7.45(c) amplitude and phase information has been combined in a 
single diagram, the phase change of +90° to —90° being indicated by 
oppositely directed amplitude components. This form of representation is 
possible only if the original function is either even or odd, otherwise the c„ 
coefficients possess both real and imaginary parts and the phase changes 
continuously throughout the spectrum. 

f7.8.8 Expansions for r.ms. values and power 

It is frequently of interest to know the r.m.s. or effective value of a 
periodic, non-sinusoidal waveform of current or voltage. This may be 
calculated (from the definition given in section 3.1) using the analytical 
function describing the waveform. Such calculation yields an r.m.s. value 
that includes the effect of all of the harmonics contained in the waveform. It 
may, however, be of interest to know the r.m.s. value of just a portion of the 
spectrum and for this a series expansion is required. We may also wish to 
know the power developed at a terminal pair in a circuit where voltage and 
current are periodic at the same fundamental frequency but which possess 
different waveforms. This may be found by taking the instantaneous 
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Fig. 7.45. Line spectra for the square wave of fig. 7.41. 





(c) Combined amplitude and phase 
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product of the two waveforms and integrating to find the average value of 
the product over one period of the waveform. But, again, it may be of 
interest to know the power contributed by one or more harmonics present 
in either of the waveforms. 

We now proceed to establish expressions that will allow us to calculate 
the r.m.s. values and powers associated with one or more harmonics in non- 
sinusoidal waveforms. 

Consider two functions,/(cot) and g(cot), represented by their Fourier 
expansions in the form (7.32): 

f(cot)=-^-+ £ K„fCos(ti(ot + (j)„f ) (7.56) 

g((Ot)=^- + £ K mg cos(mo>t + <j> mg ) (7.57) 

In these expressions a 0f /2 and a 0g /2 are the average values or d.c. 
components of the two functions; K nf and K mg are the amplitudes, and <f> nf 
and <f) mg are the phase angles of the nth and mth harmonic components of 
the two functions respectively. 

The average value of the product of the two functions is given by 

—- 1 c 2n 

A<Dt)g((ot)=—\ f{(ot)g(a>t)da)t (7.58) 

When we multiply (7.56) by (7.57), the right-hand side of (7.58) is seen to 
contain: 

(a) self-product terms of the same frequency (m = n); 

(b) cross-product terms of different frequency (m#n); 

(c) terms consisting of products of the d.c. components with harmonics; 

(d) the product of the two d.c. components. 

Type (a) terms are of the form: 

i r 

— K nf cos(n(ot + 4>„ f )K ng cos(n(ot + (p ng )d(ot 
2n Jo 

K K f 

= ~ ne i[cos(2wwf + <t> nf + <p ng ) + cos((p„j - dojt 
Jo 

(using the identity cos/lcosB = i[cos(/l-l-B) + cos(T-B)]). The first term 
within square brackets is a cosine function of time whose average value is 
zero; the second term is a constant. Since the average value of a constant is 
the constant itself, the average value of the nth self-product term is 

^^cos (<*>„,(7.59) 
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Type (b) terms are of the form: 


1 

2n 


K„fCOs(na>t + (p nf )K mg cos(mcot + 4> mg ) deaf 


K nS K mg 

In 


f2 n 

|[cos{(n + m)o>t + <p„ f + <f> mg } 

0 


+ cos{(n - m)cof + <p nf - </> m9 }] dcot = 0 

since for m/0, each of the terms within the square brackets is a cosine 
function of time whose average is zero. 

Type (c) terms also give rise to cosine functions of time with zero average. 
With regard to type (d) terms, clearly, the average value of the product of 
the two d.c. components is the product itself, namely, 


^ (7.60) 

Combining (7.59) and (7.60) we obtain a series representing the average 
value of the product of two functions: 

f(cot)g(cot) = a ^+ £ ^^cos (4>n f -4> ne ) (7.61) 

4 n= 1 Z 

This expression may be used to find the r.m.s. value of a current i(cot) in 
terms of its harmonic components. 

Let i(a>t) =f(cot), then, from (7.56), with a of /2 — I 0 and K nf = i„ (where /„ 
is the amplitude of the nth harmonic), the expansion of i(cot) may be written 
as 


i(a>t)=I 0 + X /„cos(ncot + <£„) 

n= 1 

Equation (7.61), with i(a>t) =f(wt) = g(cot), then gives: 

n= i ^ 

By definition, the r.m.s. value of a current i(cot) is 
i(cot) r . m .s. =V[ avera S e value of i(cut) 2 ] 



(7.62) 


(7.63) 


Expressing the harmonic components in terms of their r.m.s. values 
I„=IJ\/2, (7.63) becomes 
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or 

>(««L,=n/[/o 2 + / 1 2 +/2 2 +. • •] (7.64)* 

A similar expression holds for the r.m.s. value of a voltage function. 

Equation (7.61) enables us to find also an expansion for the average 
power P at a terminal pair in a circuit, given expressions for the 
instantaneous voltage and current v(cot) and i(cot). 

Using (7.56) and (7.57), voltage and current functions may be expressed 
as 


and 


00 

u(cor) = V 0 + Z Kcos(no>t + <j> nv ) 

n= 1 


i(<uf) = / 0 + Z Lcos(miot + <t> mi ) 

m = 1 

Then from (7.61) 

P = v(( 0 t)i(( 0 t) = V 0 Io + Z cos ^nv - bni) (7.65) 

n= 1 Z 

If we let <j)„ = <p nv — (j)„i be the phase angle of the nth harmonic of voltage with 
respect to current, and if we let V n = VJ\l2 and I„ = IJ\I 2, then (7.65) 
becomes 


00 

P=VoIo+ Z V n I n cos<t> n 

n = 1 


or 


P= K 0 / 0 = V 1 I l cos4>i + y 2 h cos 4>2 + • • • 

= Sum of powers for each harmonic component alone (7.66) 

If voltage and current are pure sinusoids, then there are no harmonics and 
this expression reduces to VIcos4>, which is the expression for power 
obtained by other means in section 4.2. 

An important conclusion which may be drawn from the foregoing theory 


Equations (7.64) is a special case of Parseval's theorem (see. for example, 
references 2. 8, 10) 
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is that only voltages and currents of the same frequency can interact to 
produce finite average power. In particular, d.c. components do not interact 
with a.c. components. Products of quantities of different frequency average 
over a period of time to zero. 

7.8.9 Summary of formulae 

Basic forms: 

a 0 ® 

f((ot) = — + {a n cosncot + b„smna)t) (7.31) 

2 n= 1 

= ^+ £ K n cos(na)t + <p n ) (7.32) 

^ n= 1 


where 


and 


K n =J(a n 2 + b„ 2 ) and <f>„ = tan i {~ L 


J\cot)cosncot dot 


1 

a„=~ 

n. 

b n =- | f((ot)sinncot dcot 

n. 


For an even function 


2 

a„=~ 

n 


f(cot)cosno)t d(ot\ b n = 0 


For an odd function 


n 


f(oit )sinncordcot; a„=0 


Complex form: 

f((Ot)= £ C n € in "“ 

n— - oo 


where 


c„ = i(a„-jb n ) n> 0 

= ?(a„+}b n ) n< 0 

= a 0 j2 n =0 


(7.34) 

(7.35) 

(7.37) 

(7.39) 

(7.51) 
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or 


c„=— /(cor)e dcot 
2n. 


\c„\ = KJ2 

Square wave (unit amplitude; odd function) 


/M)=- 


simwt + ^ sin3cof+^sin5a>t + . . . 


Triangular wave (unit amplitude; odd function) 


A<ot) = 


8 


sincut—-sin3cut+ -^sin5cot —... 


Half-wave rectified sine wave (unit amplitude; even function) 

11 


/M)= : 


, n 2 „ 2 

1 + — cos tot + - cos2c ot — — cos4cof +... 


Full-wave rectified sine wave (unit amplitude; even function) 


ficot)=- 

n 


2 2 2 

1 — cos2 ot -cos4cu t—— cos6ojf - 

3 15 35 


Average value of product of two functions. If 
J\wt)=^f+ £ K„ f cos(no)t + <f> n/ ) 

and 


a 

g(u>t)=-~+ X K mg cos(mcot + 4> mg ) 

^ m as 1 


then 


(7.52) 

(7.54) 

(7.36) 

(7.42) 

(7.45) 

(7.46) 

(7.56) 

(7.57) 


f(cot)g(cot)= a -^+ £ K ^cos(4> nf -<f>„ g ) (7.61) 

R.M.S. value of a function in terms of harmonic components. 

If i(cat) is a function of current with r.m.s. value /, then 

/ = [iMF]^=V(/ 0 2 + / 1 2 + / 2 2 + ...) (7.64) 

where I 0 , / 1 , / 2 , etc., are the r.m.s. values of harmonic components. 
Power in terms of harmonic components. 
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If, at a terminal pair, v{a>t) and i(a>t) are functions of voltage and current 
with the same periodicity, then the average power is given by 

P = v(a)t)i(a>t) = V 0 I 0 + V l I,cos(j) l + F 2 / 2 cos</> 2 ... (7.66) 

where (V u /,); (F 2 , J 2 ); etc. are the r.m.s. values of harmonic components of 
like frequency. 

t7.9 Filter circuits for rectifiers 

Half-wave or full-wave rectifier circuits of the type discussed in 
section 7.6 provide the basis for most d.c. power supplies used in electronic 
equipment, but for many applications the unidirectional but fluctuating 
voltages provided by such circuits is not sufficiently constant, and provision 
must be made for ‘smoothing’ their outputs. This is accomplished by means 
of a filter circuit designed to attenuate the fluctuating harmonic com¬ 
ponents of the output voltage waveform whilst passing the constant, d.c. 
component. 

Referring to fig. 7.46, each harmonic component in the Fourier 
expansion of the rectifier output may be regarded as deriving from a 
separate ideal voltage source. The attenuation of the filter may then be 
calculated separately for each input and, assuming that filter and load are 
composed of linear circuit elements, the overall effect of all sources acting 
together may be obtained by superposition. In practice it is sufficient to 
know that the amplitude of a particular component is below a certain 
specified level. In the type of circuit considered here only the first two or 
three harmonic components are of interest since higher harmonics, firstly, 


Fig. 7.46. Analysis of a rectifier/filter circuit using Fourier component 
representation of rectifier output waveform. 
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have relatively small amplitudes (see equations (7.45) and (7.46)); and, 
secondly, they suffer greater attenuation by the filter. 

Various combinations of inductive and capacitive elements are used in 
rectifier filter circuits; some of the more common arrangements are 
considered below. 


7.9.1 Inductor 

One of the simplest filter circuits consists of a single inductor in 
series with the load, assumed to be a pure resistance, as shown in fig. 7.47. 
We analyze first the smoothing effect of this circuit upon the output of the 
full-wave rectifier, making use of the series expansion (7.46) and considering 
each term separately. 

The first term represents the d.c. component of the rectified wave with 
amplitude 2 V m /n, where V m is the peak value of the rectified wave. Since this 
is a direct voltage all of it appears across R (assuming that the inductor has 
negligible resistance). 

The next term in the expansion is the second harmonic component with 
amplitude 4 VJ3k. If the supply frequency is co, then the second harmonic is 
at frequency 2<y and the factor by which this component is reduced by the 
filter is R/^f[R 2 + (2a>) 2 L 2 ]. Thus, the amplitude V 2m of the ripple across R 
is given by 


4F m R 4V m 1 

3k y/(R 2 + (2(o) 2 L 2 ) 3k ^[1 + (2wL//?) 2 ] 


(7.67) 


Usually, with this type of circuit, the reactance of the inductor (2 coL) is 
arranged to be large in comparison with R, in which case V 2m is given to a 
sufficiently good approximation by 


4V m R 2 V m R 
3 k 2 o)L 3ncoL 


(2 coL>R) 


Fig. 7.47. Inductor smoothing of rectifier output. 
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The fourth harmonic component has amplitude AV m /\5n, and the ampli¬ 
tude of the voltage appearing across R due to this component is 
approximately 

4F m R V m R 
4m 1571 AwL 15 tkoL 


From the above expressions we see that the amplitude of the fourth 
harmonic component across the load is only about one tenth that of the 
second harmonic component and can usually be ignored. 

It is customary to describe the effectiveness of the smoothing action of a 
filter circuit by stating the peak-to-peak value of the most significant ripple 
component as a percentage of the d.c. component. 


percentage ripple = 


peak-to-peak ripple amplitude 
magnitude of direct component 


x 100 (7.68) 


For the full-wave rectifier with series inductor smoothing the percentage 
ripple is 


2 *rr x x 100 = vj x 100% 

incuL 2V m icoL 


As an example, consider a full-wave rectifier designed to supply a 50 Q load. 
If L- 10 H and the supply frequency is 50 Hz, then the percentage ripple 
will be 


2x50x100 
3 x 27t x 50 x 10 — ^ 

Note that the full-wave rectifier with inductor smoothing produces a lower 
ripple than the half-wave rectifier because, for the former, the fundamental 
component of ripple is at twice supply frequency, while for the latter it is at 
the same frequency as supply frequency (compare series expansions (7.46) 
and (7.45)). 

Carrying out a similar analysis for the half-wave rectifier, using the 
expansion (7.45), gives the following results: 


D.C. component V 0 = V m /n 

Amplitude of first harmonic V lm = V m /2 

Reduction factor _ R 

(for first harmonic) coL 


Percentage ripple = 2 x x —- x —— x 100=—- x 100% 

2 o)L V m coL 


= 5% (for R = 50Q; L = 10H) 
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7.9.2 L-section 

Considering again the full-wave rectifier, a further degree of 
smoothing is obtained by the addition of a capacitor to the circuit of fig. 
7.47, as shown in fig. 7.48. It is usual to make the reactance of this capacitor 
(l/2coC) small in comparison with R so that substantially the whole of the 
second harmonic component of current goes through the capacitor. The 
inductor and capacitor then constitute a voltage divider and the factor by 
which the second-harmonic voltage is reduced is, approximately, 


1/2 o)C _ 1 

V[(l/2coC) 2 + (2coL) 2 ] *4w 2 LC 


(7.69) 


7.9.3 Capacitor 

The output of a rectifier circuit may be smoothed by placing a 
capacitor across the load, as shown in fig. 7.49(a). With this type of circuit 
the diode conducts for only a fraction of each half-cycle of the supply 
voltage, and the output waveform can no longer be represented by the 
Fourier series expansions given in section 7.8.5. The action of the circuit is 
illustrated in fig. 7.49(6). On positive half cycles of the input voltage the 
capacitor charges to the peak value V m of the supply. As the supply voltage 
falls, the diode ceases to conduct and the capacitor discharges through the 
load R with a time constant RC. If this time constant is large compared with 
the period T of the input voltage, then the capacitor will lose only a small 
fraction of its initial charge before the next half cycle of the voltage appears 
and raises the capacitor voltage back to V m . During the period in which the 
diode is non-conducting the capacitor supplies the whole of the current to 
the load, and for this reason it is often referred to as a ‘reservoir’ capacitor. 


Fig. 7.48. L-section filter. 
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The capacitor voltage during the discharge period is 
v c =V m e-‘i RC 

If RC g> T, then we may approximate the exponential by the first two terms 
of its series expansion to give 



Now, if we further assume that the charging time f, is short compared with 
T, the decrease in capacitor voltage A V is approximately 


AV 


V T 

m ■* 

~RC 


and the average voltage (d.c. component) across the load is 


Vn 



(7.70) 


Using the definition (7.68) the percentage ripple for the half-wave rectifier 
with capacitor smoothing is given by 


Fig. 7.49. Half-wave rectifier with capacitor smoothing: (a) circuit ( b ) 
waveforms. 



Load 

R 


(a) 





















486 Non-linear circuit analysis 


AV 

Percentage ripple =— x 100 


(V m T/RC)xm _ T 
: ~RC 


x 100% 


This approximate expression is usually sufficiently accurate to allow one 
to choose a suitable value for the filter capacitor. However, if a more 
detailed and accurate treatment is required, in particular if the power in the 
diode is to be calculated, then one may use methods similar to those 
employed in section 7.6.2 in relation to the battery charger problem. These 
methods allow one to calculate the conduction period f, and, given the 
diode resistance, to derive the instantaneous function of current during the 
charging period. The power dissipated in the diode may then be 
determined. 


7.9.4 7r-section 

If a high degree of smoothing is required, the single capacitor of fig. 
7.49(a) may be combined with the L-section filter of fig. 7.48 to produce the 
7t-section filter circuit shown in fig. 7.50. In this circuit the voltage across C t 
will resemble the sawtooth voltage of fig. 7.49(h). In order to estimate the 
ripple across the load it is usual to make the simplifying assumption that the 
fundamental component of ripple across C )f (for the half-wave rectifier, this 
is the first harmonic Fourier component of the sawtooth at supply 
frequency) has an amplitude equal to half the peak-to-peak voltage of the 
sawtooth. (Such an assumption gives, of course, an overestimate of the 
ripple.) Then, making also the assumptions discussed in section 7.9.2, we 
may deduce that the factor by which this ripple component is reduced is 
1 /(u> 2 LC). (For a full-wave rectifier the fundamental component of ripple is 
at twice supply frequency and the corresponding factor is 1/(4 <w 2 LC).) 

In order to reduce weight and cost of components, 7r-section filters are 
often designed with a resistor R F in place of the inductor. In this case the 
ripple is reduced by the factor 1/coCR f for the half-wave rectifier, or 


Fig. 7.50. 7r-section filter. 
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1/2 coCRf for the full-wave rectifier. A disadvantage of this circuit is that R r 
and R now form a voltage divider for the d.c. component of the rectifier 
output and so the d.c. voltage across the load may be reduced significantly if 
a low ripple, and therefore a high value of R F , is required. 

7.10 Summary 

The analysis of circuits containing non-linear elements requires 
special techniques. These fall into four major categories: graphical analysis, 
small-signal models, piecewise-linear techniques, and analytical techniques. 

By means of graphical analysis, voltages and currents can be found in 
circuits containing simple series and parallel combinations of linear and 
non-linear elements; this method depends upon a knowledge of the 
complete voltage-current characteristic of the non-linear devices in the 
circuit. For a two-terminal non-linear device, such as a diode, a single 
characteristic curve relating voltage and current is all that is required. For a 
three-terminal device, such as a bipolar transistor, two sets of characteristic 
curves are required. Graphical analysis is commonly used to determine the 
bias and operating point in circuits containing transistors, the procedure in 
this case being often referred to as the load line method. 

If the incremental voltage and current swings in a non-linear device are 
small, then over a limited region, its voltage -current characteristic may be 
considered as being of straight-line form and a linear relationship may be 
assumed between voltage and current. This is the basis of the small-signal 
approach to the analysis of non-linear circuits in which the non-linear 
devices in the circuit are described by one or more linear parameters. This 
approach is of particular importance in the case of transistor circuits. The 
hybrid-parameter (small-signal) models of figs. 7.13 and 7.14 are commonly 
employed in this context. 

The small-signal model of a device uses a linear approximation that is 
valid over a narrow region of the device characteristic. By this means 
circuits including such devices may be treated as linear and all the 
techniques of linear circuit analysis become applicable. An extension of this 
approach is to approximate the voltage-current characteristic of a device 
by a series of straight-line segments extending over an arbitrarily wide 
region of the characteristic. Within each segment the device is modelled by 
appropriate linear parameters. This piecewise-linear approximation then 
allows linear circuit analysis to be applied over any desired range of 
operating voltages and currents. The analysis of circuits containing diodes 
is one important area of application for this technique, in particular rectifier 
circuits. The piecewise-linear approach is also useful when we wish to 
synthesize circuits that will reproduce given non-linear characteristics by 
means of combinations of resistors and diodes. 
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The characteristics of many non-linear devices may be expressed by 
means of analytical functions or approximated by power series. In such 
cases the circuits of which they form part may be solved using either 
algebraic or numerical techniques. The characterization of a non-linear 
device by means of a power series provides a method for the analysis of 
modulators and frequency changer circuits of the type used in communi¬ 
cation networks. 

Rectifiers, employing diodes and thyristors for a.c. -d.c. power conver¬ 
sion, comprise a broad class of circuits requiring non-linear techniques of 
analysis. In such circuits it is often sufficiently accurate to approximate a 
diode or thyristor by a two-segment piecewise-linear approximation, which 
in its simplest form is equivalent to treating the device as a switch. 

Many types of non-linear circuit produce waveforms that are periodic 
but non-sinusoidal; rectifier circuits being but one example. The response 
of linear circuits to such waveforms cannot be determined directly using 
standard techniques of d.c. or a.c. circuit analysis. However, by means of 
Fourier series analysis a periodic waveform may be resolved into a d.c. 
component plus a series of harmonic components of sinusoidal form. The 
response to such a waveform may then be conveniently found by 
determining the response to each Fourier component separately and then 
combining these individual responses by superposition. The utility of the 
technique lies in the fact that it is usually necessary to consider only the first 
few harmonic components in order to obtain a sufficiently accurate 
knowledge of circuit behaviour for design purposes. This approach is 
particularly useful in the design of filter circuits for rectifiers. 

Finally, Fourier theory may be extended to allow the calculation of the 
r.m.s. value of an arbitrary number of harmonic components, and the power 
associated with the harmonic components of periodic non-sinusoidal 
voltage and current waveforms. 


7.11 Problems 

1. A source of e.m.f. 4.5 V is connected in series with a 225 Q 
resistor and a diode operating in the forward conducting region. The diode 
has the voltage-current characteristic given in table 7.1. Determine by a 
graphical method the current in the circuit and the voltage across the diode. 


Current 

(mA) 

Voltage 

(V) 


01 23456789 10 

0 0.45 0.78 1.02 1.23 1.38 1.56 1.74 1.92 2.04 2.16 


11 

2.28 


12 

2.36 


Table 7.1 for problems 1 and 2 
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2. Each of the diodes in the circuit of fig. 7.51 has the voltage-current 
characteristic given in table 7.1. Use a graphical method to determine the 
combined v-i characteristic for the two diodes and the 1.5 V battery. Hence 
determine the value of the current / and the voltage V. Determine also the 
dissipation in each diode. 

(London University) 

3. 


Current 

(mA) 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

Voltage 

D l 

0 

0.7 

1.3 

1.7 

2.1 

2.3 

2.6 

2.9 

3.2 

3.4 

3.6 

Voltage 

d 2 

0 

1.8 

2.8 

3.6 

4.3 

4.9 

5.3 

5.8 

6.2 

6.6 

6.9 




Table 7.2 for 

problem 3 






The diodes in the circuit of fig. 7.52 have the characteristics given in table 
7.2. Using a graphical method to combine the diode characteristic, 
determine the current I, the voltage V and the voltage across each diode. 
Find also for this bias condition the effective d.c. resistance and the 
incremental a.c. resistance of the diode combination. 

(London University) 


Fig. 7.51. Circuit for problem 2. 



Fig. 7.52. Circuit for problem 3. 





















Current (mA) 
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4. A tunnel diode having the characteristic shown in fig. 7.53 is connected 
in series with a voltage source V 0 and a resistor R. 

(a) If V 0 =0.75 V, what range of values of resistance R allows the circuit to 
have two stable states? 

(b) If R = 1 kQ, what change in V 0 is necessary to change the state of the 
circuit? 

5. The Zener diode in the circuit of fig. 7.54(a) has the characteristic shown 
in fig. 7.54(h). 

(a) What is the voltage across the diode if R L = oo? 

(b) What value of R L will reduce the diode voltage to 90% of the open 
circuit value? 

6. Determine the slopes and break points of the v-i relationship for the 
piecewise-linear circuit shown in fig. 7.55. (Assume ideal components.) 

7. Determine the slopes and break points of the v-i relationship for the 
piecewise-linear circuit shown in fig. 7.56. (Assume ideal components.) 

8. Design a circuit consisting of ideal sources, diodes and resistors that will 
have the piecewise-linear characteristic shown in fig. 7.57. 

9. Fig. 7.58(a) shows two ideal voltage generators V, and V 2 connected to a 
load resistance R 3 through R { and R 2 plus a perfect diode. The voltages are 
shown in fig. 7.58 (b). 

Draw the waveform of the voltage across R 2 and the currents in R, and 
R 2 , when Ri=R 2 = R 3 = R. What power is consumed in /? 3 ? 

(Oxford University) 


Fig. 7.53. Graph for problem 4. 



0.5 

Voltage (V) 


1.0 


Problems 


491 


Fig. 7.54. Circuit and graph for problem 5. 




0 b ) 


Fig. 7.55. Circuit for problem 6. 
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10. A diode whose forward characteristic is given in fig. 1.59(a) is connected 
as shown in the circuit of fig. 1.59(b). 

(a) What will be the diode voltage, current and power dissipation? 

(b) Approximate the diode characteristic, over the full range shown, by 
three straight-line segments, keeping the errors in the diode current to 
within 0.4 mA. Hence draw a piecewise-linear equivalent circuit for the 
diode when conducting in the forward direction. If the diode is replaced by 
the equivalent circuit, what will be the power dissipated in the equivalent 
circuit? 

(Cambridge University: Second year) 


Fig. 7.56. Circuit for problem 7. 



Fig. 7.57. Graph for problem 8. 



Problems 


493 


11. The circuit shown in fig. 7.60 is employed to approximate the 
characteristic i = t> 2 /10 4 amperes over the range O^r^lOVbya piecewise- 
linear approximation. Assuming that the diodes are ideal and that D 2 is to 
conduct at 10/3 V and D 3 at 20/3 V, calculate suitable values for the 
resistors. 

(Cambridge University: Second year) 

12. In the circuit of fig. 7.61 the non-linear resistor r has a characteristic 
described by r = i(l +i 2 )~ i . Determine the current I. 


Fig. 7.58. Circuit and graph for problem 9. 




(a) (b) 


Fig. 7.59. Graph and circuit for problem 10. 
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13. Two non-linear devices d u d 2 have the following v-i characteristics: 

d x : i 1 =0.3(e B, -l) 
d 2 : i 2 =v 2 +0Av 2 2 


The devices are connected in series across a voltage source. 

(a) If the voltage source is ideal with e.m.f. 3 V, find the current in the circuit 
and the voltage across each device. 

(b) If the voltage source has an e.m.f. of 3 V and internal resistance 0.5 Q, 
find the current in the circuit and the voltage across each device. 

14. In the circuit shown in fig. 7.62, if the output load resistance R L is 
constant, show that the incremental variation of output voltage V 0 with a 
change of input voltage V m is equal to 


Rx\ 1 

*i, +K+ -j 


Fig. 7.60. Circuit for problem 11. 
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where x is the incremental impedance of the Zener diode. 

(Sheffield University: Second year) 

15. (a) Derive a two-slope circuit model for the diode whose characteristic 
is given in fig. 7.63(a). 

(b) The diode is used in the simple rectifying circuit of fig. 7.63 (b). What is 
the average current in the circuit if the supply voltage t>(f) is: 

(i) l.Ocosmf volts; 

(ii) lOOcoscof volts? 


Fig. 7.62. Circuit for problem 14. 
R 



Fig. 7.63. Graph and circuit for problem 15. 




1 k Q 

























496 Non-linear circuit analysis 


16. Switch contacts may be damaged by the opening of a switch that 
supplies current to a coil. Protection to the contacts is afforded by 
installation of a diode as shown in fig. 7.64. 

(a) Without the diode, the switch contacts would ‘arc’ when the switch is 
opened. Why? 

(b) Explain how the diode solves the ‘arcing’ problem but does not interfere 
with normal operation of the coil. 

(c) What is the steady state current in the coil with the switch closed? 

(d) How long after the switch is opened will be required for the coil current 
to reach 3 mA? 

17. In the circuit shown in fig. 7.65 the two voltage sources are equal, the 
diode is perfect and the resistance is small compared to ^yJ(LC). Initially 
there is no charge on the capacitor. Calculate and sketch the variation of 
capacitor voltage with time after the switch is closed. 

(Oxford University) 

18. (a) A half-wave rectifier consists of a silicon diode in series with a load 
resistance of 2 Q and is supplied from the secondary of a 50 Hz transformer 
which has an open-circuit voltage of 5.0 V r.m.s. and an effective resistance 
of 0.1Q. The diode characteristic may be represented by an ideal diode in 
series with a resistance of 0.04 Q. Determine the mean current flowing in the 
load. 


Fig. 7.64. Circuit for problem 16. 



Fig. 7.65. Circuit for problem 17. 
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(b) A smoothing capacitor, connected across the load, is needed to reduce 
the peak-to-peak ripple voltage to 10% of the mean voltage at the load. 
Determine the capacitance to be used and comment on the result. Show 
that the mean voltage at the load is now about 5 V. 

(Cambridge University: Second year) 

19. A half-wave rectifier supplies a load resistor R = 5 kQ in parallel with a 
filter capacitor C = 32/rF. The a.c. supply is 300sin(1007rr) V and the 
combined forward resistance of the rectifier diode and the resistance of the 
supply is 30 Q. Estimate: 

(a) the average current in the load resistor; 

(b) the percent amplitude of the ripple voltage; 

(c) the peak current in the rectifier; 

(d) the r.m.s. current in the rectifier; 

(e) the percent ripple if a second 32 microfarad capacitor is added in 
parallel; 

(f) the percent ripple if a second 32 microfarad capacitor and a 20 henry 
choke are used in the circuit. (The two capacitors and the choke are 
arranged to make an L-section filter.) 

20. (a) A transformer with centre-tapped secondary each half of which has 
an e.m.f. of 400 V r.m.s. at 50 Hz is used with a 20 henry inductor and two 
diodes of zero forward resistance to provide d.c. power to a 500 Cl load. 
Calculate the average voltage across the load and the amplitude of the 
lowest frequency component of the ripple voltage. It may be assumed that 
one or the other rectifier is conducting at all times. 

(b) A filter capacitor is used instead of the inductor and the transformer 
e.m.f. is altered to give approximately the same average voltage and percent 
ripple across the 500 Q load. What is the new e.m.f. and what capacitance is 
required? 

21. (a) For the general bridge circuit of fig. 7.66(a) show that balance 
occurs when Z t Z 4 = Z 2 Z 3 . The bridge is unbalanced by changing Z 4 by a 
small increment <5Z 4 . Show that the unbalance voltage | V AB | is, to a good 
approximation, proportional to |^Z 4 |. If Z x =Z 2 =Z 3 = (1000+j0)£2, 
Z 4 = (990 +j0)Q, and V is a sinusoidal voltage of r.m.s. magnitude 10 V, 
what is the unbalance voltage? 

(b) In the phase-sensitive detector circuit of fig. 7.66 (b) the signal and 
reference voltages are sinusoidal and of the same frequency but differ in 
phase by an angle </>. V s and V T are the r.m.s. magnitudes of the 
corresponding transformer secondary voltages (F r > F s ). The time constant 
CR is long compared with the period of these waveforms. Derive an 
expression for the d.c. output voltage V d in terms of V s , V r and 4>. It may be 
assumed that the diodes are ideal and that no current is drawn from the 
output terminals. 
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(c) Explain the advantages of using the circuit of fig. 7.66(h) as a detector 
for the bridge circuit of fig. 7.66(a). Indicate how the circuits are connected, 
and suggest one possible application of such an arrangement. 
(Cambridge University: Second year) 

22. In the circuit of fig. 7.67 the resistance R controls the mean power to the 
load. The gate current required to trigger the thyristor is 20 mA. What 
approximately is the maximum angle of delay achievable with this circuit, 
and to what value must R be set to obtain this angle? 



Fig. 7.67. Circuit for problem 22. 

Load 
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With the angle of delay set to 45°, derive an expression for the load 
current i during the period of conduction. Sketch the waveforms of i and v 
for one complete period of the a.c. mains supply. Indicate on your sketch the 
approximate angle at which the current reaches a maximum and the angle 
at which conduction ceases. 

(Cambridge University: Second year) 

23. The trapezoidal wave shown in fig. 7.68 has period T seconds, 
amplitude A and rise and fall times between zero and A of p seconds. Derive 
a Fourier expansion for this waveform choosing a time axis that will give 
rise to sine terms only. Hence find the sine series for: 

(a) a square wave; 

(b) a triangular wave. 

Find values of p for which: 

(c) there is no third harmonic; 

(d) there is no fifth harmonic. 



Fig. 7.69. Waveform for problem 24. 
I E sin cot I 
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24. The voltage waveform indicated by the heavy line in fig. 7.69 is 
produced by a thyristor circuit. Show that the amplitude of the funda¬ 
mental ripple component is 

£ 

c 2 =—,7 [(14 +12cosa - 4cos3a - 6cos2a)] 

3jc 

Hence calculate the angle a for which c 2 is a maximum and the ratio of c 2 to 
the mean value of the voltage at that angle. 

(Cambridge University: Second year) 
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Two-port networks 


8.1 Introduction 

Networks are frequently encountered in electronics, control and 
communication systems in which an input signal is impressed at one pair of 
terminals and an output signal is taken from another pair of terminals; such 
networks are called two-terminal pair networks or, more frequently two- 
port networks. 

The resistance voltage divider, first introduced in section 2.2, is an 
example of an elementary two-port network, and many other examples 
have occurred in the intervening chapters. In particular, it was de¬ 
monstrated in section 7.3.2 that a non-linear device such as the transistor 
could, for small-signal conditions, be modelled by linear, two-port 
network. The concepts relating to such networks are therefore of con¬ 
siderable generality, and in this chapter we examine the theory of two-ports 
in greater detail and introduce further applications. 

The theory contained in this chapter is concerned with the functional 
relationships among the voltage and current variables at the two ports of 
the network as defined in fig. 8.1. If the variables are steady-state a.c. 
quantities, then these relationships are formulated in terms of impedances 
or admittances. These same relationships will, of course, apply if the 
variables are transformed variables; in this case impedances and admit¬ 
tances are generalized functions of complex frequency as defined in chapter 
6. In the case of purely resistive networks the functional relationships 
among variables are identical in form for instantaneous and d.c. quantities 
as well as for a.c. quantities. It should also be noted that the same 
relationships apply for incremental (small-signal) a.c. quantities as defined 
in section 7.3.1.* 

* In view of the variety of meanings that may be attached to the current and 
voltage variables and to impedance, the use of bold face type to indicate 
phasors and complex quantities is discontinued in this chapter. 
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A network having a single pair of terminals, a one-port network has 
associated with it a single current and a single voltage. The ratio of voltage 
to current, or current to voltage, is the impedance (admittance), which 
parameters completely characterize the circuit so far as any external 
network is concerned. For a two-port network there are four variables: an 
input voltage-current pair and an output voltage-current pair. The 
possible combinations of four variables taken two at a time is six; it is 
therefore possible to define six sets of parameters that characterize the two- 
port, one set for each pair of variables that are chosen to be independent. 
Which of the parameter sets chosen to characterize a given two-port 
depends on the application. In the following sections the parameter sets and 
their interrelationships are derived, and their areas of application are 
indicated. 

Two-port networks are often categorized according to the degree of 
electrical symmetry which they possess. If a network is symmetrical about 
the axis XX' (fig. 8.2(a)) then it is said to be balanced; if it possesses 
symmetry about YY', then it is said to be symmetrical. Some typical 
network configurations with various types of symmetry are illustrated in 
figs. 8.2(h)-(e). 

It will be noted that the networks shown in figs. 8.2 (b) and ( d ) possess four 
distinct terminals while the networks shown in figs. 8.2(c) and (e) possess 
only three, terminals 1' and 2' being common to both input and output 
ports in both cases. However, in the theory which follows, no distinction is 
drawn between these two different configurations, the theory being 
concerned only with a description of a two-port with respect to the defined 
variables. So, although in the case of fig. 8.2 (b), a potential difference may, in 
general, exist between terminals 1' and 2' while for fig. 8.2(c) terminals 1' 
and 2' must be at the same potential, as far as the theory here is concerned 
both networks possess identical characteristics. From a practical point of 
view this implies that connections between a two-port and its external 
circuits must be made in such a way as to prevent any external mesh current 
from flowing through any internal impedance other than the defined 


Fig. 8.1. Voltage and current variables appertaining to the theory of 
two-port networks. 
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currents / x and I 2 . If such currents flow through any of the impedances 
within the two-port, then the established relationships among the defined 
variables will no longer apply. In this respect the three-terminal networks of 
figs. 8.2(c) and (e) provide somewhat greater flexibility since external mesh 
currents can flow in the common connection without the predicted 
relationships among the defined variables being affected. 

8.2 Admittance, impedance and hybrid parameters 

8.2.1 Admittance parameters 

The reference directions of currents and voltages at the two ports 
of the networks are indicated in fig. 8.1. Let us first consider the voltages as 
the excitations and the currents as the responses, then by linearity: 


Fig. 8.2. Balance and symmetry in two-port networks. 
,Y 
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ii — yuVi +^ 12 ^ 2 ! 

I 2 =y 2l V l +y 22 V 2 $ 1 ' 

We may interpret the coefficients in (8.1), which have dimensions of 
admittance, in terms of measurements made at the terminals. For example, 
if the output terminals are short circuited, so that F 2 =0, and if the 
responses and I 2 are measured when an excitation Vi is applied, then 


y 



v 2 = o 



k 2 =o 


( 8 . 2 ) 


y n is clearly an input admittance. y 2l represents the output current 
response to an input voltage: it is called the forward transfer admittance. If 
the input terminals are shorted so that V x =0, and if the responses /, and I 2 
are measured when an excitation V 2 is applied, then 



v i = 0 



y 1=0 


(8.3) 


Now y 22 is the output admittance and y l2 is the reverse transfer admittance. 

The four admittances completely characterize the two-port. They are 
commonly referred to as the short-circuit admittance parameters. The 
input admittance y n and the output admittance y 22 are frequently called 
driving-point admittances because each describes the response at a port 
when a driving function is applied. y 12 and y 21 are transfer admittances, 
describing the response at one port to excitation at the other. 

As an example let us find the y-parameters for the ^-network shown in fig. 
8.3 in which the elements are specified in terms of their admittances. With 
V 2 =0, the input admittance is simply the parallel combination of Y t and 
Y 3 . Therefore, 

yu = F 1 + y 3 


Also, with F 2 =0, the current l 2 is the current in T 3 . Since with V 2 =0 the 
voltage V 1 appears directly across Y 3 it follows that 

y 2l — — Y 3 

The negative sign appears because with V 2 =0 the current that results from 
Vi is opposite in direction to the positive direction of I 2 . Now we short 
circuit the input port making =0. Then we find 

y 22 = Y 2 + Y 3 and yi 2 = — F 3 

where the negative sign indicates that when V, =0, V 2 produces a short- 
circuit input current that is opposite in direction to the positive direction of 
/>• 
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We see that for this example y i2 =y 21 and we conclude that with equal 
voltage excitations the current responses will be equal. This is an example of 
reciprocity. As long as the circuit elements are linear and bilateral and the 
reciprocity principle applies then y l2 =y 2J no matter how complicated the 
circuit that joins the two ports. Two-port networks of this type, which 
include all circuits containing only passive elements, are said to be 
reciprocal; those that have unequal transfer admittances, which include 
many types of active circuit, are said to be non-reciprocal. 


8.2.2 Impedance parameters 

If in the circuit of fig. 8.1 we assume the currents are the excitations, 
then the voltages are the responses and 


V\ — z llfl + z l 2 / 2 

^2=221/1 + 2 22 / 2 


(8.4) 


Now the parameters may be evaluated by making measurements of the 
three remaining variables when first f and then I 2 is required to be zero. 
Then 


2 | 1 — 


Yi 

/, 


/ 2 = 0 


Vt 

212-7- 

l 2 


r,=o 


z 2 i — 


T 2 

h 


I 2 =0 


z 22 —~r~ 
l 2 


11=0 


(8.5) 


The zs all have dimensions of impedance. z u and z 22 are the driving point 
impedances with, respectively, the output and the input open circuited. z 2 1 is 
the forward transfer impedance and z, 2 is the reverse transfer impedance. As 
is the case for the admittance parameters if the circuit elements are linear 
and bilateral, z 12 = z 21 . 

It should be evident that there is no direct correspondence between the ys 
and the zs, that is, Zn is not the reciprocal ofy n . However, because they 
describe the same network there must be definite relationships between the 


Fig. 8.3. 7t-network. 


”+*c> 

V, 

- o- 


'2 


jt 

X 


Yi 


{ZZJ- 


^3 
















506 Two-port networks 


impedance parameters and the admittance parameters. We may find these 
interrelationships by solving (8.1) for V x and V 2 and then comparing the 
results with (8.4). We find: 


z.,=- 


y 2 2 


z 


■y 12 


—" 


~J>21 

A„ 


Z 7 7 — “ 


yu 


( 8 . 6 ) 


where 


A,=yuy22-yi2y2t 


By solving (8.4) for I x and I 2 and comparing ith (8.2), we obtain 




-12 


y 2i =- 


‘21 


y 2 2=- 


(8.7) 


where 


A z — z xl z 22 — z 12 z 2 i 

Let us now find the 2 -parameters of the T-network of fig. 8.4. First apply a 
current source / x with the output port open so that I 2 = 0. The current flows 
through Z x and Z 3 in series, so 

z xx =Z 1 Z and z 2x = Z 3 

Next apply current source I 2 with I x =0. Now the current flows through Z 2 
and Z 3 in series, so 

z x2 = Z 3 and z 22 =Z 2 + Z-} 

8.2.3 Hybrid and inverse hybrid parameters 

These parameters derive their names from the fact that in neither 
set do all the parameters have the same dimensions. The hybrid parameters 
result when I x and V 2 are chosen as independent variables. Then 

V l =h ll I l +h l2 V 2 \ 

l 2 = h 2i h+h 22 V 2 ] 1 ' 


Fig. 8.4. T-network. 
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Hybrid parameters are defined operationally in a manner similar to the 
admittance and impedance parameters: 




*12 = 


Vi 


v 2 =o 


11 — 0 


I h 
^21 —y- 

1 i 


h 2 2—-. 


U 


^2=0 


/, = 0 


(8.9) 


It is apparent that h l , has dimensions of impedance, h 22 has dimensions of 
admittance, and h l2 and h 2l are dimensionless. 

When V x and I 2 are independent variables, I x and V 2 are written in terms 
of the inverse hybrid parameters: 


11 — 9ll V\ + 012^2 | 
Vi = 9n V\ + g 22 I 2 j 


( 8 . 10 ) 


These parameters may be found from appropriate open- and short-circuit 
measurements. g lx is an admittance, g 22 is an impedance, and g l2 and g 2l 
are dimensionless. 


8.3 Equivalent circuits and circuit models 

For any one of the six possible sets of 2-port parameters, 
equivalent circuits may be derived which conform to the voltage-current 
relations expressed by those parameters. For example, the circuits shown in 
fig. 8.5 are two possible configurations conforming to the relations (8.1) in 
which the coefficients are the admittance parameters. In the case of fig. 
8.5(a) we see that the first expression in (8.1) is simply the nodal equation for 
the left-hand half of the circuit, while the second expression represents the 
nodal equation for the right-hand half. (It is left as an exercise for the reader 
to show that the circuit of fig. 8.5(h) also conforms to the relations (8.1).) 

The circuits shown in fig. 8.5 are not unique in expressing the relations 
(8.1), but they are two of the simplest and are generally the most convenient 
to use for the purposes of practical circuit analysis. It should be observed 
that the sources in these equivalent circuits are of the controlled or 
dependent type; the methods of analysis of circuits containing such sources 
have been treated in section 2.13. It is also worthy of note that the single 
dependent current source in the circuit of fig. 8.5(h) becomes zero (an open 
circuit) ify 12 =y 21 - that is, if the circuit is reciprocal. From this we may infer 
that a passive 2-port network, which must be reciprocal, may be rep¬ 
resented by three immittances connected in a 7t-configuration. 

Equivalent circuits derived from the admittance, impedance or hybrid 
parameter sets are commonly used as a basis for the modelling of non-linear 
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devices such as the transistor. In section 7.3.2 we saw how an /i-parameter 
model for the transistor, operating under small-signal conditions, could be 
derived by considering its input and output characteristics. This model 
(shown in fig. 7.13) is repeated in fig. 8.6 together with an equivalent circuit 
conforming to the relations (8.8). The first expression in (8.8) derives from 
the mesh equation for the left-hand half of the equivalent circuit; the second 
expression from the nodal equation for the right-hand half. The h- 
parameter subscripts differ in the two circuits of fig. 8.6, but the 
correspondence, element for element, will be obvious.* 

The behaviour of a transistor operating at low or medium frequencies 
may be adequately represented by a linear model containing only resistive 
elements; consequently, in fig. 8.6, the impedance h n corresponds to 
resistance h (e and the admittance h 22 corresponds to conductance h oe . The 
parameters h re and h fe are, of course, dimensionless. 

Although the h-parameter equivalent circuit shown in fig. 8.6 is the one 
commonly used for modelling the transistor, other models may for 
particular applications be more convenient or appropriate. For example, 
the model shown in fig. 8.7 is of interest because each of the elements relates 
directly to some part of the two-junction physical model for the transistor 


Fig. 8.5. Admittance parameter equivalent circuits. 
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* In the context of transistor circuits the /i-parameters are designated by the 
letters i, o, r and /; standing for, respectively, input, output, reverse and 
forward. The second letter indicates which of the three terminals of the 
transistor (emitter, base, collector) is common to the input and output ports. 
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(see reference 5). It is possible to show that this model is related to an 
equivalent circuit defined in terms of the z-parameters (see problem 8.3). 

The 2-port parameters chosen to model a device such as a transistor are 
determined in practice by making direct, physical measurements at its 
terminals. At low or medium frequencies such measurements present no 
special difficulty and the hybrid parameters, or indeed any of the 2-port 
parameters sets, may be readily determined. At high or very high 


"+^o 


f, 


-o 


Fig. 8.6. Hybrid parameter circuits. 
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Fig. 8.7. T-equivalent network for the bipolar transistor. 
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frequencies, however, sophisticated measurement techniques become 
necessary and in this respect a model based on the admittance parameters is 
advantageous. The reason for this will become apparent if we compare the 
definitions of the h- and y-parameter sets. From (8.9) it is seen that 
determination of /t 21 and /t 22 necessitates making measurements with 
terminals open circuit, but the creation of a valid open circuit at high 
frequencies is complicated by the presence of stray capacitance. The y- 
parameters, on the other hand, can all be determined by making admittance 
measurements with terminals short circuit (see definitions (8.2) and (8.3)), 
and it is easier to produce a valid short circuit in the presence of stray 
capacitance than it is an open circuit. Thus the admittance parameters may 
be related directly to the most appropriate set of physical measurements 
and for this reason are preferred as a basis for modelling transistors 
intended for high-frequency operation. 

As a final example of device modelling by means of the two-port 
parameters we consider the circuit of fig. 8.8(a), which is commonly used to 
model an operational amplifier at low or medium frequencies. (The use of 
this model was illustrated in section 2.14.) The model is based on the z- 
parameter equivalent circuit shown in fig. 8.8(h). The mesh equations for 
the left- and right-hand halves of this circuit conform to (8.4). At low or 
medium frequencies, only the resistive components of the impedances 


Fig. 8.8. Circuit model for an operational amplifier based on an 
impedance-parameter equivalent circuit. 
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associated with the amplifier need be considered, hence the impedances Zj i 
and z 22 are identified respectively with the input resistance and output 
resistance R 0 of the amplifier. 

For a practical operational amplifier the voltage and current conditions 
at its output have an insignificant effect on conditions at its input, in other 
words, the transfer impedance z 12 is negligibly small, consequently a 
voltage source corresponding to (z 12 / 2 ) is absent from the model. If z 12 is 
negligible, then for fig. 8.8(h) the input current is Ii = V i /z ll and the 
magnitude of the voltage source in the output circuit is z 2i Ii = (z 2 i/zu)Vi. 
The ratio (z 21 /zn) is a dimensionless quantity called the forward voltage 
transfer coefficient; it may be identified with A, the gain of the amplifier. 

8.4 Transmission, inverse transmission and ABCD 
parameters 

When a 2-port is used to transfer a signal from one port to another, 
it is appropriate to express the voltage and current at one port in terms of 
the voltage and current at the other. If V 2 and / 2 are the independent 
variables. 



( 8 . 11 ) 


where the as are the transmission parameters. When Vi and /, are the 
independent variables, 



( 8 . 12 ) 


where the bs are the inverse transmission parameters.* Here again the 
parameters do not all have the same dimensions. ai 2 and b i2 are 
impedances, a 2 1 and b 2 j are admittances and the other four parameters are 
dimensionless. 

At this point we encounter a problem in terminology. Although the 
definition of the a and b parameters in (8.11) and (8.12) follow directly from 
what has gone before, these are not the parameters commonly used in 
circuit analysis. Transmission parameters were defined originally for power 
system calculations, and the positive direction of the current at port number 
2 was taken to be out of the positive end of that port. The parameters A, B, C 
and D are then defined by 

* The terminology here is not altogether logical. The transmission parameters 
express input in terms of output, while the inverse parameters express output in 
terms of input. 
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V s = AV t + BI r ) 
I s = CV r + DI r j 


(8.13) 


where the currents and voltages are as shown in fig. 8.9. The subscripts r and 
s may be taken to stand, respectively, for receiving and sending. In order to 
avoid confusion with the transmission parameters defined by (8.11) we 
shall, in all that follows, refer to the parameters defined by (8.13) as the 
ABCD parameters. 

In terms of short-circuit and open-circuit measurements: 



B=- 


lr 


D = 


I r 


V, = 0 


K r =0 


(8.14) 


The inverse ABCD parameters are defined by the following relations: 


V T =A'V S + B'I S ) 
I t = C'V s + D'iJ 


(8.15) 


In the analysis of two-port networks it is frequently useful to be able to 
convert from one set of parameters to another set. The relationships 
between the ABCD parameters and the admittance and impedance 
parameters already defined are readily determined. 

Using (8.1) but with the currents and voltages as defined in fig. 8.9 we 
obtain: 


h-ynV s +yi 2 V t 
— Ir—y21 Ts y22 Uf 

Solving these equations for V s and / s and comparing the results with (8.13) 
we find: 


A = —— 


y2\ 



C=y 12 -^i 

^21 



(8.16) 


By using (8.4) with currents and voltages as defined in fig. 8.9, we obtain: 
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We have already shown that for passive, linear circuit elements y 12 = y 2i 
and Zi 2 =z 2 i. It follows then from either (8.16) or (8.17) that 


AD — BC=1 or 


A B 
C D 


= 1 


(8.18) 


If the network is symmetrical, then z n =z 22 and y n =y 2 i and therefore 
A = D. It follows then that for a symmetrical 2-port 


A B 
C A 



(8.19) 


8.5 Matrix notation 

It is often convenient to write the various sets of parameters for the 
two-port in matrix form. Thus, the relations (8.1) for the admittance 
parameter may be written: 




yii 

yi2 

>r 

J 2_ 


_V21 

y22. 

v 2 _ 


or 

[/]=m][n 

The matrix 


m= 


J>2 1 


•V12 

y22_ 


is often referred to as the short-circuit admittance matrix. The term ‘short 
circuit’ refers to the fact that we may determine numerical values of the 
matrix elements by making short-circuit measurements on the two-port. 
(Or by making short-circuit calculations if the details of the two-port are 
known.) 

In similar fashion one may, from (8.4), write the open-circuit impedance 
matrix: 


Fig. 8.9. Reference directions for current and voltage variables for 
ABCD parameters. 
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Zn Zl 2 

L z 21 z 22_l 

where ‘open circuit’ refers to the conditions under which measurements (or 
calculations) are made on the two-port to determine the matrix elements. 

It is apparent that for each of the six possible sets of equations that may 
be used to characterize the two-port we may write an appropriate matrix 
and express the behaviour of the two-port by means of matrix equations. 


8.6 Worked example 

For the simple unsymmetrical two-port shown in fig. 8.10, 
calculate the impedance, admittance and ABCD parameters and express 
the appropriate equations in matrix form. 

Solution. From (8.4) and (8.5), it follows that the impedance parameters are 
2n =2-1-4=60 222 + 4 = 12 O 

Zi 2 = 40 22i = 40 

Then 


A z = z 11 z 22 — z 21 z 12 = 6 x 12 — 4x4 = 56 
Now we use (8.7) to calculate the y-parameters 


JAi' 


.Vl2 : 


‘22 


14 
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>'22 = 
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28 
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'A, ; 


1 

14 


ii 2 if <-»2 

To find the transmission parameters we use (8.17) 
.. z n 3 


Z21 


g_ z U z 22_ 2i 2_ 1 8_ 4=14 


C=JL=i D=—= 3 

z 21 4 2 2 1 


Fig. 8.10. Circuit for worked example (section 8.6). 
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We may use the relation (8.18) to check our results. 

(AD - BC) = (3/2) • 3 - 14 • (1/4) = (9/2) - (7/2) = 1 


Now in matrix form the equations for the two-port of fig. 8.10 are 



8.7 Relationships between direct and inverse ABCD 
parameters 

In matrix form the relations (8.15) for the inverse ABCD para¬ 
meters are 



B r 

> s " 

UJ LC' 

0'_ 

Js. 


( 8 . 21 ) 


We now employ matrix algebra to find the relations among the parameters 
A, B, C , D and the parameters A', B', C’, £>'. From (8.13) we have 


[Vsl \A b~ 


UJ LC D_ 

J r. 


( 8 . 22 ) 


or 


m = [M][K] 


(8.23) 


Now we multiply (8.23) by [M] *. Then, since [A/] [JW] 1 is the unit 
matrix, we have 

[R] = [Mr‘[S] (8.24) 


Now, from the theory of matrix algebra, a matrix defined by 


M- 


U i 

_f-21 


f-12 

f*22_ 


has an inverse 
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where 

A = (^11^22 — L l2 L 2 i) 

Applying this result in (8.24) gives 

^ = (AD-BC) _-C A ^ 
But (AD — BC)=l. Hence 



Comparing the matrices (8.21) and (8.25) we find: 

A' = D, B'=—B, C' = — C, and D' = A 
Then in terms of the direct ABCD parameters, V r and / r are given by 

V t = DV s — BI s 

I r =-CV s + AI s 

8.8 Parameter relationships for n- and T-networks 

The networks shown in fig. 8.11 are commonly employed in both 
power and communications branches of electrical engineering, and re¬ 
ference has already been made to them in sections 2.9.2 and 5.3.6 where they 
were referred to as star-delta or wye-delta networks. As we have already 
observed in connection with power systems, the analysis of circuits 
containing such configurations is sometimes considerably facilitated by the 
transformation of one configuration into the other. One technique for 
effecting this transformation has been given in section 2.9.2 and the sets of 
transformation relations are expressed in (2.23) for the case of a purely 
resistive network. 

An alternative method for deriving the relations that must hold at the 
two ports of the T- and rc-networks if they are to be equivalent is to 


Fig. 8.11. T ~n transformation. 
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determine, say, the transmission parameters for the two networks and then 
set corresponding parameters equal. It is left as an exercise for the reader to 
prove in this way the following relations, which are similar in form to those 
in (2.23): 


2, 

Z 2 

2 3 


= 2 a + Z c + 


— Z b + Z a + 


-Z c + Z b + 


2 fl Z c 

^ ZiZ 2 

z b ’ 

Zj+Z 2 + Z 3 

Z b Z a . 

ry Z 2 Z 3 

2 C ’ 

+ Z 2 “h Z 3 



z a ’ 

Zj+Z 2 + Z 3 


8.9 Worked example 

The resistors in the circuit of fig. 8.12(a) are used as part of a bridge 
circuit in which the effective resistances in parallel with C U C 2 can be varied. 
Calculate the maximum and minimum value of the resistances appearing in 
parallel with C U C 2 . 

Solution 

The resistive T-network in fig. 8.12(a) can be replaced exactly by the n- 
network of fig. 8.12(b). The resistors of interest are R 2 , R 3 . Using the 
notation of fig. 8.11 we have 

Z a = [(l — oc)+ 1] x 10 4 Q = (2 —a)x 10 4 £2 
Z c = (l+a)xl0 4 fi 
Z„ = 10 5 Q 


Fig. 8.12. Circuit for worked example (section 8.9). 



10 4 £2 

io 4 n 

w 4 a 
















518 Two-port networks 


in which a represents the fractional position of the slider on the 
potentiometer. Equations (8.25) can then be applied to give 

R,=3x 10 4 + (2-a)(l+a)x 10 3 

R 2 = 10 5 + (2 —a)x 10 4 + — x 10 s 
1+a 

R 3 = 10 5 + (l+a)x 10 4 + ^° £ x 10 s 
2 —a 

From the nature of the circuit it is clear that the extremes of R 2 ,R3 will 
occur for the slider at an end of the potentiometer, i.e. <x=0 or 1. 
Putting a=0 we find 

R 2 = 3.2 x 10 5 Q 
R 3 = 1.6 x 10 5 Q 

In the middle for a=0.5 

R 2 = R 3 = 2.15x 10 5 fi 


8.10 Cascaded two-ports and chain matrices 

Of special interest is the situation where two or more two-ports are 
connected in cascade with the output of the first providing the input to the 
second and so on. We are interested then in calculating the output of the 
final two-port in terms of the input to the first two-port. For such 
calculations the ABCD parameters are appropriate. The matrix that 
represents the ABCD parameters is frequently referred to as the chain 
matrix. 

Consider the cascade connection shown in fig. 8.13, where the parameters 
of the two circuits are identified by the subscripts T and ‘2’. The subscript ‘s’ 
identifies the input to the first two-port and the subscript ‘r’ identifies the 
output of the second two-port. Then in fig. 8.13 


XI 

a 2 

B 2 

X 

Jn] 

C 2 

d 2 _ 

Jr. 


Fig. 8.13. Cascade connection of two-ports. 
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and 



Then 


I 

1_ 


1 

Bi 

a 2 

b 2 ~ 

K 



_c, 


Cl 

D 2 _ 

J r_ 


(8.26) 


We now show how the ABCD parameters of a two-port network may be 
derived by combining the chain matrices for the individual elements or 
sections of which the two-port is comprised. Consider first the two simple 
two-port networks of fig. 8.14. 

Clearly in fig. 8.14(a) 


V s = V T +ZI t 
/ s = / r 


Thus the ABCD matrix for this network is 


1 Z 
0 1 


(8.27) 


For the circuit of fig. 8.14(b) (in which Y represents the shunt admittance) 


v s =v t 

U=YV, + I t 

Thus the ABCD matrix is 

1 0 
Y 1 


(8.28) 


For both of these we may check the validity of AD - BC = 1. Applying (8.26) 
the ABCD matrix for the circuit of fig. 8.15(a) is found as 


Fig. 8.14. Single element two-ports. 
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"1 Z,' 

'1 o' 


1 -\~Z i /2 2 ^1 

_0 1 

J/Z 2 1. 


J/z 2 1 _ 


For the circuit of fig. 8.15(h) 


"1 o' 

"1 zr 


1 z, 

J/Z 2 1. 

_o 1 


_1/Z 2 1 + z,/z 2 _ 


(8.29) 


(8.30) 


By combining these results with (8.27,8.28) we may then find the ABCD 
matrices for the T- and ^-sections of fig. 8.11. For the T-section of fig. 8.11(a) 
we have, using (8.27, 8.29), 

'1 +ZJZb Z a 
J/Z b 1 

(8.31) 


1 Z c = 1 + ZJZ b (Z a Z b + Z b Z c + Z c Z a )/Z b 

0 1 1 iz b 1 +z c /z b 


The same result can be obtained by pre-multiplication of equation (8.30) 
by (8.27). 

For the rc-section of fig. 8.11(h) we similarly find for the ABCD matrix 


1 

_1/Z 2 


Z. 

1+z,/z 2i 


1 

1 /Z 3 


o' 

1 


1 +zjz 3 z l 

(Z 1 +Z 2 + Z 3 )/Z 2 Z 3 l+ZJZ 2 


(8.32) 


These results illustrate the formal procedure for evaluating the ABCD 
matrix of any ladder network (consisting solely of series or shunt elements). 

For other circuits, equations similar to those by which (8.27) and (8.28) 
were derived may be set, or the formal expression of equations (8.14) may be 
used. This latter process will be illustrated for the balanced lattice of fig. 
8.16(a). To apply equations (8.14) we need to analyse the circuit for the two 
cases / r =0 and F r =0. When /,=0 the relevant variables are shown in fig. 
8.16(h) whence 


Fig. 8.15. Cascade connections of the two-ports of fig. 8.14. 
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K = 


( z 2 

Z t 

\z l+ z 2 

Z\ +z 2/ 


hJ\v 

1+Z2) 5 \z 2 +zj 5 


and 


I s = 2V s /(Z 1+ Z 2 ) 

These two results used in equations (8.14) give 
Z 2 +Z t 


A = 


Z 2 — Z t 
Z 2 -Z, 

The case F r =0 is shown in fig. 8.16(c), whence 
2Z,Z 2 


B = - 


Z 2 -Zi 

D= ^L 

Z 2 —Z\ 

Thus the ABCD matrix for the balanced lattice is given by 


1 [Z 2 +Z, 2Z,Z 2 1 

.-Z, L2 z 2 +zj 


Fig. 8.16. Balanced lattice network. 
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As a check the symmetry is observed and the relation AD—BC = 1 may be 
verified. 

Another common component is the ideal transformer, shown in fig. 8.17. 
The action of this ideal component is defined by the relations 


/ r — nl s 


whence the ABCD matrix is given by 

n 0 
.0 1/n. 


(8.34) 


The simplest equivalent circuit for a real transformer takes the form shown 
in fig. 8.18, in which Z,,Z 2 will be inductances. Following previous 
examples the overall matrix may be calculated as 



n 0 
.0 1/n. 



n 

n/Z x 


nZ 2 
1 nZ 2 

-+-z- 

n Z x J 


(8.35) 


The above results are summarized in table 8.1. Two other two-ports are 
also listed which cannot be constructed from bilateral components since 


Fig. 8.17. Ideal transformer. 


n : 1 



Fig. 8.18. Non-ideal transformer. 
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Circuit 


Table 8.1 


Chain matrix 
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Circuit 



Table 8.1 ( corn .) 




Chain matrix 

n 0 
0 1 In 


n nZ 2 

n/Z\ \/n + «Z 2 /Z, 


0 a 

1 la 0 


a 0 

0 -a 


both are non-reciprocal. These are the gyrator and the negative-impedance- 
converter. Using the standard conventions for F s , / s , V, and 7 r the power 
dissipated in the two-ports is F s / s - V r I r . For a passive lossless component 
therefore 

F s / s = V,I, 

Two simple sets of relations satisfy this equation: 
either: 


or 


K 

K 


U 

h 


— n 


K 

h 



The first of these is applied to the ideal transformer, which was considered 
above, the second defines the gyrator. Hence the A BCD matrix for the 
gyrator is 
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for which AD — BC= — 1 and so is non-reciprocal. The conventional 
symbol is shown in fig. 8.19(a). The input impedance resulting from a 
termination in impedance Z, fig. 8.19(h), will be seen to be 

a 2 /Z 

The negative-impedance-converter (NIC) is defined by the relations 

V s =aV t 

h=~ah 


corresponding to the ABCD matrix 

a 0 
0 —a 


(8.37) 


Such a two-port takes its name because the input impedance is the 
negative of the terminating impedance, as indicated in fig. 8.20. As might be 
expected by considering a resistive termination this two-port is active as 
well as non-reciprocal. 

Both these two-ports can be realized approximately at low frequencies by 
use of operational amplifiers. 


Fig. 8.19. Gyrator. 
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Fig. 8.20. Negative-impedance-converter. 






























526 


Two-port networks 


8.11 Worked example 

A two-wire high voltage, 50 Hz, transmission line has the following 
parameters: 

Series inductance 2.2 mH/km 

Series resistance 0.2Q/km 

Shunt capacity 15nF/km 

Suggest a T-network which will represent a 50 km length of such a line, 
and calculate the chain matrix at 50 Hz. 

Solution 

Total series elements are 10Q in series with 110mH; shunt capacitance is 
0.75 /rF. The T-network which suggests itself is shown in fig. 8.21 (a): it is not 
quite accurate since it neglects the fact that the components are distributed 
along the length of the wire. However for this length at 50 Hz the error is not 
significant. 

The value for the chain-matrix can be obtained by use of table 8.1. We 
find 


A = D = l + (R + '}ioL)j(oC 
C =j o)C 

B = 2(R +ja)L) +jcoC(f? + jcoL) 2 

Using the values in the circuit, we find for 50 Hz 

4 = Z>=0.996+jl0 -3 
C =j2.4 10~ 4 
B=10+j34.6 

In this case the shunt impedance is very high compared with the series 
impedance (by some 4000 x ); this also implies that the 71 -network of fig. 
8.21(h) is an acceptable equivalent. 


Fig. 8.21. Circuit for worked example (section 8.11). 
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t8.12 Series and parallel connections of two-ports 

Two ways of interconnecting two two-ports are shown in fig. 8.22: 
that in fig. 8.22(a) is the series connection, that in fig. 8.22 (b) the parallel 
connection. Each way results in a composite two-port. In order to deduce 
the two-port parameters of the composite in terms of the individual two- 
port parameters before interconnection, it is important that the current 
flow is not affected by the interconnection. 

In the series connection, fig. 8.22(a), describing the individual two-ports 
by their impedance matrices as indicated in the figure, we have from (8.4) 

v, =z'n/'i +z\ 2 r 2 
r 2 =z' 21 /' 1 + z ' 22 /' 2 
r 1 = z " u /" 1 +z"i 2 /" 2 
V 2 ~ Z 2ll 1 + Z 22^ 2 

Fig. 8.22. Interconnection of two-port networks. 




(b) Parallel connection 
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The interconnection imposes the following relations 

Vy^Vy + Vy 

V 2 =V 2 +V " 2 

h 

i 2 =r 2 =i " 2 

Hence 

v i = (z'n+z"u)I l + (z \ 2 + z" 12 )l 2 

F 2 = (z ' 21 +z" 21 )/j + (z' 22 +z" 22 )I 2 

showing that the impedance matrix of the composite two-port is the sum of 
the individual impedance matrices. 

For the parallel connections the following relations are imposed 

Vy-Vy^Y” 1 

K 2 =r 2 = r 2 

12 = I'2 +I" 2 

The description of the two-ports by the admittance parameters, equation 
(8.1), combined with these relations show that the admittance matrix of the 
composite is the sum of the individual admittance matrices 

r/n+y'n yi2+fu~\ 

\_y' 2 i+y" 2 % / 22 +/ 22 J 

t8.13 Worked example 

Find the conditions in the twin-T circuit of fig. 8.23(a) so that an 
input signal does not give rise to any output. 

Solution 

From (8.1) the conditions for no output from a two-port is yi 2 =y 2 i =0. 
effectively disconnecting the input from the output. The circuit of fig. 8.23(a) 
is reciprocal, so that a physical interpretation of y l2 is the negative of the 
admittance of the series element in the equivalent 7r-circuit. Accordingly the 
easiest way to proceed is to use the T-71 equivalence in section 8.8 to find 71 - 
networks for each of the T-components of fig. 8.23(a). These are shown in 
figs. 8.23(b) and (c), and combined in fig. 8.23(d) to give the 7t-equivalent of 
the twin T-circuit. Note that this circuit could not simply be made since it 
involves a resistance which is both negative and varies with frequency. 
The condition y 12 =0 then implies 

( -+ (2R +jco2R 2 C)~ 1 =0 

V a> 2 C 2 R ](oCJ 



Worked example 


529 


or 


- 2^2 d +; — r ~ _ (^+j t0 ^ 2 ^) 

to C R j toC 

Both real and imaginary parts of this equation are satisfied for coCR = 1, 
which is the required condition. 


Fig. 8.23. Circuits for worked example (section 8.13). 
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t8.14 Iterative and image impedances 

Although equation (8.26) provides a way of determining the 
overall ABCD matrix of any number of two-ports in cascade the process is 
clearly laborious. The process can be made simpler in certain cases, leading 
to the concept of iterative and image impedances. 

8.14.1 Iterative impedances 

This impedance relates to a cascade of identical two-ports, fig. 
8.24(a): if a value of Z L exists for which the input impedance to a two-port is 
also Z L then clearly we may consider each two-port in the cascade 
separately. The impedance if this condition is true is known as an iterative 
impedance, of which in general there are two, one for each direction. The 
two possibilities are indicated in fig. 8.24(b), (c). 

Consider the situation in fig. 8.24(b). We have 

V s =AV t + BI r 
l s = CV t + DI r 
Vr = Z itl I r 

Hence we must have 

V s AZ in +B 
1,1 h CZ in +D 


Fig. 8.24. Illustrating iterative impedances. 
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or 


CZ ilt 2 + (D — A)Z in —B=0 


whence 


Z in ^[A-D±J{(D-A) 2 +4BC}] (8.38) 

Carrying out a similar process for the situation in fig. 8.24(c) we find 

Z it2 =^[D-A±J{(D-A) 2 +4BC}] (8.39) 

In each case we shall choose a value with positive resistive part. If the 
network is symmetrical, A = D and 

Z ul =Z it2 =V(B/C) (8.40) 


8.14.2 Image impedances 

The concept of iterative impedance outlined in the last section is of 
use only for cascades of identical two-ports. The situation may be 
broadened slightly by use of image impedances. The two image impedances 
of a two-port, Z U ,Z I2 , are defined by the circuit configurations of fig. 8.25. 
For the case of fig. 8.25(a) we have 


V s = AV' + BI r 
I s = CV T + DI r 
F r =Z 12 / r 

We require 

F S =Z„/ S 

Hence 


AZ i 2 + B 
CZ 12 + D 


(8.41) 


Fig. 8.25. Illustrating image impedances. 
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In the case of fig. 8.25(h) 
V s =-Z n I s 
and we require 

V T =-Z l2 I r 

Hence 


— AZ 12 + B 
11 ~ —CZ|2 + D 


Adding equations (8.41, 8.42) we find 



and 



For a symmetrical network A=D and we see that 



(8.42) 


(8.43) 


(8.44) 


This common value applying to a symmetrical network is frequently 
referred to as the characteristic impedance. 

Equations (8.43, 8.44) may be more meaningfully expressed in terms of 
the open- and short-circuit impedances of the two-port, defined in fig. 8.26. 
Straightforward application of the ABCD matrix equation shows 



Fig. 8.26. Definition of open- and short-circuit impedances. 
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We see that for equation (8.44) we may write 

Z n =J(Z ocl Z scl ) (8.45) 

and for equation (8.43) 

Z|2 = V (^oc2^sc2) 

The most straightforward application of these concepts is to attenuator 
circuits composed only of resistors. 

t8.15 Attenuators 

Consider the symmetrical T-network shown in fig. 8.27(a). For this 
a characteristic impedance, Z 0 , exists given by 

Z 0 = \/(Z<xZ sc ) 

We have 

Z oc = Ri+R2 

7 _p , * 1*2 R t 2 + 2R t R 2 
sc 1+ R l + R 2 R,+f? 2 

Hence 

Z 0 =J(R 1 2 + 2R l R 2 ) (8.46) 

In use the attenuator section will be connected as in fig. 8.27(b), terminated 
in Z 0 . Since by definition of Z 0 , the impedance seen by the source F s is also 
Z 0 



Thus the potential across R 2 is 


Fig. 8.27. Attenuator section. 
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V s - 


R ijs 
Z 0 


and finally 


K = 


Zp 

R i +Zq 



or 


V s Zp + Rj 
V, Z 0 -R , 

The ratio 


(8.47) 


power from source 
power to load 

is usually measured in decibels and termed the attenuation A of the section 

s 1A1 v s 2 /z 0 
A=mog '°v7jz- 0 

= 201og 10 |^- (8-48) 


t8.16 Worked example 

Design an attenuator section having a characteristic impedance of 
600 Q with attenuation of 10 dB. 

Solution 

From equation (8.48) 

z o + R i =l0 i 
Z 0 — Ri 

whence 


^=0.519 


or 


^=3110 


Using equation (8.46) 


R 2 = 


z 0 2 -r 1 2 

2R , 


=423 O 
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Consider the L-section of fig. 8.28. The T-section just designed can be 
regarded as two of these sections back-to-back. We now determine the 
image and iterative impedances for this section. From (8.45): 

Z„ 2 = (311 + 846)311 Z u =600 

z “- 4w 

The complete T-section is shown in fig. 8.28(h) and illustrates the use of 
image impedances: the right-hand section is terminated in its correct image 
impedance of 600 £2 and its input has impedance 439 £2. This is the correct 
image impedance with which to terminate the left-hand section so that its 
input impedance is 600 £2. 

To evaluate the iterative impedance the ABCD parameters may be 
determined using table 8.1, but it is simpler to proceed directly from the 
circuit definition of fig. 8.24(h), (c). We have 



whence 

Z itl 2 —31 lZ itl —311 x846=0 
Choosing the positive root 
Z itl =691 £2 
Similarly 

1 i 1 

Z^""846 + Z it2 + 311 

whence 

Z it2 2 + 31 lZ it2 —311 x846=0 

giving 

Z it2 = 380 £2 


Fig. 8.28. Circuits for worked example (section 8.16). 
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t8.17 Insertion loss 

A principal procedure in electrical circuits is feeding power from a 
source to a load as indicated in fig. 8.29(a), in which the source and load 
impedances have been taken to be resistive. Frequently a two-port may be 
interposed between source and load, perhaps as a filter, and the voltage 
across the load will be a new value V L (which may be calculated if 
parameters of the two-port are known). The ratio 

Flo 

Vl 

is known as the insertion loss. It is usually measured in decibels 

, -' 0IO8 '“(^w)- 201og '“(^) {849) 

It is clear that the attenuator section designed in section 8.16 has, when 
operated between source and load impedances of 600 ft, an insertion loss of 
10 dB. 

t8.18 Worked example 

The attenuator section designed in section 8.16 is mistakenly 
worked between source and load of 50 ft. Determine the insertion loss. 

The circuit is shown in fig. 8.30. The simplest way to determine the output 
voltage is to proceed as follows: 423 Q in parallel with (311 + 50)£2 is 195 Q. 


Fig. 8.29. Illustrating insertion loss. 



(a) (6) 


Fig. 8.30. Circuit for worked example (section 8.18). 
311 42 311 42 
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Thus 



50 + 311 + 195 


195 


=0.0486 E 


Since T L0 =0.5 E, the insertion loss is 



or 


/ = 20.2 dB 

8.19 Summary 

The two-port network, or two-terminal pair network, is one of the 
most frequently used circuit configurations found in electrical and elec¬ 
tronic engineering practice. The theory of such networks relates the voltage 
and current variables at the two ports of the network; depending upon 
which two of these four variables is chosen to be the independent variables, 
six possible sets of parameters may be defined, any one of which completely 
characterizes the behaviour of the network so far as externally impressed 
voltages and currents are concerned. Any of the sets of parameters may be 
expressed in terms of any other set, however, for a particular application, 
one of the six sets of parameters is often found to be the most convenient 
and is chosen in preference to the others. 

For each parameter set, equivalent circuits may be derived which 
conform to the two circuit equations corresponding to that particular 
parameter set. The elements (sources and impedances) of these equivalent 
circuits are functions of the parameters and of the terminal variables. Such 
equivalent circuits are of great practical value in the analysis of circuits part 
of which consists of a two-port network. They are also commonly used as a 
basis for modelling the small-signal characteristics of devices such as 
transistors. 

A recurring problem in circuit analysis is to determine the voltage-cur¬ 
rent relationships between input and output of several two-port networks 
connected in cascade. This may be achieved by finding the A BCD 
parameters (modified transmission parameters) of each individual two- 
port and expressing these in matrix form - the so-called chain matrix. 
Multiplication of the individual chain matrices yields the overall matrix for 
the cascade from which voltage-current relationships between input and 
output may be found. Series and parallel interconnections of two-ports also 
arise (fig. 8.22) and for these cases matrix addition of, respectively, the 
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impedance and admittance parameters (expressed in matrix form) is an 
appropriate technique for determining the overall properties of the 
interconnected networks. 

Finally, the concepts of iterative and image impedances are useful for 
circuits consisting of identical two-ports connected in cascade, and when it 
is desired to achieve matching between a source and a load by means of a 
two-port network. 

8.20 Problems 

1. Find the hybrid parameters of the circuit shown in fig. 8.10. 

2. Show that if a two-port network, described by its hybrid parameters, is 
reciprocal then h i2 = —h 21 . (Hint: apply the Reciprocity theorem to the 
relations (8.8).) 

3. Find the z-parameters of the circuit shown in fig. 8.7; hence, express the 
elements of this circuit in terms of its z-parameters. 

4. Determine the y-parameters for the circuit shown in fig. 8.31. 

5. (a) Obtain the transmission (ABCD) matrices for the networks shown 
in fig. 8.32. If the two are connected in cascade, obtain the overall ABCD 
matrix. 


Fig. 8.31. Circuit for problem 4. 
45 42 1 42 4 s ^2 

-II-Wv-II— 



+ o 




Fig. 8.32. Circuit for problem 5. 


A/Vv— 0 ° - 1 I — 1 I -o 

R 2 Z I Z 
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(b) IfRi = 100Q; R 2 = 1 kQ; Y =j 100 S; Z=j20D and/t = 20, calculate the 
overall current gain when the output is short-circuited. 

(University of Kent) 

6. Derive the transfer ( ABCD ) matrix of: 

(a) a simple series impedance; 

(b) a simple shunt admittance. 

Using these transfer matrices derive any one matrix representation of the 
parallel twin-tee network shown in fig. 8.33. Prove any matrix conversion 
you require. 

What is the condition for infinite attenuation for this network? 
(Sheffield University) 

7. (i) For the cascade connection of the two-port networks shown in fig. 
8.34(a), show that the short-circuit transfer admittance of the overall circuit 
is given by 

_ fV 12 )a(V 12 )b 

(KiiJb + O^K 

(ii) Using this result or otherwise, find the transfer admittances of the 
network shown in fig. 8.34(h) (T = RC ). 

(University of Wales) 

8. Find the iterative and image impedances of the circuit shown in fig. 8.35. 

9. Show that when the symmetrical two-port described by the matrix 

A B 
C A_ 

is terminated in its image impedance, the ratio VJV oM is given by 

/l + V(4 2 -l) 


Fig. 8.33. Circuit for problem 6. 

C C 
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Use this result to find the ratio V,„ K out for the circuit shown in fig. 8.36 
when it is terminated in its image impedance. Evaluate this ratio and the 
image impedance if R — 1 kQ, L= 1 H, and oj= 100 3 rad/s. 

10. The insertion loss of a two-port is defined as: 

Vgut with network removed 
F out with network inserted 

Show that for the circuit given in fig. 8.37 the insertion loss is: 

( Z 1 ! + Z s )(z 2 2 + ^r)~ z 12 2 

Z 12(Zr + Z s ) 

(Manchester University) 


h 


I 


2 


Fig. 8.34. Circuit for problem 7. 
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Fig. 8.36. Circuit for problem 9. 

R R 
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- o- 
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Fig. 8.37. Circuit for problem 10. 
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Appendix A 


Units, symbols and 
abbreviations 


The International System of Units (SI) comprises seven base units and two 
supplementary units. The ampere is a base unit and is defined as follows: 
that constant current which, if maintained in two straight parallel 
conductors of infinite length, of negligible cross-section, and placed 1 metre 
apart in vacuum, would produce between these conductors a force equal to 
2 x 10 -7 newton per metre of length. (For definitions of other SI units, see 
reference 16.) 


SI base units 


Quantity 

Name 

Symbol 

length 

metre 

m 

mass 

kilogram 

kg 

time 

second 

s 

electric current 

ampere 

A 

thermodynamic temperature 

kelvin 

K 

amount of substance 

mole 

mol 

luminous intensity 

candela 

cd 

SI supplementary units 

plane angle 

radian 

rad 

solid angle 

steradian 

sr 


SI derived units 

Units for other quantities commonly used in the electrical and 
other sciences are expressed in terms of base and supplementary units. The 
most important of these, which have been given special names and symbols, 
are listed below: 
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Quantity 

Name 

Symbol 

Derivation 

force 

newton 

N 

kg m/s 2 

energy 

joule 

J 

N m 

electric charge 

coulomb 

C 

As 

electric potential 

volt 

V 

S/C 

power 

watt 

w 

S/s 

apparent power 

volt-ampere 

VA 

S/s 

reactive power 

var 

VAr 

S/s 

resistance 

ohm 

n 

V/A 

conductance 

siemens 

s 

A/V 

capacitance 

farad 

F 

C/V 

inductance 

henry 

H 

Vs/A 

magnetic flux 

weber 

Wb 

Vs 

magnetic flux density 

tesla 

T 

Wb/m 2 

frequency 

hertz 

Hz 

s~ 1 

pressure, stress 

pascal 

Pa 

N/m 2 

luminous flux 

lumen 

lm 

cdsr 

illuminance 

lux 

lx 

lm/m 2 


SI compound units 

The following quantities have not been given special unit names or 
symbols, being expressed directly in terms of base, supplementary and 
derived units. 


electric field strength 

volt per metre 

V/m 

magnetic field strength 

ampere per metre 

A/m 

electric flux density 

coulomb per square metre 

C/m 2 

permittivity 

farad per metre 

F/m 

permeability 

henry per metre 

H/m 

mass density 

kilogram per cubic metre 

kg/m 3 

thermal conductivity 

watt per metre Kelvin 

W/(mK) 

torque 

newton metre 

Nm 

rotational frequency 

radian per second 

rad/s 

luminance 

candela per square metre 

cd/m 2 


Quantity and unit symbols 

(a) Quantity symbols are generally expressed by capital or small 
letters of the Latin or Greek alphabet in italic (sloping) type. Vector, phasor 
or complex quantities are expressed, where necessary, by bold-face type (in 
typescript etc. an underline or an overline may be used). Subscripts are used 
to differentiate maximum values from magnitudes. 
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Examples: potential difference, electromotive force, current. 

V, E, I d.c. or a.c. (r.m.s.) magnitudes; 


V F I 

r im 1 m 

v,e,i 

r(t), e{t), i{t) 
or v, e, i 


a.c. maximum values; 
phasors (complex quantities); 
instantaneous values of time-varying 
functions. 


(b) Unit symbols are abbreviated unit names (e.g. A, Q, m) expressed in 
roman (upright) characters and are used only after numerical values. A 
space is set between the number and its unit symbol. 


Decimal multiple and submultiple indicators 

The following indicators are prefixed to the unit symbols without a 
space (e.g. 5.5 kV); powers in steps of 3 are preferred: 


10 18 

exa 

E 




1(T 3 

milli 

m 

10 15 

peta 

P 

10 2 

hecto 

h 

1(T 6 

micro 

F 

10 12 

tera 

T 

10 1 

deca 

da 

1(T 9 

nano 

n 

10 9 

giga 

G 

KT 1 

deci 

d 

1(T 12 

pico 

P 

10 6 

mega 

M 

1(T 2 

centi 

c 

10~ 15 

femto 

f 

10 3 

kilo 

k 




1(T 18 

atto 

a 


Abbreviations 

These are set in small roman (lower-case upright) letters except at 
the beginning of a sentence where capitals are preferred (e.g. A.C. not A.c.). 
The following well-known abbreviations are used in electrical engineering: 


alternating current 

a.c 

phase 

ph 

direct current 

d.c. 

(e.g. 3-ph supply) 


electromotive force 

e.m.f. 

potential difference p.d. 

magnetomotive force 

m.m.f. 

power factor 

p.f. 

per-unit 

p.u. 

revolution 

r (rev) 



(e.g. r/s or r/min) 




root-mean-square 

r.m.s. 
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The general mesh equations 
and proofs of the network 
theorems 


Mesh equations 

The mesh equations for a general Af-mesh network are: 

Zllfl + ^12^2 • • • +^ 1Af / M = V n 
Z2J1 +Z22I2 ■ • ■ +^ 2 M^M = ^22 


ZmJ 1 +^m2^2 


■ + ^ mM / M ~ Ku 


(B.l) 


V mm 

where V mm is the net e.m.f. in the mth mesh,/ t ...I M are the M dependent 
mesh currents, and the coefficients Z are the network self and mutual 
impedances (all quantities complex). 

The network determinant is then 


■^11^12 • • • ^1M 
■^21^22 • • • %2M 

A— . . 

^M1^M2 • • • 

and the solution for the current l m in the mth mesh is 

^11 Z\2 • • • ^Im-l ^ll^lm+1 • ■ • Zim 

Z 21 Z 2 2 Z 2m -1^22 Z.2m\ 1 • • • Z>2M 

ZmI%M 2 ■ ■ ■ Z Mm - I^MmZ Mm + 1 ■ ■ ■ 



(B.2) 


(B.3) 


The network theorems may be deduced directly from this solution. 








546 Appendix B 


The Superposition theorem 

For a discussion of this theorem see section 2.6.1. Expanding the 
numerator of (B.3) about the mth column we obtain 


(-1 r-i/ m =F n -^-F 22 ^ 


y ^ 2m [ y 

v 22 £ + ^3: 


i / I \M -1 V Mm 
■ + ( — 11 'MM ^ 


where A lm denotes the determinant remaining when the first row and mth 
column are deleted from (B.2). All the determinants in this expression are 
functions only of the complex impedances in the network and, for a given 
linear network, are therefore constants. Furthermore, each term contains 
only a single net e.m.f. (there are, for example, no squared or cross-product 
terms). The superposition theorem is therefore proved. 

The Reciprocity theorem 

For a discussion of this theorem see section 2.6.2. Consider two 
branches in the general network and let us choose our meshes such that one 
branch occurs only in one mesh which we may label mesh (1) and the other 
only in some other mesh which we may label mesh (2). (A little thought will 
show that this is always possible.) Under these conditions the current in 
branch (1) will be I 1 only, and that in branch (2) will be I 2 only. 
Furthermore, an e.m.f. V l in branch (1) will form part of the F u only, and 
an e.m.f. V 2 in branch (2) will form part of ^22 only. The superposition 
theorem tells us that currents caused by one e.m.f. are independent of all 
other e.m.f.s, so that without loss of generality we may set all e.m.f.s except 
V { and V 2 to zero. Using (B.4) the solutions for the mesh current Jj and / 2 
are then: 

/ _ y y A 21 

-F 2 — 

f — _ y ^11 , y 

*2- Fj—• +V 2 ^ 

Now consider identical e.m.f.s, Fsay, acting in each of the branches. The 
current in branch (1) due to Fading alone in branch (2) will be 

I - - F ^ 21 
1_ 

and the current in branch (2) due to Facting alone in branch (1) will be 


/, =-F 
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Now, in the general mesh equations, for any pair of subscript values p 
and q, we have Z pq = Z qp , and recalling (from the theory of determinants) 
that rows and columns of a determinant may be interchanged without 
affecting its value, it may be readily seen that A pq = A qp , hence / 1 ' = I 2 '. Since 
this same result may be obtained for any two meshes chosen arbitrarily, the 
theorem is proved. 

Thevenin's theorem 

For a statement and discussion of this theorem see section 2.7. Let 
the open circuit e.m.f. between the terminals of the network be V* and let 
the impedance measured between these terminals with all internal voltage 
sources short circuited be Z T . (We assume that any current sources will 
have been transformed to voltage sources.) To prove the theorem we have 
to find expressions for V T , Z T and the current that will flow in an external 
load impedance Z connected between the terminals. 

We first connect an impedance Z in series with a source of e.m.f. E 
between the terminals. This operation will create an additional mesh in the 
network, which we take as mesh (1), the total number of meshes in the 
network then being M. The current in Z is then /, which, by (B.3), is 




(B.5) 


A 



In the present case, E will form part of V l , only, and Z a part of Z x , only. 
Let 

A 0 ' be the value of A' when £ is zero; 

A 0 be the value of A when Z is zero; 

A u ' be the minor of A' 


then. 


A' = A 0 ' + EA t i = A 0 ' 4- £Aj j 


(B.6) 


and 


A = A 0 + ZA 11 

The voltage between the terminals of the network is now: 


(B.7) 
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_ Ap' + EAn 
Ao/Z + Au 

The open circuit e.m.f. between the terminals is the value of this expression 
when Z becomes infinite and E is zero, so that 



The impedance between the terminals with all internal voltage sources 
short-circuited is the value of E/J t with Z equal to zero. Under these 
conditions A 0 ' is zero and from (B.6) we obtain 



Also, from (B.5), 



hence, 


Z x — 


£ 

h 


Ap 

An 


(B9) 


Considering again the solution (B.5) for the current, we have 



which, from (B.6) and (B.7), becomes 

I _ A Q ' + EA tl _ A 0 '/Au + E 
1 A 0 + ZA U A 0 /A n -I-Z 

Substituting (B.8) and (B.9) in this expression yields 

_ V r + E 
1 Z T + Z 


(B.10) 


But (B. 10) is precisely the equation which applies to a single-mesh network 
containing total impedance Z T + Z and total e.m.f. V T + E. The theorem is 
therefore proved. 
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Computer programs 


Many versatile computer programs are now available to the circuit 
designer; one such program, SPICE (Simulation Program for Integrated 
Circuit Electronics), written at the University of California, is freely 
available on the computers of most universities and polytechnics, and at the 
later stages of a degree course students, particularly those intending to 
specialise in electrical subjects, will benefit from an acquaintance with such 
a program. 

In the introductory stages of an electrical circuits course, however, 
assimilation of principles is of paramount importance; the programs 
described and listed in this appendix have been written with this in mind - 
they are not intended as circuit design tools but rather to assist the student 
in working through the examples and problems given in the text. In 
particular, the program for solving simultaneous equations and the circuit 
calculator program will remove much of the drudgery associated with the 
manipulation of complex quantities in a.c. circuit problems. 

The programs will run on any personal computer supporting GW 
BASIC or similar versions of the BASIC language allowing the use of 
defined functions.* 

Cl Simultaneous equations 

Program SIMUL solves the set of equations: 

(<*i 1 +j&i 1 )*i + («i 2 +}bi 2 )* 2 + • • • +(am+)b ln )x n =c 1 L0 1 
(a21+ib2l)Xl+(a 2 2+}b 2 2)X2+ ■ ■ • + {a2n+)b 2 n)x n = C 2 LQ.2 

(a„ 1 +)b„ 1 )x 1 + (a„ 2 +)b n2 )x 2 + . . . +(a nn +}b nn )x n = c n LO n 

* Minor variations of the BASIC language have, as far as possible, been taken 
into account in writing these programs. Users of BBC BASIC should, however, 
note that the pseudo variable INKEYS takes an argument, viz: INKEYS(IO). 
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This set corresponds to the general mesh equations (B.l) given in 
Appendix B, or to the nodal equations of similar form. The independent 
variables in the right-hand column represent, correspondingly, the magni¬ 
tudes and phases of the net mesh voltages in the case of the mesh equations, 
or the net injected nodal currents in the case of the nodal equations. The 
coefficients (a,fc+jfr,t) correspond to impedances or admittances as 
appropriate. 

The program uses the method of Gaussian elimination and back 
substitution, with partial pivoting.* Real and imaginary parts of coeffi¬ 
cients are stored in arrays AA(R,S), BB(R,S), R and S running from 1 to N 
where N is the number of equations. The independent variables are also 
stored in these arrays as AA(R,N+1), BB(R,N+1); for brevity in the 
program instructions these variables are also referred to as coefficients. To 
avoid corruption of the original data, arrays AA and BB are copied to 
working arrays A and B. 

The dependent variables are stored in the arrays XA(R), XB(R). The 
program proceeds by eliminating in turn each of the variables 
X(1)... X(N— 1) to produce a solution for X(N). This is back-substituted 
into the preceding pivotal equation to yield X(N — 1), the procedure being 
repeated for all pivotal equations. 

When using the program to solve the standard mesh or nodal equations, 
it must be remembered that mutual terms are negative (see section 2.5); this 
can lead to changes of sign which may cause confusion when entering data, 
particularly if the circuit described by the equations contains both inductive 
and capacitive elements. It is recommended, therefore, that the equations 
are written out with coefficients enclosed within brackets, the real and 
imaginary parts being given the appropriate sign. This is illustrated in the 
example given below. 

An option in the program allows correction of data if a mistake is made 
during entry. This option also enables changes to be made to one or more 
circuit parameters and for the program to be rerun so that the effect of such 
changes may be ascertained. 

Example. Use program SIMUL to solve the following set of equations (see 
section 5.3.5 and Fig. 5.9). 

(24 + j 18)7! + (- 2 - j4)/ 2 + (- 20 - j 10)/ 3 = 415/30 
(— 2 —j4)/! + (24+jl8)/ 2 + ( —20—jl0)/ 3 = 415/150 
(— 20 —j 10)/ x + (— 20 —j 10)7 2 + (60 + j30)7 3 = 0 


* A discussion of the underlying principles of the method can be found in: Basic 
Numerical Methods by R.E. Scraton (Edward Arnold, 1984). 
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Program printout: 

Entry complete; check coefficients 


Row 1 24 18 

-2 -4 

-20 -10 

415 30 

Row 2 —2 —4 

24 18 

-20 -10 

415 150 

Row 3 —20 —10 

-20 -10 

60 30 

0 0 


Are coefficients correct (Y/N)? Y 
Solutions are: 



MAGNITUDE 

PHASE (DEG) 

X(1) 

21.1047266 

19.7636417 

X(2) 

21.1047266 

79.7636416 

X(3) 

12.1848196 

49.7636416 


Do you wish to change parameters (Y/N)? N 

C2 Circuit calculator 

The circuit calculator (program CALC) contains two separate but 
linked programs: program RLC, which computes the impedance of a series 
or parallel branch, and program CMPLX, which enables one to perform 
chained complex arithmetic. On entry to CMPLX, results from RLC are 
automatically transferred. Program RCL extends from line 10 and calls a 
subroutine at line 2000; program COMPLX extends from line 1010 and 
calls subroutines at lines 1500,2000, 3000 and 4000. Linking between RLC 
and CMPLX is effected by lines 3-8. Error trapping is provided at line 5. 
The two programs are self-contained and may be entered in the computer 
and run as separate programs, in which case it will be necessary to include 
the dimension statement at line 4 early on in CMPLX. It is also advisable to 
incorporate error trapping in CMPLX to avoid loss of data on error. Other 
minor modifications required will be obvious to the programmer. (Note: to 
escape from CALC it is necessary to type ESC followed by Q.) 
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(a) Program RLC 

This program computes the complex impedance (R s +jX) and 
complex admittance (G + jB) of any combination of the elements R,L,C 
connected either all in series or all in parallel. Additionally, if both L and C 
are present, the frequency at which the circuit resonates is computed 
together with the g-factor and half-power bandwidth. The definition of 
resonant frequency is that given by (3.90). When entering data, a zero (0) is 
used to indicate that a particular element is absent; e.g., if only L and C are 
present in a parallel circuit their numerical values are entered but a zero is 
placed against R (the program then takes into account the fact that the 
circuit is lossless and R infinite). Values for R,L,C and/are entered in units 
of ohm, henry, farad and hertz respectively. Note that for a series circuit 
containing resistance, the value of the series resistance R s printed out by the 
program will be identical to the input value of R. However, for a parallel 
circuit R s will be a function of the values of all elements present (see section 
3.8). 

(b) Program CMPLX 

In this program complex numbers are held in seven registers 
designated Z1-Z7. Registers Z1 and Z2 are used for manual entry of data in 
either Cartesian or polar form. When transferring from program RLC, 
results are automatically placed in Z1. These registers may also be used for 
temporary storage of numbers during calculations. Registers Z3-Z5 are 
used for permanent storage, while the results of arithmetical operations are 
displayed in registers Z6 or Z7, the default being Z6. Operations may be 
carried out using any two registers as operands, e.g., the instruction 6*7 
multiplies the number in Z6 by that in Z7 placing the result in Z6; the 
instruction 6*77 places the result in Z7. Data is, of course, overwritten in Z6 
or Z7 so that these registers should not be used as operands if their contents 
are required for further calculation. A number in any register may be placed 
in any other register using the equality operator, e.g., the instruction 3 = 1 
sets the number in Z3 equal to the number in Z1. Reciprocals are obtained 
by means of the operator R; instruction 4R47, for example, takes the 
inverse of the number in Z4 and places it in Z7. 

Example. The printouts given below illustrate the use of CALC for solving 
the a.c. circuit problem given in section 3.7. The three impedances in the 
circuit (designated Z 1 ,Z 2 ,Z 3 in section 3.7) have been calculated using 
RLC, and these are displayed in registers Z3, Z4 and Z5. The impedance of 
the two branches connected in parallel (Z i //Z 2 ) has been computed (using 
the ‘product-over-sum rule’) and added to the series impedance Z 3 to give 
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the total impedance of the circuit; this is displayed in register Z7. The 
applied circuit voltage has been entered manually via register Z1 and, 
finally, the operation 1/7 has produced in Z6 the value of the main circuit 
current. 

Program printout: 

PROGRAM RLC 

Enter R,L,C,F (if element is ABSENT enter a ZERO) 

R(ohm) = ?2 
L(H) = ?15.9E—3 
C(F) = ?0 
F(Hz) = ?50 

Select circuit: series(S) or parallel(P) S 

Series circuit parameters are: 

Rs(ohm) = 2 
X(ohm) = 4.99513232 
Z(ohm) = 5.38064558 
AZ(deg) = 68.17934 
G(S) = 6.90814147E —2 
B(S)=-0.172535404 
Y(S) = 0.185851304 
AY(deg)= -68.17934 

Product LC = 0: fo,Q,Bw undefined 

Select prog. RLC(R) or prog. CMPLX(X) X 

PROGRAM CMPLX 

Result of Z(1) - (/)- Z(7)- > Z(6) is: 

REAL IMAGINARY MAGNITUDE ANGLE(DEG) 

ENTER & STORE 

Z(l) 240 0 240 0 

Z(2) 0 0 0 0 


STORE 
Z(3) 6 
Z(4) 30 
Z(5) 2 


20.9858389 21.8267138 

-7.99773583 31.0477661 

4.99513232 5.38064558 


74.0443918 
-14.9273799 
68.17934 
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RESULT 

Z6 7.4013709 -7.63636498 10.6345833 -45.8952859 

Z7 15.7066099 16.205296 22.5678801 45.8952859 

Select: Operation(0);Entry(E);Program RLC(R) 

C3 Tee-Pi transformation 

Given the impedances ZA,ZB,ZC connected in a T (or star) 
configuration, or the impedances Z!,Z2,Z3 connected in a n (or delta) 
configuration, program TEE-PI computes the transformation given by the 
relations (8.25). These relations are printed out on the VDU together with 
schematics of the circuit configurations. The operation of this program is 
self-explanatory. 

C4 Roots of polynomials 

Program ‘ROOTS’ finds the roots of a polynomial of the form 

A(m + l)x m + A(m)x m ~ 1 + . . . + /4(2)x + A(1) = 0 

where m is the degree of the polynomial and the coefficients A may be 
complex.* The real and imaginary parts of the coefficients are retained in 
arrays A(K) and B(K) respectively (K running from 1 to M + 1). Values 
held in these arrays are transferred to working arrays AR(K) and AI(K) as 
necessary. Roots are found by Laguerre’s method which operates itera¬ 
tively. For a trial value of X, a correction term DX is computed which is a 
function of the value of the polynomial and its first and second derivative; 
X—DX then becomes the next trial value, the procedure being repeated 
until DX is sufficiently small. After each root is found, forward deflation is 
used to reduce the degree of the polynomial by one, the next root is then 
found for this new polynomial. Finally, when all roots have been found, 
their values are refined (polished), again using Laguerre’s method, by 
insertion, in turn, into the unmodified polynomial. 

The coefficients of polynomials arising in electrical circuit theory are 
always real, consequently, the imaginary part of each coefficient must be set 
to zero. Alternatively, for the purposes of the examples in this book, 
reference to array B(K) in line 80 of the program may be omitted. 

* This program is a modified version of a program, written in FORTRAN, given 
in Numerical Recipes by W.H. Press, B.P. Flannery, S.A. Teukolsky and W.T. 
Vetterling, (Cambridge University Press, 1986). 
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Example. Denominator polynomial for a fourth-order Butterworth filter 
(see section 6.11). 

s 4 + 2.613s 3 + 3.414s 2 + 2.613s+ 1 =0 
Program printout: 

PROGRAM ROOTS 


Degree of polynomial: M? 4 

Enter coefficients starting with A(M + 1) 

A(5 )(Real,Imag) = ? 1,0 
A(4)(Real,Imag) = 72.613,0 
A(3)(Real, Imag) = ?3.414,0 
A(2)(Real,Imag) = 72.613,0 
A(1 )(Real,Imag) = ?1,0 

Entry complete; coefficients OK(Y/N)? Y 

Roots of polynomial are: 

REAL IMAGINARY MODULUS 


-0.382629302 

-0.382629302 

-0.923870697 

-0.9238707 


0.923901953 

-0.923901952 

-0.382704758 

0.382704758 


1 

1 

0.999999998 

1 


ARGUMENT(DEG) 

112.496643 

-112.496643 

-157.498677 

157.498677 


Program SIMUL 

10 CLS:PRINT "PROGRAM SIMUL":PRINT 
20 REM SOLUTION OP SIMULTANEOUS EQUATIONS 
30 REM BY GAUSSIAN ELIMINATION 
40 REM*DATA INPUT* 

50 INPUT "Number of equations: N M ;N: PRINT 

60 DIM AA(N,N+1),BB(N,N+1),A(N,N+1),B(N,N+1),XA(N),XB(N):PRINT 
70 PRINT "Enter coefficients":PRINT 
80 FOR R=1 TO N 
90 FOR S=1 TO N 

100 PRINT"A(" ;R? " , "; S; ") = .-INPUT AA(R,S) 

110 PRINT"B(";R;",";S;") = ";:INPUT BB(R,S) 

120 NEXT S 

130 PRINT"C(" ;R; ") = INPUT AA(R,N+1) 

140 PRINT"THETA(";R;") = ";:INPUT BB(R,N+1): PRINT 
150 NEXT R 

160 CLS:PRINT:PRINT"Entry complete; check coefficients":PRINT 
170 FOR R=1 TO N 
180 PRINT"Row";R; 

190 FOR S=1 TO N+l 

200 PRINT TAB(6); AA(R,S) TAB(20); BB(R,S) 

210 NEXT S: PRINT 
220 NEXT R 

230 PRINT:PRINT"Are coefficients correct (Y/N)? ";:GOSUB 1500 
240 IF ANOl AND AN<>2 GOTO 230 
250 IF AN=1 GOTO 300 
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260 PRINT:INPUT"Enter Row,Column,Values(A,B or C,THETA)"?R,S,VA,VB 

270 IF R<=N AND R>=1 AND S<=N+1 AND S>=1 GOTO 290 

280 PRINT:PRINT"Incorrect row and/or column numbers":GOTO 260 

290 AA(R,S)=VA:BB(R,S)=VB:GOTO 170 

300 REM* FUNCTIONS FOR COMPLEX ARITHMETIC* 

310 DEF FNCABS(D,E)=SQR(D*D+E*E) 

320 DEF FNPA(D, E, F, G)=D*F-E*G 
330 DEF FNPB(D,E,F,G)-D*G+E*F 
340 DEF FNQA(D,E,F,G)=(D*F+E*G)/(F*F+G*G) 

350 DEF FNQB(D,E,F,G)=(E*F-D*G)/(F*F+G*G) 

360 REM*COPY COEFFS TO WORKING ARRAYS* 

370 FOR R=1 TO N 

380 FOR S=1 TO N+l 

390 A(R,S)=AA(R,S):B(R,S)=BB(R,S) 

400 NEXT S 
410 NEXT R 

420 REM*CONVERT (C,THETA) VALUES TO CARTESIAN 
430 PI£=3.14159265# 

440 FOR R=1 TO N 

450 AC=(B(R,N+l))*PIE/180 

460 A=A(R,N+1)*COS(AC) 

470 B(R,N+1)=A(R,N+1)*SIN(AC) 

480 A(R,N+l)=A 
490 NEXT R 

500 REM*ELIMINATION WITH PARTIAL PIVOTING* 

510 FOR Z=1 TO N-1 
520 W=*0 

530 FOR R=Z TO N 

540 MA=FNCABS(A(R,Z),B(R,Z)) 

550 IF MA>W THEN U=R:W=MA 

560 NEXT R 

570 FOR S=Z TO N+l 

580 P=A(U,S):A(U,S)«A(Z,S):A(Z,S)=P 
590 P=B(U,S) :B(U,S)=B(Z F)?B(Z,S)=P 
600 NEXT S 
610 FOR R-Z+l TO N 

620 PA*=FNQA (A (R, Z) , B (R, Z) , A(Z, Z) , B (Z, Z) ) 

630 PB=FNQB(A(R,Z),B(R,Z),A(Z,Z),B(Z,Z)) 

640 FOR S=Z+1 TO N+l 

650 A(R,S)-A(R,S)-FNPA(PA,PB,A(Z,S),B(Z,S)) 

660 B(R,S)=B (R,S)-FNPB(PA,PB,A(Z,S),B(Z,S) ) 

670 NEXT S 
680 NEXT R 
690 NEXT Z 

700 REM*BACK SUBSTITUTION* 

710 FOR R=N TO 1 STEP-1 
720 PA*=A(R,N+l) 

730 PB=B(R,N+l) 

740 IF R=*N GOTO 790 
750 FOR S=R+1 TO N 

760 PA=PA-FNPA(A(R,S),B(R,S),XA(S),XB(S) ) 

770 PB=PB-FNPB(A(R,S),B(R,S),XA(S),XB(S) ) 

780 NEXT S 

790 XA(R)=FNQA(PA,PB,A(R,R),B(R,R)) 

800 XB(R)=FNQB(PA,PB,A(R,R),B(R,R)) 

810 NEXT R 

820 REM* CONVERT RESULTS TO POLAR FORM AND PRINT* 

830 PRINT:PRINT"Solutions are:":PRINT 

840 PRINT TAB(8)"MAGNITUDE" TAB(23)"PHASE(DEG)":PRINT 

850 FOR R=1 TO N 

860 U*XA(R):V=XB(R):GOSUB 2000 

870 PRINT"X(";R;")"TAB(8);MZ TAB(23);AZ 

880 NEXT R 

890 PRINT:PRINT"Do you wish to change parameters (Y/N)? ";:GOSUB 1500 
900 IF ANOl AND AN<>2 GOTO 890 
910 IF AN-1 GOTO 170 
920 END 

1500 REM SUBROUTINE: OPTIONS 
1510 Q$=INKEY$:IF Q$<>"" GOTO 1510 
1520 Q$«INKEY$:IF Q$="" GOTO 1520 
1530 IF Q$>"a" THEN Q$=CHR$(ASC(Q$)-32) 

1540 PRINT Q$:AN-O 
1550 IF Q$=«Y" THEN AN=1 
1560 IF Q$=»N" THEN AN=2 
1570 RETURN 

2000 REM SUBROUTINE: POLAR CONVERSION 
2010 MZ—FNCABS(U,V) 

2020 IF ABS(U)<lE-36 GOTO 2080 
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2030 AZ=(ATN(V/U))*180/PIE 
2040 IF AZ=0 AND U<0 THEN AZ=180 
2050 IF U<0 AND V>0 THEN AZ=180+AZ 
2060 IF U<0 AND V<0 THEN AZ=AZ-180 
2070 RETURN 

2080 IF V>0 THEN AZ=90 ELSE AZ=-90 
2090 IF U=0 AND V=0 THEN AZ=0 
2100 RETURN 


Program CALC 

3 CLS:PRINT"PROGRAM CALC" 

4 DIM R(7) , X (7) , M (7) ,A(7) 

5 ON ERROR GOTO 999 

6 PRINT:PRINT”Select: prog.RLC(R); prog.CMPLX(X) or quit(Q) ";:GOSUB 1500 

7 IF AN=1 GOTO 1000 

8 IF AN<>2 GOTO 6 

10 CLS:PRINT”PROGRAM RLC"SPRINT 

20 REM*PARAMETERS OF RLC SERIES/PARALLEL CIRCUITS* 

30 PRINT”Enter R,L,C,F (if element is ABSENT enter a ZERO)":PRINT 

40 INPUT”R(ohm)= ";R 

50 INPUT”L(H)= L 

60 INPUT"C(F)= ”;C 

70 INPUT”F(HZ)= ”;F 

80 PIE=3.14159265# 

90 W=2*PIE*F 
100 F0=0 

110 IF L>0 AND 00 THEN F0=1/(2*PIE*SQR(L*C)) 

120 W0=2*PIE*F0 

130 REM*TEST FOR RESONANCE* 

140 RE=0 

150 IF F0>0 GOTO 160 ELSE GOTO 170 
160 IF ABS((F-F0)/F0)<.000001 THEN RE=1 
170 DEF FNR(U,V)=U/(U*U+V*V) 

180 DEF FNI(U,V)=-V/(U*U+V*V) 

190 PRINT:PRINT"Select circuit: series(S) or parallel(P) ”; 

200 QU$=INKEY$:IF QU$<>”” GOTO 200 
210 QU$=INKEY$:IF QU$=”” GOTO 210 

220 PRINT QU$:IF QU$>=”a”THEN QU$=CHR$(ASC(QU$)-32) 

230 IF QU$o"S" AND QU$o”P” GOTO 190 
240 IF QU$="P" GOTO 450 

250 REM*COMPUTE PARAMETERS FOR SERIES CIRCUIT* 

260 IF C=0 GOTO 380 

270 IF RE=1 AND R=0 GOTO 280 ELSE GOTO 290 

280 PRlNT"Resonance(f=fo):Q infinite,Z 2 ero for Rs=*0”:END 

290 X=W*L-1/(W*C) 

300 U=R:V=X:GOSUB 2000 
310 Z=M:AZ=A 

320 G=FNR(R,X):B=FNI(R, X) 

330 U=G:V=B:GOSUB 2000 
340 Y=M:AY=A 

350 IF R=0 OR F0=0 GOTO 670 
360 Q=W0*L/R:BW=F0/Q 
370 GOTO 670 
380 X=W*L 

390 U=R:V=*X:GOSUB 2000 
400 Z=M:AZ=A 

410 G=FNR(R,X):B=FNI(R,X) 

420 U=G:V=B:GOSUB 2000 
430 Y=M:AY=A 
440 GOTO 670 

450 REM*COMPUTE PARAMETERS FOR PARALLEL CIRCUIT* 

460 IF RE=1 AND R=0 GOTO 470 ELSE GOTO 490 

470 PRINT:PRINT”Resonance(f=fo):Q and Z infinite for G=1/R=0” 

480 END 

490 IF R=0 THEN G=0 ELSE G=l/R 
500 IF L=0 GOTO 600 
510 B=W*C-1/(W*L) 

520 U*G:V=B:GOSUB 2000 
530 Y=M:AY=A 

540 RS=FNR(G f B):X=FNI(G,B) 

550 U=RS:V=X:GOSUB 2000 
560 Z=M:AZ=A 

570 IF R=0 OR F0=0 GOTO 670 
580 Q=R/(W0*L):BW=F0/Q 
590 GOTO 670 
600 B=W*C 
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610 U=G:V=B:GOSUB 2000 
620 Y=M:AY=A 

630 RS=FNR(G,B):X=FNI(G,B) 

640 U=RS:V=X:GOSUB 2000 

650 Z=M:AZ=A 

660 REM*PRINT RESULTS* 

670 PRINT:IF QU$="S" THEN PRINT"Series circuit parameters are:":PRINT 

680 IF QU$«"P" THEN PRINT M Parallel circuit parameters are:”:PRINT 

690 IF QU$="S" THEN RS=R 

700 PRINTERS(ohm)= ";RS 

710 PRINT"X(ohm)= ";X 

720 PRINT"Z(ohm)= ";Z 

730 PRINT"AZ(deg)= ";AZ 

740 PRINT"G(S)= M ;G 

750 PRINT"B(S)= ";B 

760 PRINT"Y(S)= ";Y 

770 PRINT"AY(deg)« ";AY 

780 IF F0>0 AND R>0 GOTO 790 ELSE GOTO 820 

790 PRINT"fo(Hz) ss " ;F0 

800 PRINT "Q= " ;Q 

810 PRINT "Bw= " ; BW:GOTO 860 

820 IF F0>0 AND R*0 GOTO 830 ELSE GOTO 850 

8 30 PRINT"fo(Hz) = " ; FO 

840 PRINT:PRINT"Lossless circuit:Q infinite,Bw zero":GOTO 860 
850 PRINT:PRINT"Product LC=0:fo,Q,Bw undefined" 

860 R(1)=RS:X(1)=X:M(1)=Z:A(1)=AZ 
870 GOTO 6 
880 END 

999 CLS:PRINT:PRINT"ERROR NUMBER ";ERR:RESUME 6 

1000 REM*COMPLEX ARITHMETIC* 

1010 CLS:PRINT"PROGRAM CMPLX" 

1020 PIE=3.14159265# 

1030 GOSUB 4000 

1040 PRINT:PRINT"Select:Operation(O);Entry(E);Prog.RLC(R);Quit(Q)"/:GOSUB 1500 

1050 IF AN<2 OR AN>4 GOTO 1040 

1060 ON AN-1 GOTO 10,1120,1070 

1070 CLS:GOSUB 4000:GOSUB 3000 

1080 IF I<>7 THEN 1=6 

1090 IF 0$="=» THEN I=G 

1100 CLS:PRlNT"Result of Z(";G; H )-("?0$;")-Z(" ;H; ")->Z(";I;") is:":PRINT 
1110 GOSUB 4000:GOTO 1040 
1120 CLS:GOSUB 4000 

1130 PRINT:PRINT"Entry in Cartesian(C) or Polar(P)GOSUB 1500 
1140 IF AN<>5 AND AN<>6 THEN GOTO 1130 
1150 IF AN=6 GOTO 1200 
1160 PRINT:FOR J=1 TO 2 

1170 PRINT"Enter Z";J;»(Real,Imag)INPUT R(J),X(J) 

1180 U=R(J):V=X(J):GOSUB 2000:M(J)=M:A(J)=A 
1190 NEXT J:GOTO 1250 
1200 PRINT:FOR J=1 TO 2 

1210 PRINT"Enter Z";J;"(Mag,Angle(deg)INPUT M(J),A(J) 

1220 AA=A(J)*PIE/180 

1230 R(J) =M (J) *COS (AA) :X(J)=M(J)*SIN (AA) 

1240 NEXT J 

1250 CLS:GOSUB 4000 

1260 GOTO 1040 

1500 REM SUBROUTINE: OPTIONS 
1510 Q$=INKEY$:IF Q$<>"" GOTO 1510 
1520 Q$=INKEY$:IF Q$="" GOTO 1520 
1530 IF Q$>="a" THEN Q$=CHR$(ASC(Q$)-32) 

1540 PRINT Q$:AN=0 
1550 IF Q$="X" THRU hU=l 
1560 IF Q$="R" THEN AN=2 
1570 IF Q$="E" THEN AN=3 
1580 IF Q$="0" THEN AN=4 
1590 IF Q$="C" THEN AN=5 
1600 IF Q$=»P" THEN AN=6 
1610 IF Q$=»Q" GOTO 9999 
1620 RETURN 

2000 REM SUBROUTINE: POLAR CONVERSION 
2010 M=SQR(U*U+V*V) 

2020 IF ABS(U)<lE-36 GOTO 2080 
2030 A=(ATN(V/U))*180/PIE 
2040 IF A=0 AND U<0 THEN A=180 
2050 IF U<0 AND V>0 THEN A=180+A 
2060 IF U<0 AND V<0 THEN A=A-180 
2070 RETURN 
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2080 IF V>0 THEN A=90 ELSE A=-90 
2090 IF U=0 AND V=0 THEN A=0 
2100 RETURN 

3000 REM SUBROUTINE: OPERATIONS 
3010 PRINT:PRINT"Operations:"; 

3020 PRINT"+-*/= and R M 
3030 1*0:PRINT 

3040 INPUT"Z(?)-(OP?)-Z(?)->Z(6-7) M ;X$ 

3050 IF LEN(X$)<3 OR LEN(X$)>4 GOTO 3040 
3060 IF LEN(X$)=3 GOTO 3090 
3070 I=VAL(RIGHT$(X$,1)):IF I<>7 GOTO 3040 
3080 X$=LEFT$(X$,3) 

3090 G=VAL(LEFTS(X$,1)):H=VAL(RIGHT$(X$,1)) 

3100 0$=MID$(X$,2,1) 

3110 IF G<1 OR G>7 GOTO 3040 
3120 IF H<1 OR H>7 GOTO 3040 

3130 IF 0$<>"+" AND 0$<>"-" GOTO 3140 ELSE GOTO 3160 

3140 IF 0$<>"*" AND 0$<>"/» GOTO 3150 ELSE GOTO 3160 

3150 IF 0$<>"R" AND 0$<>"=" GOTO 3040 ELSE GOTO 3160 

3160 REM*SELECT OPERANDS* 

3170 FOR J=1 TO 7 
3180 IF G=J THEN P=R(J) 

3190 IF G=J THEN Q=X(J) 

3200 IF H=J THEN S=R(J) 

3210 IF H=J THEN T=X(J) 

3220 NEXT J 

3230 REM*EXECUTE OPERATOR* 

3240 IF 0$="+" GOTO 3250 ELSE GOTO 3260 
3250 U=P+S:V=Q+T:GOSUB 2000:GOTO 3430 
3260 IF 0$="-" GOTO 3270 ELSE GOTO 3280 
3270 U=P-S:V=Q-T: GOSUB 2000:GOTO 3430 
3280 IF 0$="*" GOTO 3290 ELSE GOTO 3300 
3290 U=P*S-Q*T:V=P*T+Q*S: GOSUB 2000:GOTO 3430 
3300 IF 0$="/" GOTO 3310 ELSE GOTO 3330 
3310 U=(P*S+Q*T)/(S*S+T*T) 

3320 V=(Q*S-P*T)/(S*S+T*T):GOSUB 2000:GOTO 3430 
3330 IF 0$="R" GOTO 3340 ELSE GOTO 3360 
3340 U=P/(P*P+Q*Q) 

3350 V=-Q/(P*P+Q*Q):GOSUB 2000:GOTO 3430 

3360 IF 0$<>"=" GOTO 3430 

3370 FOR J=1 TO 7 

3380 IF GO J THEN GOTO 3420 

3390 R(J)=S:X(J)=T 

3400 U=S:V=T:GOSUB 2000 

3410 M(J)=M:A(J)=A 

3420 NEXT J:RETURN 

3430 IF 1=7 GOTO 3450 

3440 R(6)=U:X(6)=V:M(6)=M:A(6)=A:RETURN 
3450 R(7)=U:X(7)=V:M(7)=M:A(7)=A 
3460 RETURN 

4000 REM SUBROUTINE:DISPLAY 

4010 PRINT TAB(5)"REAL" TAB(18)"IMAGINARY"; 

4020 PRINT TAB(31)"MAGNITUDE" TAB(44)"ANGLE(DEG)" 

4030 FOR J%=1 TO 7 

4040 IF J%=1 THEN PRINT"ENTER & STORE" 

4050 IF J%=3 THEN PRINT"STORE" 

4060 IF J%=6 THEN PRINT"RESULT" 

4070 PRINT"Z";J% TAB(5);R(J%) TAB(18);X(J%) TAB(31);M(J%) TAB(44);A(J%) 
4080 NEXT 
4090 RETURN 

9999 PRINT"Quitting prog.CALC" 


Program TEE-PI 

10 CLS:PRINT"PROGRAM TEE-PI":PRINT 
20 DIM Z$(6),R(6),X(6),M(6),A(6) 

30 Z$(1)="Z1":Z$(2)="Z2":Z$(3)="Z3" 

40 Z$(4)="ZA":Z$(5)="ZB":Z$(6)="ZC" 

50 DEF FNR(P,Q,R,S,U,V)=(U*P*R-U*Q*S+V*P*S+V*Q*R)/(U*U+V*V) 

60 DEF FNI(P,Q,R,S,U,V)=(U*P*S+U*Q*R-V*P*R+V*Q*S)/(U*U+V*V) 

70 GOSUB 1000 

80 PRINT "ZA=Z1*Z2/(Z1+Z2+Z3)"TAB(21)"Z1=ZA+ZC+ZA*ZC/ZB" 

90 PRINT "ZB=Z2*Z3/(Z1+Z2+Z3)"TAB(21)"Z2=ZB+ZA+ZB*ZA/ZC" 

100 PRINT "ZC=Z3*Z1/(Z1+Z2+Z3)"TAB(21)"Z3=ZC+ZB+ZC*ZB/ZA":PRINT 
110 PRINT "Select:TEE-to-PI(T) or PI-to-TEE(P) "; 

120 Q$=INKEY$:IF Q$<>"" GOTO 120 
130 Q$=INKEY$:IF Q$="" GOTO 130 
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140 PRINT Q$:IF Q$>="a» THEN Q$-CHR$(ASC(Q$)-32) 

150 IF Q$<>"T" AND Q$<>"P" GOTO 110 
160 IF Q$-"P" GOTO 300 

170 PRINT:PRINT"Enter TEE-circuit values":PRINT 
180 FOR J-4 TO 6 

190 PRINT Z$(J);"(Real,Imag)"?:INPUT R(J),X(J) 

200 NEXT J 

210 REM*COMPUTE PI-IMPEDANCES* 

220 R(1)=R(4)+R(6)+FNR(R{4),X(4),R(6),X(6) ,R(5) ,X(5)) 

230 X(1)—X(4)+X(6)+FNI(R(4),X(4),R(6),X(6),R(5),X(5)) 

240 R(2)—R(5)+R(4)+FNR(R(5),X(5),R(4),X(4),R(6),X(6) ) 

250 X(2)=X(5)+X(4)+FNI(R(5),X(5),R(4),X(4),R(6),X(6)) 

260 R(3)=R(6)+R(5)+FNR(R{6),X(6),R(5),X(5),R(4),X(4)) 

270 X(3)*X(6)+X(5)+FNI(R<6),X(6),R(5),X(5),R(4),X(4)) 

280 GOSUB 2000 

290 CLS:GOSUB 1000:GOTO 440 

300 PRINT:PRINT"Enter Pi-circuit values":PRINT 
310 FOR J=1 TO 3 

320 PRINT Z$(J)?»(Real,Imag)";:INPUT R(J),X(J) 

330 NEXT J 

340 REM*COMPUTE TEE-IMPEDANCES* 

350 D=R(1)+R(2)+R(3):E=X(1)+X(2)+X(3) 

360 R(4)=FNR(R(1),X(1),R(2),X(2),D,E) 

370 X(4)»FNI(R(1),X(1),R(2),X(2),D,E) 

380 R(5)-FNR(R(2),X(2),R(3),X(3),D,E) 

390 X(5)—FNI(R(2),X(2),R(3),X(3),D,E) 

400 R(6)-FNR(R(3),X(3),R(1),X(1),D,E) 

410 X(6)-FNI(R(3), X(3),R(l),X(l),D,E) 

420 GOSUB 2000 
430 CLS:GOSUB 1000 
440 REM*PRINT RESULTS* 

450 PRINT TAB(5)"REAL" TAB(18)"IMAGINARY"; 

460 PRINT TAB(31)"MAGNITUDE" TAB(44)"ANGLE(DEG)" 

470 IF Q$-"T" GOTO 540 

480 PRINT:PRINT"FOR PI-IMPEDANCES:":PRINT 
490 FOR J«1 TO 6 

500 IF J-4 THEN PRINT:PRINT"TEE-IMPEDANCES ARE:":PRINT 
510 GOSUB 900 
520 NEXT J 
530 END 

540 PRINT:PRINT"FOR TEE-IMPEDANCES:":PRINT 
550 FOR J-4 TO 6 
560 GOSUB 900 
570 NEXT J 

580 PRINT:PRINT"PI-IMPEDANCES ARE:":PRINT 

590 FOR J=1 TO 3 

600 GOSUB 900 

610 NEXT J 

620 END 

900 REM SUBROUTINE: PRINT VALUES 

910 PRINT Z$(J) TAB(5);R(J) TAB(18);X(J); 

920 PRINT TAB(31);M(J) TAB(44);A(J) 

930 RETURN 

1000 REM SUBROUTINE: DISPLAY CIRCUIT SCHEMATICS 
1010 PRINT TAB(5)"TEE" TAB(26)"PI":PRINT 
1020 PRINT"**ZA*****ZC**" TAB(21)"*****Z1*****" 

1030 PRINT TAB(6)"*"TAB(23)"*"TAB(30)"*" 

1040 PRINT TAB(6)"*"TAB(23)"*"TAB(30)"*" 

1050 PRINT TAB(6)"ZB"TAB(13)"<->"TAB(23)"Z2"TAB(30)»Z3" 

1060 PRINT TAB(6)"*"TAB(23)"*"TAB(30)"*" 

1070 PRINT TAB(6)"*"TAB(23)"*"TAB(30)"*":PRINT 
1080 RETURN 

2000 REM SUBROUTINE: CARTESIAN/POLAR CONVERSION 
2010 PIE-3.14159265#:FOR J=1 TO 6 
2020 M(J)—SQR(R(J)*R(J)+X(J)*X(J)) 

2030 IF ABS(R(J))<lE-36 GOTO 2050 

2040 A(J)—(ATN(X(J)/R(J)))*180/PIE:GOTO 2060 

2050 IF X(J)>0 THEN A(J)=90 ELSE A(J)=-90 

2060 NEXT J 

2070 RETURN 
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Program ROOTS 

10 CLS:PRINT"PROGRAM ROOTS":PRINT 

20 REM*EVALUATES ROOTS OF POLYNOMIAL OF DEGREE M* 

30 REM*INPUT DATA* 

40 INPUT"Degree of polynomial: M";M 

50 DIM A(M+l),B(M+l) , AR(M+l),AI(M+l),ROOTR(M),ROOTI(M) 

60 PRINT:PRINT"Enter coefficients starting with A(M+l)PRINT 
70 FOR K=M+1 TO 1 STEP-1 

80 PRINT "A(";K;")(Real,Imag) « ";:INPUT A(K),B(K) 

90 NEXT K 

100 PRINT:PRINT"Entry complete; coefficients OK(Y/N)? 

110 QU$=INKEY$:IF QU$<>"" GOTO 110 
120 QU$=INKEY$:IF QU$="" GOTO 120 

130 PRINT QU$:IF QU$>="a" THEN QU$=CHR$(ASC(QU$)-32) 

140 IF QU$o"Y" AND QU$<>"N" GOTO 100 
150 IF QU$—"N" GOTO 60 

160 REM*COPY COEFFS TO WORKING ARRAYS* 

170 FOR K=1 TO M+l 

180 AR(K)=A(K): AI(K)=B(K) 

190 NEXT K 

200 REM*FUNCTIONS FOR COMPLEX ARITHMETIC* 

210 DEF FNCABS(P, Q)=SQR(P*P+Q*Q) 

220 DEF FNPR(P,Q,R,S)=P*R-Q*S 
230 DEF FNPI(P,Q,R,S)=P*S+Q*R 
240 DEF FNQR(P,Q, U, V) *(P*U+Q*V)/(U*U+V*V) 

250 DEF FNQI(P,Q,U,V)=(Q*U-P*V)/(U*U+V*V) 

260 REM*ROOT FINDING DRIVER ROUTINE* 

270 EPS=.000001:REM*ACCURACY* 

280 FOR J=M TO 1 STEP -1 
290 PLSH$="FALSE" 

300 XR=0:XI=0:REM*START ROOT FINDING AT ZERO* 

310 GOSUB 1000:REM*CALL SUBROUTINE LAGUERRE* 

320 IF ABS(XI)<=2*EPS*EPS*ABS(XR) THEN XI=0 
330 ROOTR(J)=XR:ROOTI(J)=XI 
340 REM*FORWARD DEFLATION* 

350 BR=AR(J+1):BI=AI(J+1) 

360 FOR K=J TO 1 STEP-1 
370 CR=AR(K):CI=AI(K) 

380 AR(K)=BR:AI(K)=BI 

390 BRR=FNPR(XR,XI,BR,BI)+CR 

400 BI=FNPI(XR,XI,BR,BI)+CI:BR=BRR 

410 NEXT K 

420 NEXT J 

430 REM*POLISH ROOTS USING UNDEFLATED COEFFS* 

440 FOR K=1 TO M+l 

450 AR(K)=A(K):AI(K)=B(K) 

460 NEXT K 

470 FOR L=1 TO M 

480 J~M 

490 PLSH$="TRUE" 

500 XR=ROOTR(L):XI=ROOTI(L) 

510 GOSUB 1000:REM*CALL LAGUERRE* 

520 IF ABS(XI)<=.1*EPS*ABS(XR) THEN XI=0 
530 ROOTR(L)=XR:ROOTI(L)=XI 
540 NEXT L 

550 REM*SORT ROOTS BY REAL PARTS* 

560 FOR J=2 TO M 

570 XR=ROOTR(J):XI-ROOTI(J) 

580 FOR K=J-1 TO 1 STEP-1 

590 IF ROOTR(K)<=XR GOTO 630 

600 ROOTR(K+1)=ROOTR(K):ROOTI(K+l)=ROOTI(K) 

610 NEXT K 
620 K*0 

630 ROOTR(K+1)-XR:ROOTI(K+1)=XI 
640 NEXT J 

650 REM*OUTPUT RESULTS* 

660 PRINT:PRINT"Roots of polynomial are:":PRINT 
670 PRINT "REAL" TAB(14)"IMAGINARY"; 

680 PRINT TAB(28)"MODULUS" TAB(42)"ARGUMENT(DEG)" 

690 FOR K»M TO 1 STEP-1 
700 ZR*=ROOTR(K) :ZI*ROOTI(K) 

710 GOSUB 2000 
720 MO=FNCABS(ZR,ZI) 

730 AZ=AZ*180/PIE 

740 PRINT ROOTR(K) TAB(14);ROOTI(K) TAB(28);MO TAB(42);AZ 
750 NEXT K 
760 END 
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1000 REM SUBROUTINE: LAGUERRE 
1010 EPSS=6E-09:REM*ACCURACY* 

1020 MAXIT=100:REM*NUMBER OF ITERATIONS* 

1030 DXOLD=FNCABS(XR,XI) 

1040 FOR 1=1 TO MAXIT 
1050 BR=AR(J+1):BI=AI(J+1) 

1060 ERO=FNCABS(BR,BI) 

1070 DR=0:DI=0 
1080 FR=0:FI=0 
1090 ABX=FNCABS(XR,XI) 

1100 REM*EVALUATION OF POLYNOMIAL AND FIRST TWO DERIVATIVES* 

1110 FOR K=J TO 1 STEP-1 
1120 FRR=FNPR(XR,XI,FR,FI)+DR 
1130 FI=FNPI(XR,XI,FR,FI)+DI:FR=FRR 
1140 DRR=FNPR(XR, XI,DR,DI)+BR 
1150 DI=FNPI(XR,XI,DR,DI)+BI:DR=DRR 
1160 BRR=FNPR(XR,XI,BR,BI)+AR(K) 

1170 BI=FNPI(XR,XI,BR,BI)+AI(K):BR=BRR 
1180 ERO=FNCABS(BR,BI)+ABX*ERO 
1190 NEXT K 
1200 ERO=EPSS*ERO 

1210 IF FNCABS(BR,BI)<=ERO THEN GOTO 1220 ELSE GOTO 1250 
1220 DXR=0:DXI=0 
1230 RETURN 

1240 REM*COMPUTE CORRECTION TERM* 

1250 GR=FNQR(DR,DI,BR,BI) 

1260 GI=FNQI(DR,DI,BR,BI) 

1270 G2R=FNPR(GR,GI,GR,GI) 

1280 G2I=FNPI(GR,GI,GR,GI) 

1290 HR=G2R-2*FNQR(FR,FI,BR,BI) 

1300 HI=G2I-2*FNQI(FR,FI,BR,BI) 

1310 ZR=(J-l)*(J*HR-G2R) 

1320 ZI=(J-1)*(J*HI-G2I) 

1330 GOSUB 2000:REM*COMPUTES ARG(Z)=AZ* 

1340 SRQ=SQR(FNCABS(ZR,ZI))*COS(AZ/2) 

1350 SIQ=SQR(FNCABS(ZR,ZI))*SIN(AZ/2) 

1360 GPR=GR+SRQ:GPI=GI+SIQ 
1370 GMR=GR-SRQ:GMI=GI-SIQ 

1380 IF FNCABS(GPR,GPI)<FNCABS(GMR,GMI) GOTO 1390 ELSE GOTO 1400 

1390 GPR=GMR:GPI=GMI 

1400 DXR=FNQR(J , 0,GPR,GPI) 

1410 DXI=FNQI(J,0,GPR , GPI) 

1420 X1R=XR-DXR:X1I=XI-DXI 

1430 IF XR=X1R AND XI=X1I THEN RETURN 

1440 XR=X1R:XI=X1I 

1450 CDX=FNCABS(DXR,DXI) 

1460 IF I>6 AND CDX>=DXOLD THEN RETURN 
1470 DXOLD=CDX 

1480 IF PLSH$= ,, TRUE” GOTO 1500 

1490 IF FNCABS(DXR,DXI)<=EPS*FNCABS(XR,XI) THEN RETURN 
1500 NEXT I 

1510 PRINT M TOO MANY ITERATIONS* 1 
1520 RETURN 

2000 REM SUBRTN 4-QUADRANT ARCTAN ROUTINE 
2010 PIE=3.14159265# 

2020 IF ABS(ZR)<lE-36 GOTO 2080 
2030 AZ=ATN(ZI/ZR) 

2040 IF AZ=0 AND ZR<C THEN AZ=PIE 
2050 IF ZR<0 AND ZI>0 THEN AZ=PIE+AZ 
2060 IF ZR<0 AND ZI<0 THEN AZ=AZ-PIE 
2070 RETURN 

2080 IF ZI>0 THEN AZ=PIE/2 ELSE AZ=-PIE/2 
2090 IF ZI=0 AND ZR=0 THEN AZ=0 
2100 RETURN 
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Laplace transform pairs 


1. ? 

2. e~ at 

3. -(l-e-“') 
a 

4. te~ at 

5. —^— (c~ a '-e~ b ‘) 
b — a 

6. sin cot 


n\ 

? Tr 

1 

s + n 

1 

s(s + a) 

1 

(s + a) 2 

1 

(s + a)(s + fr) 
CO 

S 2 +(0 2 


7. sin(atf + A) 


CO cos/ 

S 2 +C0 2 


+ 


s sin/ 

S 2 + CO 2 


8. cos cot 

9. cos(a>t + A) 


s 

s 2 + co 2 

scos/ co sin/ 
s 2 +a> 2 s 2 +co 2 


10. e “‘sincor 


e "'cost ot 


co 

(s+a) 2 + u> 2 
s + a 

(s + a) 2 +co 2 


11 . 
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12. 

e a '\ coscot — — sincor) 

V w ) 

s 

(s + a) 2 + a) 2 

13. 

sinh cot 

CO 

05 

1 

S 

to 

14. 

cosh cot 

s 

s 2 -co 2 

15. 

c (const.) 

c 

s 

16. 

u(t) (step) 

1 

s 

17. 

u(t — a) 

-e~ as 

s 

18. 

S(t) (impulse) 

1 

19. 

<5(r-a) 

e -as 

20. 

p(t) (ramp) 

1 

S 2 

21. 

Pit ~a) 

1 

p, -as 

2 c 

S Z 

22. 

f(t — a)u(t — a) 

e~° s F{s) (shift in t) 

23. 

c~ a f(t) 

F(s + a) (shift in s) 


Operational transforms 

In the following, 



/ o =/(0 + ); /„=^/(o + ) 


24. 

dr 

sF(s)-f 0 

25. 

d 2 / 

dr 2 

s 2 F(s)-s/ 0 -/i 


26. 


d f 
dr" 


s n F(s) — s" %-s n 2 j\ . . . 
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* 

1 1 


m ~ 

f(t)dt 

-F(s) + - 
s s 


f(t)dt 


28. 

29. 


/(T)dr 

0 
% t 

/i(T)/2(t-T)dr 

o 


1f( S ) 

s 

F 1 (s)F 2 (s) (convolution) 
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Answers to problems 


Chapter 1 

1. (a) Source; 6 W. (b) HOC; 330J. 

2. Sources: A and E. Sinks: B, C, and D. 27 W. 

3. 9Q; 1/2S. 

4. V AE — 1 V; V BE = 1 V; V CE — —0.5 V; I AB =0', I CB = —0.3 A. 

5. 0.624 J; 2.63 kV. 

6 . 4- 1/84 ^F. 

7. 1H; 2 A; -1/2V; 8 J. 

Chapter 2 

1. 5 V; 40.8 m£2. 

2. (a) 700V; 250Q. (b)2.8A;4mS. 

3. 0.347 V; 0.207 V. 

4. 104 V. 

5. (21 K 2 )/109A; (12J^! + 15F 2 )/109 A; (13—11 K 2 )/109 A 

1/109 A; 21/109 A; 18/109 A 

2/21 V; 109/21 Cl. 

6. 11 V; 5y V. 

7. Four; two; —5.37 V. 

8. 1/2 A. 

9. I 85 A; 7l| V. 

10. 5r/4 fiA. 

11. lOkQ; 30kQ. 

12. 2Q; 4.5Q. 

13. 5/6Q. 

14. 40 mQ (approx); 4 A (approx). 

15. Minimum at third load point; 1.32 x 10 - 4 m 2 
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Answers to problems 


Chapter 3 

1 . {E 2 + ?E m 2 )/R; (E 2 + jE m 2 ) 112 . 

2. (a) 1/73; 2/73 (b) 1 / 72 ; */ 272 . 

3. (a) 10+jl0 = 14.1/45; 0,05-jO.OS = 0.07 / -45 . 

(b) 10 —j 10 = 14.1 / —45 ; 0.05+j0.05 = 0.07/45. 

(c) 25.9+j18.55 = 31.9 /35.7 ; 0.25-j0.18 = 0.031 /-35.7 . 

4. 460 cos rot. 

5. 144/33.7: 17.140; 109mH; 139 pF. 

6 . 288 V. 

7. 45°; 45°. 

8 . ® = [(l/Cj + 1/C 2 + 1/C 3 )/L] 1/2 . 

12. 4.26 kO; 213pF; 39.2 kO; 2.62x 10" 3 . 

13. l/(<y 0 2 C 1 C 2 R)+j(l/oj 0 C 1 + l/o> 0 C 2 ) 

15. R+)(coL— l/a»C— 1/coCi); — j(o>M—l/coCJ. 

16. c 0 /(i + i/e 2 ). 

17. 35.6 kHz; 0.15 V. 

18. (a) 20+j20; 2.83cos(10f-45). (c) a> 1 = 750; a) 2 = 7l50. 

19. 15.9kHz 

Chapter 4 

1. (a) 43.6 W; 129.2 W; 61.7 W. (b) 234 W; +207 VAr. (c) 0.75. 

2. —j 1.77O or +j7.69Q. 

3. 66.7 /-53.1 A: 82.1/6.1 kV. 

4. (a) 21.5 / —63.4 A: 9.57 /53.13 A: 19.2 /-36.9 A. 

(b) 5+jlOfi; 15—j20Q. (c) 10+j7.5O. 

5. 3.31 A; 110 W; 210 VAr. 

6 . 1.2/0 A: 0.4/180 A: 0.28/135 A. 

7. (a) 237 /-3.16 V. (b) 250 /-3.8 V. 

8 . 96.5%; 6.36 A. Readings on primary: 500 A; 545 V; 26kW. 

9. (a) 8Q. (b) 1/4 A; 1/2 W. (c) 2^-W; 17^-W. 

10. 2.1 x 10~ 8 W; 2.8 x 10~ 8 W; 13x 10~ 8 F. 

11. Ratio =1:11; 1.25mV. 

12. (a) 10 —j 12O. (b) 19.4 W. 

13. R = 50Q; X = 0Q; 1/2W; 79.1 pH; 317pF. 

14. 0.33 pF (ZJ.OJSmH (Z 2 )or0.33mH (Z l ),0.33pF (Z 2 ). Ratio: 
0.33. 

15. 11.10. 

Chapter 5 

1. (a) 18.6/34 A; 18.6 / - 116.6 A; 18.6 /123.4 A. 

(b) 32.1 / —26.6 A; 32.1 /- 146.6 A; 32.1 /93.4 A. 

(c) 0.894. 
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(d) 20.6 kW. 

(e) (20+jl0)/3Q. 

2. 6.97 A. 

3. 15.6±j25.6Q. 

4. (a) 231 A. (b) 0.986. (c) 94.7 kW. 

5. 7.19kW; 5.74kW. 

6 . (a) V ab = 440/0 V; V bc = AA Ol -120 V; V ca = 440^120 V. 

I a = 24.7 / -63.6 A; 4 = ll.l / -36.8 A; I t = 35Ll2teA. 
4 = 3.04 /-90 A; /,= 13.2 /-47.5 A; / 3 = 22/!2QA. 

( C ) v L =mlo. 

7. Power = IP— F 2 R /(/? 2 + A 2 ). 

8 . (a) 0.513 MW/line, (b) 65.4 MW. (c) 139 kV. 

9. 25.5 /iF. 

10. 6.2kV (line); 97.7%. 

11. 551 A; 400 V. 

Chapter 6 

1. 1.0s. (a) 0.69s; 3 s. 

2. (a) 12mA; zero, (b) i e = 12e- 20000 '. 

(c) Zero; 12 V. (d) 360x 10 - 8 J. (e) 720x 10~ 8 J. 



T= CR i R 2 /(R l + R 2 Y, 0.342mA; 0.25mA. 

4. (a) i c = lOe -1001 A; v c = 200(1 -e“ 100 ')V. 

(b) i c = — 10e - 66 - 7 'A; o t (0.1)=-100 V. 

(c) i c = 15e -100 'A; v c = 100(2-3e- 100 ') V. 

5. 2.3 ms (closing); 0.6 ms (opening). 

6 . (a) i L = 8.94cos(10 3 f — 63.4) —2e _500 'mA (b) 140°. 

7. (15r+0.3)V; 0.3 V. 

8 . (a) 0.833 mA; 0.833mA; 0.833 V. 

(b) 0.833mA; 0.833mA; 0.833 V; —60mA/s; — 30mA/s; 
1500 V/S. 

(c) 0.083mA; -0.67mA; 2.33 V. 

9. Ri = R 2 ; L = CR 1 2 . 

10. R>2yJ(L/C) — r. 




where R = R 1 R 2 /{R 1 + R 2 ) 
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ai ' + 4 2 e ' X1 ‘ where a t and a 2 are given by: 


R 3 1 

<Xi,<X2 ~[2L + 2RC 



«3 1 


\2L ICR 


( 1 +^ 

LC\ R 


■r- 


12. _|| e -R(/a. + M)_ e -Rl/(Z.-M)j 

13. (a) v c (t) = 0.67 + e _< ”(0.33 cos cot + 3.35 sin cot) 

where a = 0.75, co = 0.97. 

(b) v c (t) = 0.51 cos (2f — 130)+e " *'( 1.33 cos cot + 4.93 sin cor) 
v c (t) Id 

im -— + oJiF vM 

14. (a) 0.1 mH; 200. (b)200kQ. 

16. v c (t)= 10(8 —7e -0 - 318 '); 
i(t)= 1 +3.5e“°- 318t . 

17. (a) a = o 2 (0); b = 2i L (0); c = }[3v l (0)+v 2 (0j]. 

(b) o 2 ( 0 ) = 1 ; i L ( 0 )= 1 ; o,( 0 ) = 1 . 


(c) o 2 (r)= 1 —e ‘— j-e ,/2 sin^— 


18. F(s) = ^(l-e 


V 3 

s )-e- 

s 


,V1, 

2 


i(t)= 10 C- 


10 


to 



C 

— )e -a, cos(cor —<£,) 

JL> 


u(t) 


- 10C- 


10 


co 



— )e a< ' 01) cos{co(r — 0.1) — 


+ 


- a(I — 0.1), 


coL 


sinco(r—0.1) 


u(t-0.1) 


where co 2 = (l/LC)—{R/2L) 2 ; cf) l = tan 1 (ot/co); a = R/2L. 

20. F 2 (s)=0.5/[(s + 4)(4s 2 + 4s + 2)]; 

o 2 (r) = (l/100)e- 4 ' + (l/2 N /50)e- 0 ' 5 'cos(0.5t-98.1). 

21. o o (r) = 5[e _0 “'-e _a:2t ]u(r) 

_5[ e - a , («-< , )_ e -M<-<»)] u ( ( _ a ) 

where «5 x 10 ~ 3 , a 2 «2 x 10 6 , a = 5x 10 ~ 6 . 

23. tf(s)=l/(s 3 + 2s 2 + 2s + l). 


24. R(min) = 2 


^ (l+k) 


1/2 


25. F(s) = 


a(s + a) — p 2 
(s + a) 2 — /? 2 ’ 
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Chapter 7 

1. 10.3mA; 2.2V. 

2. 10.8mA; 2.05 V;19mW; 0.8mW. 

3. 5.1mA; 7.3 V; 2.4 V; 4.9 V; R dc .= 1430 0; R ac .= 7880. 

4. (a) 0.61 kO<R<2.9kO. (b) -0.17 V or 0.46 V. 

5. (a) 7 V. (b) 2700. 

6 . Slopes: 1, 5 , 0. Break points IV, 2V. 

7. Breakpoints: (8 V, 0A) and (16 V, 2A). 

Slopes (i/v): 1/10,1/4 and 7/20 corresponding to resistance of 10O, 
40, 2.850. 

8 . 



9. 25.9 /R. 

10. (a) 0.53 V; 2.3mA; 1.2mW. (b) 1.2mW. 



11. R 1 = 1/3 kO; R 2 = 2/3 kO; R 3 = 3kO; R 4 = 7/6kO; R 5 = 1.46kO. 

12. 0.712 A. 

13. (a) 1.67 A; 1.87 V; 1.13 V. (b) 1.16 A; 1.58 V, 0.85 V; 0.58 V. 

15. (a) R,= MO; R 2 = 28.60. (b) 0.1mA; 31mA. 

16. (c) 10mA. (d) 1.2ms. 
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17. v c (t)= F(1 — cosa> 0 t), 0<t<n/2co 0 
v c (t)= K+<u 0 rCF[e - i(' _ ^r‘) — 


t>n/2io 0 . 

18. (a) 1.05 A. (b) C = 0.1F. 

19. (a) 56.3 mA. (b) 6.3%. (c) 0.73 A. (d) 0.187 A. (e) 3.2%. (0 0.1%. 

20. (a) 360 V; 9.6 V. (b) 262 V; 377 pF. 

21. (a) 25mV. (b) V d = j2[(V 2 + V 2 + 2V r V s cos4>f 

-(V r 2 + V 2 + 2V r V s cos4>)^ 


22. 90°; 16.9 kil 

i = 3.24sin(cot - 17.4) -18e “ 1000, A(t ^ 2.5 ms 

A A oo t 

23. f(t)=— X - 

n n= 2 k+in 


sin(n2np/T)~\ . n2nt 
L nlnp/T J Sm ”T“ 


107°; 197° 
k = 0. 1,2, ... 


(c)p= T/6. (d) p= 7710, 775. 

24. 60°; 1.15. 


Chapter 8 

1. fc n = 14/3Q;h 12 = 1/3; h 21 = - 1/3; h 22 = 1/12S. 

3. z n =R e +R fc ; z 12 = R e ;z 21 = R e -PR d \ z 22 = R d + R e . 

. s(s + 3) s(s +1) 

4 - yii_>, 22 _ ^Tr ;> ' i 2 _} ' 2 i_ ^Tr' 

5. (a) A=--[1 + F(Z + R 2 )]; B = A/R 1 

H 

C=--[2Z + Z 2 F+R 2 (1+ZF)]; D = C/R i 
R 

4 _R 2 C 2 s 2 + 4RCs+l _ —R 2 s 2 C 2 + 1 

‘ > ' 11 ~ ) ' 22- 2R{RCs+ 1) ’^ 2 i-Vi 2 - 2 r(kCs+1) 


Infinite attenuation when a>=\/RC. 

„ v R 2 s 3 C 3 s 3 CT 2 

7 ■ (b) yiz-yzi— - 


2(1 +sRC) 2(l+s7’) 


8 . Iterative impedances: 21.3Q and 16.2Q. 

Image impedances: 17.1 Q and 20.5Q. 

9. -^-=4-[R + sL + 7(R 2 + 2i?sL)]; z , = J{R 2 + 2RsL ) 
V out 


For given values: F, N /F OUT = 1.79 —j2.28; z, = 1270+j790Q. 
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ABCD parameters, 511, 515 
a.c. bridge, 132-6 
active element, 3 
active power, 187 
admittance, 123-6 
complex, 116, 123 
driving point, 504 
generalized, 348, 361-3 
transfer, 504 
admittance matrix, 513 
admittance parameters, 508 
alternating quantity, 2, 99 
ammeter, 251 
ampere, 6 
amplifier, 78, 510 
amplitude of a.c. waveform, 99 
amplitude 
response, 367 
spectrum, 474 
angular frequency, 99 
Argand digram, 106 
argument of complex number, 105 
asymmetrical network, 87 
attenuator, 45, 534 
autotransformer, 214-17 
auxiliary equation, 288 
average power, 187 

balanced network, 87, 502 
band-pass characteristic, 157, 177 
bandwidth, 155 
battery model, 43 
bias point, 426 
bilateral element, 418 
Bode diagram, 130 
branch, 43 


break frequency, 131 
break point, 429 

bridge circuits, 61, 72, 132-40, 221 
Butterworth filter, 372 


capacitance, 2, 13, 103 
stored energy in, 24 
capacitances 
in parallel, 26 
in series, 24 
capacitive circuit 
reactance, 103 
susceptance, 125 
capacitors 
loss-angle in, 150 
losses in, 149 
model for, 36 
Cartesian coordinates, 106 
cascaded networks, 518, 530 
chain matrix, 518-25 
characteristic impedance, 532 
characteristics (of device), 419-25 
charge, 5 

circle diagram, 129 
circuit 
active, 3 
distributed, 3 
dual, 37, 164 
lumped model, 3 
passive, 3, 44 
circuit reduction, 84 
coefficient of coupling, 33, 175 
coil, 26 

compensation theorem, 82 
complementary function, 285 
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complex 
algebra, 106 
conjugate, 198 
exponential, 107 
frequency, 348, 369 
impedance, 110 
plane, 106, 108, 361 
power, 198 
quantity, 105 
conductance, 19, 69, 124 
conduction angle, 20, 452 
conductivity, 20 
conjugate bridge, 133 
conservation 
of charge, 13 
of energy, 9, 13 
of watts and vars, 194 
controlled source, 33, 75, 507 
convolution, 392-405 
integral, 396 
theorem, 401 
copper loss, 21, 213 
corner frequency, 131 
corresponding ends (of coil), 32, 142 
coulomb, 6 

coupled coils, 141, 301 
coupling coefficient, 33, 175 
coupling network, 127 
Cramer’s rule, 54 
critical damping, 294 
critical coupling, 174-6 
current 

alternating, 2, 98-101 
direct, 2 

current convention, 7 
current divider, 45, 165 
current source, 11, 117 

D-impedance, 309 
D-operator, 304 
damped natural frequency, 294 
damped sinusoid, 293 
damping, 294, 362-4 
damping constant, 294 
decibel, 130 
delay time, 312 
delayed function, 326 
delta circuit, 66 
delta function, 319 
dependent source, 75 
determinant, 54 
differential operator, 309 
differentiating circuit, 316 


diode 
ideal, 429 
real, 437 
zener, 437 
Dirac function, 319 
discontinuous function, 317 
discriminant, 293 
divider, 45, 350 
dot convention, 32, 142 
double-energy circuit, 291 
doublet (unit), 325 
driving point impedance, 143, 505 
duality, 37 

dual networks, 45, 67, 164 
dynamic resistance, 426 
of resonant circuit, 166 
dynamometer, 251 

effective resistance, 146 
effective value of sinusoid, 100 
electrical angle, 100 
eletrodynamometer, 251 
electrokinetic momentum, 347 
eletromotive force (e.m.f.), 1, 27 
element 
active, 3 
bilateral, 418 
ideal, 36 
lumped, 3 
non-linear, 418 
passive, 3, 36 
energy 

initial, 281, 291 
sink, 1, 9 
source, 1, 9 

storage in elements, 2, 24, 28 
equivalent circuits 
for capacitor, 149 
for inductor, 147 
series-parallel, 21 
star-delta, 66 
Euler’s identity, 105 
even function, 466 
excitation function, 349 
exciting current, 202, 205 
exponential Fourier series, 471 

farad, 23 
Faraday’s law, 31 
field, 1 
filters 

for rectifiers, 482-6 
high-pass, 127 
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low-pass, 372 
notch, 140 
twin-T, 136, 528 
final value theorem, 358 
first-order circuit, 291 
flux 

density (/?), 203 
leakage, 202 
magnetic, 26, 202 
mutual, 31 
forced response, 285 
form factor, 101 
Foster’s reactance theorem, 173 
Fourier series 
coefficients, 460 
cosine, 466 
exponential, 471 
for rectifier, 469 
sine, 466 
frequency 
angular, 99 
complex, 348 
half-power, 155 
natural, 294 
negative, 472 
response, 126 
spectrum, 466 
undamped, 294 
frequency changer, 445 
function 
network, 349 
rational, 334 
transfer, 126 

generalized network function, 349 
generator (three-phase), 231 
Gibbs phenomena, 465 
g-parameters, 507 
gyrator, 524 

half-power bandwidth, 155 
harmonic components, 461 
henry, 27 
hertz, 99 

hybrid parameters, 506 
hysteresis loss, 203 

ideal source, 11 
ideal transformer, 199, 522 
image impedance, 531 
immittance, 348 
impedance 
complex, 110 


D-operator, 309 
driving point, 143, 504 
dynamic, 166 
generalized, 348 
input, 143 
modulus of, 110 
transfer, 505 
impedance diagram, 115 
impedance matrix, 513 
impedance transformation, 200 
impulse 

function, 317, 319 
response, 320, 351 
train, 392 

incremental (slope) resistance, 426 
independent parameters, 502 
induced e.m.f. 27 
inductance, 2, 26, 102 
leakage, 207 
mutual, 31, 35, 141 
self, 26, 27 
stored energy in, 28 
inductances 
in parallel, 29 
in series, 30 

inductive reactance, 103 
inductor 
losses in, 146 
model for, 36 
initial conditions, 281, 289 
initial value theorem, 358 
in-phase component, 192 
insertion loss, 536 
integrating circuit, 316 
inverse matrix, 515 
inverse transform, 328 
iron loss, 203 
iterative impedance, 530 

joule, 8 
j-operator, 106 

Kirchhoff’s laws, 13-18, 419 
current, 13 
voltage, 16 

ladder method, 87, 372 
ladder network, 87 
Laplace transform, 328 
of delayed functions, 358 
of derivative, 330 
of integral, 331 
lattice network, 72, 521 
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leakage inductance, 207 
linear element, 3, 418 
linearity, 57 
line spectra, 475 
load line, 423 
locus diagram, 129 
logarithmic decrement. 295 
loop, 44 

loop equations, 48, 52 
loss-angle (of capacitor), 150 
low-pass filter, 372 
lumped element, 3 

magnetizing current, 203 
magnetizing force (//), 203 
magnitude (of a.c. waveform), 100 
mark-space ratio, 376 
matching, 201, 218-21 
maximum power transfer, 217 
Maxwell’s cyclic currents, 49 
mesh, 44 

mesh analysis, 47-50, 52, 71, 545 
Millman’s theorem, 86 
mistuning, 160 
modulator, 445 
multiple resonance, 169-73 
mutual conductance, 69, 70 
mutual inductance, 31, 35, 141, 175, 
344 

mutual resistance, 48, 53 

natural response, 285 

negative impedance converter, 524 

network, 44 

network function, 349 

nodal analysis, 67-70, 71, 125 

nodal equations, 69 

node, 13, 43 

non-linear elements, 3, 418 
Norton’s theorem 64 
Nyquist diagram, 129 

Odd function, 466 
ohm, 19 

Ohm’s law, 18, 112 
open-circuit impedance, 505 
open-circuit test, 209 
operating point, 425 
operational amplifier, 78, 510 
oscillatory response, 293, 363 
output resistance, 43, 80 
overdamped circuit, 294, 362 


parabola (unit), 325 
parallel resonant circuit, 164 
Parseval’s theorem, 478 
partial fractions, 334-9 
particular integral, 285 
passive circuit, 3 
peak inverse voltage, 450 
period, 99 

periodicity theorem, 382 

phase angle, 99 

phase response, 239, 367 

phase sequence, 246 

phase sensitive detector, 447 

phase transformation, 270 

phasor 

cartesian form, 105 
diagram, 113, 118 
polar form, 106 
rotting, 107 
stationary, 108 
pi-network, 516 

piecewise-linear circuits, 428-43 
poles 

of admittance, 362 
of impedance, 172 
of network function, 360 
repeated, 362 

pole-zero methods, 359-72 
pole-zero diagram, 361 
port, 44 

potential difference (p.d.), 7 
potentiometer, 46 
power 

active and reactive, 187, 190 
apparent, 191 
average, 187-8 
complex, 198 
diagram, 249 

in harmonic components, 478 
instantaneous, 8, 188, 273 
real, 187, 188 
sign convention, 9, 188 
triangle, 191 
power factor, 150, 194 
power factor correction, 194, 249 
practical voltage source, 42 
pulse 

repeated, 376 
transform of, 381 

quadrature component, 192 
quasi-steady state, 377 
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2-factor, 
of capacitor, 150 
of inductor, 147 

of resonant circuit, 165, 169, 253, 
294 

radian, 99 
ramp function, 325 
rational function, 334 
rationalization, 124 
reactance, 103, 110 
reactive power, 190 
reciprocal network, 505 
reciprocity theorem, 58, 546 
rectifier circuits, 448 
bridge, 453 
full-wave, 453 
half-wave, 448 
ripple in, 482 

regulation (of transformer), 211 
resistance, 2, 18, 101 
resistances 
in parallel, 22 
in series, 21 
resistivity, 20 
resistor 
model for, 36 
non-linear, 445 
resonance, 146, 158 
resonance curve, 162 
resonant circuits 
inductively coupled, 173 
losses in, 151 

magnification factor in, 157, 165 
parallel, 164 
series, 151 

resonant frequency, 153, 158 
response function, 349 
root mean square (r.m.s.) value, 101, 
189, 478 

roots (of polynomial), 354 
Rosen’s theorem, 67 

s (complex frequency), 348 
domain, 340 
plane, 361 
sampling, 394 
Schering bridge, 133 
Scott connection, 271 
second-order circuit, 291 
self inductance, 26 
shift theorem, 357 


short-circuit test, 210 
siemens, 19, 124 
sifting property, 394 
single-energy circuit, 291 
singularity function, 317-27 
sink, 9 

skin effect, 146 
small-signal model, 426 
source, 

controlled, 33, 75, 507 
current, 12, 64 
dependent, 33, 75, 507 
ideal, 11 
practical, 42, 64 
transformation, 64 
voltage, 11, 64 
spectrum, 474 
stagger tuning, 177 
star connection, 66, 239 
star-delta transformation, 66, 86 
steady state, 280 
steady-state response, 285, 377 
step function, 318 
step response, 319 
substitution theorem, 81 
superposition theorem, 55, 546 
susceptance, 124 
symmetrical circuits, 87, 502 

tee network, 516 

Tee-pi transformation, 67, 138, 516 
Tellegen’s theorem, 194 
Thevenin’s theorem, 58, 313, 547 
Thevenin-Norton transformation, 
64, 117 

third-harmonic current, 269 
three-phase circuit, 233 
balanced load in, 236 
delta connection in, 239 
line voltage in, 235 
neutral point in, 235 
phase sequence in, 239, 246 
phase voltage in, 235 
star connection in, 239 
unbalanced load in, 245 
Y-connection in, 239 
thyristor, 455 
time constant, 286 
time domain, 340 
total response, 295 
tranfer characteristic, 423 
transfer function, 126, 349 
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transfer impedance, 505 
transformer 
auto, 214 

copper loss in, 213 
core loss in, 203, 213 
efficiency in, 213 
equivalent circuit, 261 
ideal, 199 
regulation in, 211 
single phase, 201 
tests, 209, 261 

third harmonic currents in, 269 
three-phase, 258 
transformer bridge, 221 
transient response, 282, 285 
transistor, 423 
model, 426, 427, 509 
parameters, 503 
transmission parameters, 511 
triac, 459 

triangular pulse, 383 
tuning, 157 

turnover frequency, 131 
twin-T network, 136, 528 
two-phase voltages, 271 
two-port network, 126, 501 
two-wattmeter method, 253 

unbalanced network, 87 


underdamped circuit, 294, 362 
universal resonance curve, 161 
unsymmetrical network, 503 

var, 191 
volt, 7 

volt-ampere, 191 
voltage divider, 44, 350 
voltage source 
ideal, 11 
practical, 42, 64 

watt, 8 

wattmeter, 251 
waveform 

rectified sine, 304, 469-71 
sawtooth, 384 
square, 381, 463-6 
trapezoidal, 499 
triangular, 383, 466-8 
TV video, 390 
Wheatstone bridge, 61, 72 
Wien bridge, 135 

Y-A transformation, 66, 244 
y-parameters, 503 

zeros of network function, 172, 360 
z-parameters, 505 



